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Abstract

The simplest model of contraction-driven self-propulsion of keratocytes reduces to a one dimensional Keller-
Segel system with free boundaries. This “active” model involving both dissipation and anti-dissipation features
stationary and traveling wave solutions representing static and moving cells, respectively. The goal of this
paper is to provide the first rigorous proof of the asymptotic nonlinear stability of both of such solutions.
In the case of stationary solutions, the linear stability is established using the spectral theorem for compact,
self-adjoint operators, and thus linear stability is determined solely by eigenvalues. For traveling waves the
picture is more complex because the linearized problem is non-self-adjoint, opening the possibility of a “dark”
area in the phase space which is not “visible” in the purely eigenvalue/eigenvector approach. To establish
linear stability in this case we employ spectral methods together with the Gearhart-Pruss-Greiner Theorem,
which requires a uniform bound on the resolvent of the linear operator. For both stationary and traveling wave
solutions, nonlinear stability is then proved by showing how the nonlinear part of the problem may be controlled
by the linear part and then employing a Grönwall inequality argument. The developed methodology can prove
useful also in other problems involving non-Hermitian and non-reciprocal operators which are ubiquitous in
the description of active matter.

1 Introduction

The ability of cells to self-propel is fundamental for many aspects of development, homeostasis and disease. For
example, stem cells need to move to form tissues and organs but cell migration is equally critical during tissue
repair [26, 73, 75, 81]. The active machinery behind self-propulsion resides in the cytoskeleton—a meshwork
of actin filaments that is cross-linked by myosin motors. The main active processes in the cytoskeleton are the
polymerization of actin fibers and the relative sliding of actin fibers induced by myosin motors [2, 40]. The
molecular and biochemical basis of these processes is basically known, however the corresponding mathematical
theory is still under development and a variety of multiscale simulation approaches targeting various cell
motility mechanisms can be found in the literature [8, 17, 18, 38, 54, 61, 80, 85].

Aiming at the development of a rigorous mathematical approach, we focus here on the simplest phenomenon
of self-propulsion in keratocytes. They move by advancing the front through active polymerization with a
simultaneous formation of adhesion clusters. After the adhesion of the protruding part of the cell is secured,
the cytoskeleton contracts due to activity of myosin motors. This active contraction leads to detachment
at the rear and depolymerization of the actin network. All three components of the motility mechanism
(polymerization, contraction, and adhesion) depend upon continuous ATP hydrolysis and require intricate
regulation by complex signaling pathways involving chemical and mechanical feedback loops [10, 77].

Contractile force generation is of fundamental importance for cell migration. Using actin fibers as a
substrate, myosin motors generate forces which are ultimately responsible for both motility initiation and the
steady locomotion of keratocytes [1, 20, 35, 79]. In view of such a central role in cell motility played by active
contraction and to achieve relative analytical transparency of the mathematical analysis, we consider in this
paper a prototypical model of cell motility which emphasizes contraction as the main driving mechanism while
accounting for polymerization and adhesion only in a schematic manner.

Our stylized model of cell motility is based on a one-dimensional projection of the complex intracellular
dynamics onto the direction of locomotion. Specifically, we assume that the motor part of a cell can be viewed
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as a one-dimensional continuum layer bounded by the two free boundaries representing the front and the rear of
the moving cell. We make a simplifying physical assumption that actin polymerization and de-polymerization
can take place only on these boundaries and that these phenomena can be modeled as an influx of mass at
the front boundary and its disappearance at the rear boundary. While adhesion is treated for simplicity as
passive spatially inhomogeneous viscous friction, the actomyosin contraction is represented by active spatially
inhomogeneous prestress [47].

We begin by writing the force balance in the form σ′ = ξv, where σ is axial stress, ξ the coefficient of
viscous friction and prime denotes the spatial derivative. To decouple the force balance equation from the
mass transport equation we assume infinite compressibility of our solid gel by writing σ = ηv′+km, where η is
the bulk viscosity, m(x, t) is the mass density of myosin motors and k > 0 is a constant representing contractile
pre-stress per unit motor mass. The density of motors is modeled by an advection-diffusion equation where
the advection is due to the flow of actin: ∂tm + (mv)′ −Dm′′ = 0. Behind this assumption is the idea that
myosin motors, actively cross-linking the actin network, are advected by the network flow and can also diffuse
due to thermal fluctuations [15, 39, 82]. To ensure that the moving cell maintains its size, we introduce
a phenomenological cortex/osmolarity mediated quasi-elastic interaction between the front and the back of
the self-propelling fragment [9, 30, 51, 64]. This assumption suggests that the boundaries of our moving
active segment are linked through an effective linear spring which regulates the value of the stress on the
free boundaries l−(t) and l+(t): σ

±
0 = −ke(L(t) − L0)/L0, where L(t) = l+(t) − l−(t) is the length of the

moving segment, ke is the effective elastic stiffness and L0 is the reference length of the spring. Finally, we
assume the free boundaries move with the internal flow: ∂tl± = v(l±). We imply here that the addition and
deletion of F-actin particles inserted at the front and taken away at the rear does not contribute to fronts
propulsion. We also impose a zero flux condition for the active component m′(l±(t), t) = 0 ensuring that the

average concentration of motors m0 = 1
L0

´ l+(t)

l−(t) m(x, t)dx is preserved. To complete the setting of the ensuing

(statically determinate) mechanical problem we impose the initial conditions l±(0) = l0± and m(x, 0) = m0(x).
The resulting one-dimensional model reduces to a dynamical system of a Keller–Segel-type with free bound-

aries as it was first established in [62]. However, in contrast to its chemotaxic analog, the nonlocality in this
mechanical system is due to mechanical rather than chemical feedback [63]

To emphasize the universality of the emerging problem, we now present a physically different but math-
ematically equivalent presentation of the model which was introduced in [68, 69] and which we use in what
follows. We also switch to a more formal mathematical description as appropriate for the subsequent rigorous
analysis.

The cell, which is now fluid, is again modeled in time-dependent interval centered at a point c(t) and with
width L(t): Ω(t) = (c(t) − L(t)/2, c(t) + L(t)/2) ⊂ R. For each t ≥ 0, the velocity of fluid in the cell is
u(x, t) ∈ R for x ∈ Ω(t). Since the cell is thin in the dorsal direction, most of the fluid within the cell lies close
to the cell membrane. Therefore, we may assume the flow of incompressible fluid is dominated by friction and
follows Darcy’s law:

p′ = ζu,

where p(·, t) : Ω(t) → R is fluid pressure within the cell, ζ > 0 is the constant adhesion coefficient and the
prime denotes spatial derivative. As in [62, 69], the constitutive equation within the cell is

p = µu′ + km,

where m(·, t) : Ω(t) → R+ is the density of myosin within the cell, µ > 0 is the viscosity coefficient, and k > 0
is the contractility of myosin. Myosin density evolves in time according to the advection-diffusion equation,
which, after applying Darcy’s law is

∂tm = Dm′′ − (mϕ′)′. (1)

To ensure that the total myosin mass is conserved in time, the myosin density satisfies no-flux boundary
conditions: m′ = 0.

For a boundary condition for pressure, we consider pressure induced by the elastic restoring force due to
the cell membrane cortex tension. This pressure is then described by

p = −ke
L(t)− L0

L0
, (2)

where L0 is the length of the cell in a “reference configuration” in which the cell membrane is relaxed, and
ke > 0 is the inverse compressibility coefficient, which measures the “stiffness” of the cell. It is convenient to
use the quantity ϕ = p/ζ rather than p itself, and we will employ ϕ going forward. Then for instance, the
variable ϕ at the boundary satisfies the Dirichlet condition:

ζϕ = −ke
L(t)− L0

L0
. (3)
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Finally, we assume that the interval Ω(t) evolves via a kinematic Hele-Shaw type velocity-matching boundary
condition:

∂tL(t) = ϕ′(c(t) + L(t)/2, t)− ϕ′(c(t)− L(t)/2, t) (4)

∂tc(t) =
1

2

(
ϕ′(c(t) + L(t)/2, t) + ϕ′(c(t)− L(t)/2, t)

)
. (5)

A relative analytical transparency of the problem is achieved due to the fact that the variable ϕ satisfies a
linear elliptic equation :

−µϕ′′ + ζϕ = km, (6)

The resulting nonlocal model of the moving cell, described by two coupled equations (1), (6), represents a
direct analog of the Keller-Segel system in its Hele-Shaw version. While, as we have already mentioned, the
infinitely compressible solid gel version of this model was first introduced in its one dimensional form in [62, 63],
the same model was re-interpreted in its incompressible fluid form in [68, 69] where the Hele-Shaw formulation
opened the way towards two dimensional analysis capturing an important new effect: the evolution of the cell
shape.

In the present paper we revisit the one dimensional Keller-Segel system with free boundaries which cap-
tures the key biological effects while being amenable to formal mathematical analysis. Our rigorous study
of nonlinear stability in this problem complements numerous direct numerical simulations which have been
conducted in similar free boundary problems [44, 55, 56, 65, 71]. In this respect it is important to mention
that physically different free-boundary-type models of cell motility, emphasizing various other parts of the
self-propulsion machinery employed by motile cells, have been studied using rigorous mathematical analysis,
see for instance, [23, 24]. Our paper differs from this mathematical work fundamentally as we have to deal
with non-standard non-local boundary condition.

Last but not least, we mention that phase field models of cell motility, representing a mathematical alter-
native to our free boundary formulation (front capturing rather than front tracking), have been the subject
of extensive research efforts [12, 13, 14, 84, 86]. In particular, closely related free boundary models of tu-
mor growth were studied in [25, 36, 37]. While the corresponding numerical models allow for very efficient
numerical studies, they are not as readily amenable for rigorous stability analysis as free boundary models.

The free boundary model based on the (1), (6), representing the main subject of the present study, is known
to have a family of traveling wave solutions, which describe steady cell motion. They bifurcate from a family
stationary solutions, representing non-moving cells at a threshold measuring the level of internal activity.
In [62, 63], the stable stationary solutions were identified analytically and the nature of the corresponding
bifurcation around the threshold value of parameter was investigated using weakly nonlinear analysis of the
bifurcating traveling wave solutions. Significant numerical evidence that traveling waves bifurcating from
homogeneous stationary states have finite reserve of stability was also given. In [68, 69], the bifurcation between
stationary and traveling wave solutions was studied more formally in two dimensions, and the corresponding
complex shapes of the traveling waves were found analytically near the bifurcation point and numerically away
from it. Additionally, linear stability was investigated for both stationary and traveling wave solutions, with
certain eigenvalues being explicitly calculated analytically. This previous work suggested stability of stationary
solutions up to the bifurcation point and also hinted towards nonlinear stability of the bifurcated traveling
waves.

In the present paper, we build on this previous work. First of all, we present a rigorous study of the bifur-
cation from stationary solutions to traveling waves. The analogous proof in two dimensions has been already
obtained in [68] however it required a complicated change of variables to account for rotational symmetry.
In the one dimensional problem the analysis is shown to be much more transparent. Then we prove that
all eigenvalues of traveling wave solutions have negative real part. In [68, 69], a candidate for the leading
eigenvalue was identified and was shown numerically to have negative real part. In this respect the analysis
in this paper is much more exhaustive. Our main result is the proof of asymptotic stability of both stationary
states and traveling waves for appropriate parameter values. The complexity of the traveling wave case is in
the non-self-adjoint (NSA) nature of the linearized operator. Despite this we proved the nonlinear stability
of such waves with respect to arbitrary smooth perturbations, which complements the previous study [63]
dealing the perturbations of the traveling wave type only. In particular, we proved that there exist multiple
families of stationary solutions and traveling waves, but the only solutions which may be stable are a family
of homogeneous stationary solutions and the traveling waves bifurcating from them. Moreover, it was shown
analytically that, for appropriate parameter values, homogeneous stationary solutions are stable with respect
to perturbations in the class of traveling waves.

To complement this short summary we first reiterate that our key mathematical objective is establishing
nonlinear stability in a prototypical model of cell motility. Mathematically, it amounts to proving stability of
the stationary and traveling wave solutions with respect to arbitrary perturbations. The main mathematical
challenge is due to the non self-adjoint (non-Hermitian, or non-reciprocal) nature of the linearized operator in
this problem which is an important general feature of PDE models of active matter [5, 27, 31, 74, 83].
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It is known, for instance, that for NSA operators, eigenvectors do not necessarily span the entire domain of
the operator (see, e.g., [41] for a simple example of this phenomenon in one dimension). Therefore, common
stability analysis based only on eigenvalues and eigenvectors may not be sufficient [78].

Indeed, a typical approach in the cases when the linearized problem is self-adjoint, see for instance [3,
57], would be to divide the eigenmodes of the linearized system into stable modes (with negative real part
eigenvalues) and finitely many center eigenmodes (with zero real part eigenvalues). Then, already in the
nonlinear setting, solutions in the stable manifold are shown to be controlled (bounded) by solutions in the
center manifold. Finally, a nonlinear ODE is derived for solutions in the center manifold, from which it can
be easily shown that all center manifold solutions asymptotically approach the equilibrium, and thus all other
solutions also approach it. However, the key underlying assumption in this approach is that eigenvectors of
the linearized operator span the entire domain of the operator, which may not be the case for NSA operators
which may exhibit a “dark” area in the phase space which is not “visible” in the purely eigenvalue/eigenvector
approach.

In those cases comprehensive analysis may require considering the entire spectrum rather than only eigen-
values. To this end we establish linear stability by applying the Gearhart-Pruss-Greiner Theorem [33], which
instead of eigenvalues, operates with bounds on the resolvent of the linear operator. Therefore, in the case
when eigenvectors do not span the domain of the operator A, the Gearhart-Pruss-Greiner Theorem indeed
allows one to establish stability in the “dark” part of the domain which invisible to eigenvectors. Specifically,
we use the fact that instability can be controlled via the resolvent operator

Rµ = (µI −A)−1

for µ with positive real part. The crucial idea is to bound µ away from any point of the entire spectrum,
not just the eigenvalues. Moreover, in infinite dimensions, such a bound rules out the case that a sequence
of eigenvalues has negative real parts converging to zero. It should be noted that while our techniques are
sufficient to establish stability without need to prove that the eigenvectors of the linearization span its domain,
it is shown in [48] that, at least in some NSA problems, eigenvectors span the domain anyway, and in these
cases, negative eigenvalues may be sufficient for stability.

We prove our main nonlinear stability result in two steps. First, we prove the linear stability for the NSA
operator using the analysis of the resolvent as described above. Then the question becomes whether linear
stability implies nonlinear stability. In finite dimensions a natural second step would be to use the Hartman-
Grobman Theorem [4] which is a well known tool for concluding noninear stability from linear stability.
However, even in finite dimensions this theorem requires the absence of eigenvalues with zero real part. Our
problem has a zero eigenvalue (a slow manifold) which appears in the linearized operator due to translational
symmetry and requires the use of the notion of “stability up to shifts”. Moreover, our problem is infinite
dimensional.

Therefore, our second step is the proof of the appropriate analog of the Hartman-Grobman Theorem
specifically tailored for our model. While there are several extensions of the Hartman-Grobman Theorem to
infinite dimensions, e.g. [6], most of these results apply to a smooth nonlinear operators mapping a Banach
space to itself whereas in our parabolic PDE problem, the operator maps a Sobolev space H2 to L2. Even
though there are some Hartman-Grobman type results for parabolic equations [52], they are not directly
applicable to our problem.

We deal with the problem by establishing subtle bounds on the derivatives of the solution in the neighbor-
hood of a pitchfork bifurcation which allow the linear part of the nonlinear operator to dominate its nonlinear
part. The ensuing proof is then equivalent to establishing the existence of a Lyapunov function (or Lyapunov
functionals in the infinite dimensional setting) for traveling wave solutions, see [11, 53, 72] for related results.
It is important to emphasize that our methods are readily generalizable to other similar situations when the
task is to prove asymptotic stability of solutions in a PDE model in the vicinity of a bifurcation point.

Our methods for establishing stability in this paper are similar some of the methods described in the
comprehensive texts on stability of traveling waves [43, 59, 70]. Several studies, e.g. [49, 50, 60], prove spectral
stability of traveling wave solutions, meaning they show that the spectrum of the operator is shown to consist
only of points with negative real part. Most of these studies use the Evans function to compute the spectrum.
The Evans function is a tool for finding eigenvalues (or more generally, the spectrum) of linearizations about
traveling wave solutions [7, 19, 34]. The Evans function is particularly well suited to traveling wave problems
because, unlike other methods for calculating eigenvalues, it can easily separate the eigenvalues from the
continuous spectrum which arises for operators on unbounded domains—the usual case for traveling wave
operators. We do not use the Evans function for two reasons. First, our traveling waves are not on an
unbounded domain because, being a free boundary problem, the domain is bounded at all times and moves
with the wave; we show that their is no continuous spectrum for our problem. Second, we may use the results
of Crandall and Rabinowitz in [22] (complimenting their more well-known bifurcation result [21]) to calculate
the small velocity asymptotic value of the leading eigenvalue without reference to the Evans function.
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Beyond spectral stability, other studies use techniques similar to ours to prove linear and nonlinear stability,
e.g., [19, 42, 45]. In each case, this is done by using spectral theory to place bounds on the semigroup generated
by the linearization, thus establishing linear stability, and then showing that the linear part of the nonlinear
problem dominates, thereby proving nonlinear stability. We follow this strategy, with the main spectral
theoretic tool being the Gearhart-Pruss-Greiner Theorem.

2 Infinite rigidity limit

Below we distinguish between two versions of our model of cell motion. The first one to which we refer as
“Model A” assumes, as in the original derivation, that the size of the cell is controlled by an elastic spring,
whose elastic modulus will be our “stiffness” parameter. By considering an asymptotic limit when such stiffness
tends to infinity, we will derive a “stiff limit ” of the original model to which we refer in what follows as ”Model
B.” In this limiting model, which is analytically much more transparent, the cell has a fixed size.

As we have shown in the Introduction, in our model A, the myosin density m, pressure ϕ, length L, and
center c satisfy the PDE system:

−µϕ′′ + ζϕ = km x ∈ Ω(t) (7)

mt = Dm′′ − (mϕ′)′ x ∈ Ω(t) (8)

ζϕ = −ke
L(t)− L0

L0
x ∈ ∂Ω(t) (9)

m′ = 0 x ∈ ∂Ω(t) (10)

∂tL(t) = ϕ′ (c(t) + L(t)/2, t)− ϕ′ (c(t)− L(t)/2, t) (11)

∂tc(t) =
1

2

(
ϕ′ (c(t) + L(t)/2, t) + ϕ′ (c(t)− L(t)/2, t)

)
. (12)

An important feature of this model is that total myosin mass is conserved in time:

d

dt

ˆ c(t)+L(t)/2

c(t)−L(t)/2

m(x, t) dx = 0. (13)

To nondimensionalize this model, we make several rescalings. We rescale x by x → x/L0. Since L and c
are measures of distance, they are rescaled in the same way: L → L/L0, c → c/L0. We also rescale time by
t→ tD/L2

0, pressure by ϕ→ ϕπζ/ke and myosin density by m→ mL2
0/M where M is the total myosin mass.

After such normalization, the variables x, t, m, ϕ, L, and c are all dimensionless quantities and the PDE
system (7)-(12) can be re-written in the form

−Zϕ′′ + ϕ = Pm c− L/2 < x < c+ L/2 (14)

mt = m′′ −K(mϕ′)′ c− L/2 < x < c+ L/2 (15)

ϕ = 1− L x = c± L/2 (16)

mx = 0 x = c± L/2 (17)

Lt = K(ϕ′(c+ L/2)− ϕ′(c− L/2)) (18)

ct = K
ϕ′(c+ L/2) + ϕ′(c− L/2)

2
. (19)

where

Z =
µ

ζL2
0

P =
kM

keL0
K =

ke
Dζ

, (20)

are the main non-dimensionl parameters of the model. Furthermore, in these rescaled coordinates, the total
myosin mass is ˆ c(t)+L(t)/2

c(t)−L(t)/2

m(x, t) dx = 1. (21)

The simpler and analytically much more transparent can be obtained if we consider is the limit of model
A as the “stiffness” coefficient ke tends to infinity. To this end, suppose ke = k∗e/ε where ε is a small, positive
constant. Each of the coefficients P , K in (20) depend on ke. Therefore, we denote them Pε = εP1, and
Kε = K−1/ε respectively where

P1 =
kM

k∗eL0
, K−1 =

k∗e
Dζ

. (22)

5



To derive the limiting behavior of solutions to (14), we turn to asymptotic analysis. For each ε > 0,
let ϕε, mε, Lε, and cε solve (14)-(19) with coefficients Pε, and Kε for 0 ≤ t < T with initial conditions
mε(0, x) = m̄(x), Lε(0) = L̄, and cε(0) = c̄. We expand each of ϕε, mε, Lε, and cε in small ε:

ϕϵ = ϕ0 + εϕ1 +O(ε2) mε = m0 + εm1 +O(ε2) (23)

Lε = L0 + εL1 +O(ε2) cε = c0 + εc1 +O(ε2). (24)

Now we substitute these expansions along with the expansions for Pε and Kε and compare terms of like power
of ε. Note that the free boundary requires that the boundary conditions be expanded not only in ε, but also
x so that all boundary conditions are evaluated at x = c0 ± L0/2.

In zero order, (14) becomes −Z0ϕ0,xx + ϕ0 = 0 with boundary condition ϕ0 = 1 − L0. We explicitly
calculate

ϕ0 = (1− L0)
cosh

(
c0−x√

Z0

)
cosh

(
L0

2
√
Z

) (25)

In order −1, (15) has only one nontrivial term:

K−1(m0ϕ0,x)x = 0. (26)

We conclude that m0ϕ0,x is constant in x. Since the initial condition m̄ is arbitrary in H2(−L0/2, L0/2), and
since ϕ0 given by (25) does not depend on m0, the this can only be accomplished if ϕ0,x = 0. This, in turn,
implies ϕ0 = 0 and L0 = 1.

Since ϕ0 = 0, in zero order, (15) becomes

m0,t = m0,xx −K−1(m0ϕ1,x)x. (27)

Where ϕ1 satisfies the first order expansions of (14) and its boundary condition (16):{
−Zϕ1,xx + ϕ1 = P1m0 c0 − L0/2 < x < c0 + L0/2

ϕ1 = −L1 x = c0 ± L0/2
(28)

In zero order, (18) becomes

L0,t = K−1(ϕ1,x(c0 + L0/2)− ϕ1,x(c0 − L0/2)). (29)

On the other hand, we know that L0 ≡ 1, so L0,t = 0. Therefore, ϕ1 has to satisfy three boundary conditions:

ϕ1(c0 − L0/2) = −L1, ϕ1(c0 + L0/2) = −L1, ϕ1,x(c0 − L0/2) = ϕ1,x(c0 + L0/2). (30)

We conclude that L1 is determined by these three conditions. That is, L1 is chosen so that ϕ1 meets periodic
boundary conditions.

Since ϕ1 satisfies periodic boundary conditions, we may determine c0 by the zero order expansion of (19):

c0,t = K−1ϕ1,x(c0 + L0/2). (31)

To complete the stiff limit model, we omit the subscript indices so we write m = m0, L = L0 = 1, c = c0.
It is also convenient to denote ϕ = K−1ϕ1 and P = P1K−1. Therefore, we write the stiff limit PDE model as:

−Zϕxx + ϕ = Pm c(t)− 1/2 < x < c(t) + 1/2 (32)

mt = mxx − (mϕx)x c(t)− 1/2 < x < c(t) + 1/2 (33)

mx = 0 x = c(t)± 1/2 (34)

ϕ(c− 1/2) = ϕ(c+ 1/2) (35)

ϕx(c− 1/2) = ϕx(c+ 1/2) (36)

ct = ϕx(c+ 1/2). (37)

Once again, the total myosin mass is conserved and its value is 1. As we have already mentioned, in the rest
of the ensuing paper “Model B” will be the main focus of our study. Note first that Model B has stationary
solution m = 1 and ϕ = P . As we are going to see, for P sufficiently small, such solution is asymptotically
stable, but for large P , it becomes unstable and bifurcate into traveling wave solution. In the linearization of
Model B about traveling waves, the invariance of traveling waves to translation manifests itself through a zero
eigenvalue. By factorizing the shifts, the corresponding eigenvector is identified with 0, and in this way the
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zero eigenvalue is effectively removed. This is accomplished by changing coordinates via the transformation
x→ x− c(t). In these coordinates, (32)-(37) become

−Zϕxx + ϕ = Pm −1/2 < x < 1/2 (38)

mt = mxx + ϕx(1/2)mx − (mϕx)x −1/2 < x < 1/2 (39)

mx = 0 x = ±1/2 (40)

ϕ(−1/2) = ϕ(1/2) (41)

ϕx(−1/2) = ϕx(1/2) (42)

ct = ϕx(1/2). (43)

In the new coordinates, we observe that the center coordinate c is partial decoupled from m. Therefore, we can
drop the c coordinate, effectively identifying all solutions that are the same up to the center coordinate. Thus,
for instance, a stationary solution to (38)-(42) becomes identified with an equivalence class of traveling wave
solutions to (32)-(37). Furthermore, if a stationary solution to (38)-(43) is asymptotically stable, then the
corresponding traveling wave solutions to (32)-(37) are asymptotically stable up to shifts in the sense that a
solution whose initial condition is a perturbation of a traveling wave solution converges to a different traveling
wave solution with the same velocity, but a different (“shifted”) center coordinate.

In what follows we refer to the result of transforming coordinates in ”Model B” and dropping the c
component as “Model C,” which we formulate more succinctly as

∂tm = FC(m) = mxx + ϕx(1/2)mx − (mϕx)x,


−Zϕ′′ + ϕ = Pm −1/2 < x < 1/2

ϕ(1/2) = ϕ(−1/2)

ϕx(−1/2) = ϕx(1/2).

(44)

The domain of FC is X2
C :=

{
m ∈ H2(−1/2, 1/2) : mx(±1/2) = 0,

´ 1/2
−1/2

mdx = 1
}
.

3 Stationary Solutions

We can now address the stability (up to shifts) of homogeneous stationary solutions m = 1 and ϕ = P of
model B, by analyzing the m = 1 solution to model C. Its asymptotic stability will be proved in the form of
the following:

Theorem 3.1. If P/Z < π2, then there exists ε > 0 such that if m0 ∈ H1(−1/2, 1/2) with ∥m0 − 1∥H1 < ε,
then if m(x, t) solves ∂tm = FC(m) with m(0, x) = m0(x), then

lim
t→∞

∥m(·, t)−m0∥L2 = 0. (45)

A key step in proving Theorem 3.1 is the analysis of stability of the corresponding linear problem. The
linearized operator SC is defined by

SCu = DFC(1)u = u′′ − ϕ′′, (46)

where ϕ is defined as in (44) (withm = u) and u ∈ X̃2
C :=

{
u ∈ H2(−1/2, 1/2) : ux(±1/2) = 0,

´ 1/2

−1/2
u dx = 0

}
.

We first prove the following theorem establishing the linear stability of stationary states:

Theorem 3.2. If P/Z < π2, then there exists ω > 0 such that if m(x, t) solves ∂tu = SCu in X̃2 with
u(0, x) = u0(x), then

∥u(·, t)∥L2 < ∥u0∥L2e−ωt. (47)

The main tool in proving Theorem 3.2 is expectedly the Spectral Theorem for compact self-adjoint operators
[46], which states that a compact, self-adjoint operator has a basis of eigenvectors. The operator SC is not
compact, but we will show that its inverse is, and SC shares the eigenvectors of its inverse. Therefore, we may
reduce the problem of linear stability to the problem of stability of individual eigenstates, with the exponential
decay in Theorem 3.2 given by a uniform negativity of the corresponding eigenvalues. To complete this proof,
we must only show (via three Lemmas below) that (i) SC is self-adjoint, (ii) all eigenvalues of SC are negative
and bounded away from zero, and (iii) SC has compact inverse.

First we prove self-adjointness. Let X be a Hilbert space and let D(A) ⊂ X be a dense subspace of X
which is the domain of an operator A : D(A) → X. Recall that the adjoint of A is an operator A∗ such that
⟨u,A∗v⟩ = ⟨Au, v⟩ for all u, v ∈ D(A). The operator A is self-adjoint if A = A∗. Therefore, we introduce the
following bilinear form to determine whether or not an operator is self-adjoint:

Definition 3.3. Let X be an inner product space, and let A : X → X. The adjoint commutator of A is
H : X ×X → R defined by

H(u, v) = ⟨Au, v⟩ − ⟨u,Av⟩. (48)
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If the adjoint commutator is identically zero, then A is self-adjoint. Otherwise, A is non-self-adjoint.

Lemma 3.4. The linearization SC of FC about the stationary solution m = 1 is self-adjoint with respect to
the L2 inner product.

Proof. Let H : X̃2×X̃2 → R be the adjoint commutator of SC . Let u1, u2 ∈ X̃2. Let ϕi solve −Zϕ′′
i +ϕi = Pui

with periodic boundary conditions. Then

H(u1, u2) =

ˆ 1/2

−1/2

u2(u
′′
1 − ϕ′′

1 ) dx−
ˆ 1/2

−1/2

u1(u
′′
2 − ϕ′′

2 ) dx (49)

=

ˆ 1/2

−1/2

(u′
1u

′
2 − u′

2u
′
1) dx+

ˆ 1/2

−1/2

[
u1
ϕ2 − Pu2

Z
− u2

ϕ1 − Pu1

Z

]
dx (50)

=
1

PZ

ˆ 1/2

−1/2

[
(−Zϕ′′

1 + ϕ1)ϕ2 − (−Zϕ′′
2 + ϕ2)ϕ1

]
dx (51)

=
1

P

ˆ 1/2

−1/2

(ϕ′
1ϕ

′
2 − ϕ′

2ϕ
′
1) dx (52)

= 0. (53)

Now we show the negativity of the eigenvalues of SC .

Proposition 3.5. If P/Z < π2, then all eigenvalues of SC are negative and bounded away from 0.

Proof. Assume P/Z < π2. Let u be an eigenvector of SC and let λ be its eigenvalue. Since SC is self adjoint,
λ real and u is real-valued. Without loss of generality, we may assume ∥u∥L2 = 1. Let ϕ solve −Zϕ′′+ϕ = Pu
with periodic boundary conditions on (−1/2, 1/2). Then u and λ satisfy u′′ − ϕ′′ = λu. Multiplying by u and
integrating we find

λ =

ˆ 1/2

−1/2

u′′u− ϕ′′u

= −
ˆ 1/2

−1/2

u′2 dx− 1

Z

ˆ 1/2

−1/2

(ϕ− Pu)u dx

= −
ˆ 1/2

−1/2

u′2 dx+
P

Z

ˆ 1/2

−1/2

u2 dx− 1

PZ

ˆ 1/2

−1/2

ϕ(−Zϕ′′ + ϕ) dx

= −
ˆ 1/2

−1/2

u′2 dx+
P

Z
− 1

P

ˆ 1/2

−1/2

ϕ′2 dx− 1

PZ

ˆ 1/2

−1/2

ϕ2 dx

≤ −
ˆ 1/2

−1/2

u′2 dx+
P

Z
.

It is well known that the optimal constant in the Poincaré inequality in an interval of length 1 is 1/π [58].

The Poincaré inequality applies to u since
´ 1/2
−1/2

u(x) dx = 0. Therefore, we conclude that

λ ≤ P

Z
− π2 < 0. (54)

Therefore all eigenvalues of SC are negative and bounded away from 0.

Finally, we show that the inverse of the linearization is compact.

Lemma 3.6. If P/Z < π2, then SC is invertible and S−1
C : X → X is compact.

Proof. Assume P/Z < π2. By proposition 3.5, 0 is not an eigenvalue of SC . That SC is invertible follows from
the Lax-Milgram Theorem (see Proposition 5.3 for details).

First we show that S−1
C is bounded. Suppose, to the contrary that it is unbounded. Then there exist

sequences (vk) ⊂ X̃2
C and (wk) ⊂ L2(−1/2, 1/2) such that

SCvk = wk, ∥vk∥L2 = 1, ∥wk∥L2 ≤ 1/k. (55)

Let ϕk satisfy −Zϕ′′
k +ϕk = Pvk with periodic boundary conditions. Then the following sequence is bounded:

⟨wk, vk⟩L2 = ⟨SCvk, vk⟩L2 = −∥v′k∥2L2 + ⟨ϕ′′
k , vk⟩L2 . (56)
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The sequence ⟨ϕ′′
k , vk⟩L2 is bounded in k due to Proposition 6.1 in Appendix A. Since the (56) as a whole is

bounded, we conclude that ∥v′k∥L2 is bounded in k as well.
Since ∥vk∥L2 and ∥v′k∥L2 are both bounded, we conclude that (vk) is bounded with respect to the H1

norm. By the Banach-Alaoglu Theorem [66], there is a subsequence also called vk which converges weakly
in H1(−1/2, 1/2) and thus also in L2. By Morrey’s inequality [29] and the Arzela-Ascoli theorem [16],
H1(−1/2, 1/2) ⊂⊂ L2(−1/2, 1/2), so we may assume that (vk) converges strongly to some v ∈ L2. Since
∥wk∥L2 ≤ 1/k, wk → 0 in L2(−1/2, 1/2). Therefore, v is a weak solution to SCv = 0. Since λI − SC is
invertible, we conclude that v = 0. But since ∥vk∥L2 = 1, we also have ∥v∥L2 = 1, a contradiction. Therefore,
S−1
C is a bounded operator.
Now we show that S−1

C : L2(−1/2, 1/2) → L2(−1/2, 1/2) is compact. To that end, suppose that (vk) ⊂ X̃2
C

and (wk) ⊂ L2(−1/2, 1/2) such that

SCvk = wk and ∥wk∥L2 ≤ 1. (57)

We need to show that there (vk) has a convergent subsequence. But this follows from the same logic as
the above step. Since S−1

C is a bounded operator, (vk) is a bounded sequence in L2(−1/2, 1/2). Therefore,
once again each term in (56) is bounded, so (vk) has a weakly convergent subsequence in X1 and a strongly
convergent subsequence in X0. Therefore, S−1

C is compact.

We can now prove the linear stability of stationary states.

Proof of Theorem 3.2. Assume P/Z < π2. Then by Proposition 3.5, there exists ω > 0 so that all for all
eigenvalues λ of SC , λ ≤ −ω (in fact, we may choose ω = π2 −P/Z). By Lemma 3.6, SC has compact inverse.
By Lemma 3.4, SC is self-adjoint, and therefore S−1

C is also self-adjoint. By the spectral theorem [46], the
eigenvectors of S−1

C form an orthogonormal set that spans a dense subset of X̃2. Denote these eigenvectors
(vn) for n ∈ N (since X̃2

C has countable dimension, we can enumerate the eigenvectors in this way). The
eigenvectors of S−1

C are also eigenvectors of SC . For each n ∈ N, let λn be the eigenvalue of λn corresponding
to vn.

Suppose u(x, t) solves ∂tu = SCu in X̃2 with u(0, x) = u0(x) ∈ X̃2
C . Since the span of (vn) is dense in X̃2

C ,
we may write any u(x, t) as an infinite linear combination of these eigenvectors:

u(x, t) =

∞∑
n=1

cn(t)vn(x), (58)

for coefficients cn : [0,∞) → R. Substituting this expansion into the linear evolution equation, we obtain

∞∑
n=1

c′n(t)vn(x) =

∞∑
n=1

cn(t)SCvn(x) =

∞∑
n=1

λncn(t)vn(x). (59)

By the orthogonality of the eigenvectors, we conclude that the sums must agree term-by-term, so for each n,
c′n = λncn, so

cn(t) = cn(0)e
λnt. (60)

Thus,

∥u(·, t)∥L2 =
√

⟨u, u⟩L2 =

√√√√ ∞∑
n=1

c2n(t) =

√√√√ ∞∑
n=1

c2n(0)e2λnt = e−ωt

√√√√ ∞∑
n=1

c2n(0) = e−ωt∥u(0, ·)∥L2 .

Thus, the desired result holds.

It remains to show that the full, nonlinear stability result of Theorem 3.1 holds. To this end, we consider
the nonlinear part Ψ of FC defined for u ∈ X̃2

C by

Ψ(u) = FC(1 + u)− SCu = ϕ′(1/2)u′ − (uϕ′)′, (61)

where ϕ solves −Zϕ′′ + ϕ = Pu with periodic boundary conditions in (−1/2, 1/2). The key to our proof of
nonlinear stability is showing that the nonlinear part Ψ dominates the linear part SC . We begin with a Lemma
which gives a bound on Ψ(u) in terms of u.

Lemma 3.7. Let Ψ : H2([−1/2, 1/2]) → H1([−1/2, 1/2]) be defined as in (61). Then there exists C > 0
independent of u, P , and Z such that

∥Ψ(u)∥L2 ≤ CP

Z
∥u∥L2∥u∥H1 . (62)
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Proof. We make a direct calculation using estimates from Proposition 6.1 in Appendix A:

∥Ψ(u)∥2L2 =

ˆ 1/2

−1/2

[(ϕ′(1/2)− ϕ′(x))u′(x)− u(x)ϕ′′(x)]2 dx (63)

≤ 2

ˆ 1/2

−1/2

(ϕ′(1/2)− ϕ′(x))2(u′(x))2 dx+ 2

ˆ 1/2

−1/2

(ϕ′′(x))2(u(x))2 dx (64)

≤ 4|ϕ′(1/2)|2∥u′∥2L2 + 4∥ϕ′2u′2∥L1 + 2∥ϕ′′2u2∥L1 (65)

≤ P 2

Z2
∥u∥2L1∥u′∥2L2 + 4∥ϕ′∥2L∞∥u′∥2L2 + 2∥ϕ′′∥2L4∥u∥2L4 (66)

≤ 2P 2

Z2
∥u∥2L1∥u∥2H1 +

8P 2

Z2
∥u∥4L4 (67)

By Hölder’s inequality, ∥u∥L1 ≤ ∥u∥L2 . From the Gagliardo-Nirenberg inequality, there exists C1 > 0 inde-
pendent of u such that

∥u∥L4 ≤ C1∥u∥1/2H1 ∥u∥
1/2

L1 . (68)

Substituting (68) into (67) and letting C2 = 2 + 8C1, we obtain

∥Ψ(u)∥L2 ≤ C
P

Z
∥u∥L2∥u∥H1 . (69)

Our next goal is to show that if ∥u∥L2 is small, then so is ∥Ψ(u)∥L2 . However, Lemma 3.7 is not sufficient
to accomplish this because even if ∥u∥L2 is small, ∥u∥H1 may be large. Therefore, the following Lemma shows
that if ∥u(·, t)∥L2 is small for all t, then ∥u′(·, t)∥L2 does not exceed ∥u′(·, 0)∥L2 .

Lemma 3.8. Suppose P/Z < π2. Let T, ε > 0 and let u be a solution to ∂tu = SCu+Ψ(u) in C1([0, T ]; X̃2
C).

There exists U∗ > 0 such that if ∥u′(·, 0)∥L2 < ε and ∥u(·, t)∥L2 < U∗ for all 0 ≤ t ≤ T , then

∥u′(·, t)∥L2 ≤ ε for all 0 ≤ t ≤ T . (70)

Proof. Write the evolution equation for u as

∂tu− u′′ = −ϕ′′ +Ψ(u). (71)

Square both sides and integrate to obtain

∥ − ϕ′′ +Ψ(u)∥2L2 =

ˆ 1/2

−1/2

(∂tu)
2 − 2(∂tu)u

′′ + (u′′)2 dx (72)

= ∥∂tu∥2L2 + 2

ˆ 1/2

−1/2

(∂tu
′)u′ dx+ ∥u′′∥2L2 (73)

= ∥∂tu∥2L2 +
d

dt
∥u′∥2L2 + ∥u′′∥2L2 . (74)

Thus,

d

dt
∥u′∥2L2 ≤ ∥ − ϕ′′ +Ψ(u)∥2L2 − ∥u′′∥2L2 (75)

≤ 2∥ϕ′′∥2L2 + 2∥Ψ(u)∥2L2 − ∥u′′∥2L2 . (76)

From Lemma 3.7, there exists C1 independent of u such that ∥Ψ(u)∥L2 ≤ C1∥u∥L2∥u∥H1 . Moreover, by

Proposition 6.1 in Appendix A, ∥ϕ′′∥L2 ≤ 2P/Z∥u∥L2 . Since
´ 1/2

−1/2
u dx = 0 and u′(±1/2, t) = 0, we may

apply the Poincaré inequality to both u and u′ with the optimal Poincaré constant 1/π:

∥u∥L2 ≤ 1

π
∥u′∥L2 and ∥u′∥L2 ≤ 1

π
∥u′′∥L2 . (77)

Thus,

d

dt
∥u′∥2L2 ≤ 8

P 2

Z2
∥u∥2L2 + 2C2

1∥u∥2L2∥u∥2H1 − π2∥u′∥2L2 (78)

≤ 8
P 2

Z2
∥u∥2L2 + 2C2

1∥u∥2L2(∥u∥L2 + ∥u′∥L2)2 − π2∥u′∥2L2 (79)

≤ −
(
π2 − 4C2

1∥u∥2L2

)
∥u′∥2L2 + 8

P 2

Z2
∥w∥2L2 . (80)
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Let U∗ < π/(4C1). Then if ∥u∥L2 ≤ U∗ for all 0 < t < T ,

d

dt
∥u′∥2L2 ≤ −R1∥u′∥2L2 +R2 (81)

where

R1 = π2 − 4C2
1 (U

∗)2 >
π2

2
and R2 = 8

P 2

Z2
(U∗)2. (82)

Let q(t) = ∥u′(·, t)∥2L2−R2/R1. Then q satisfies q
′ ≤ −R1q. By the Grönwall’s inequality, q(t) ≤ q(0)e−R1t.

We conclude that if q(0) < 0, then q(t) < 0 for all t > 0. Thus, if ∥u∥L2 ≤ U∗, and if

∥u′(·, 0)∥L2 <

√
R2

R1
, then ∥u′(·, t)∥L2 <

√
R2

R1
(83)

for all t > 0. Letting U∗ < ε/(4π), we have √
R2

R1
< 4πU∗ < ε, (84)

so the desired result holds.

Proof of Theorem 3.1. Let u = m− 1. Then u solves
∂tu = SCu+Ψ(u) −1/2 < x < 1/2, t > 0

u′ = 0 x = ±1/2, t > 0

u(·, 0) = m0 − 1 := u0 t = 0.

(85)

Let S(t) be the semigroup generated by SC . By Theorem 3.2, there exists ω > 0 such that ∥S(t)∥L2 ≤ e−ωt.
We observe that ˆ t

0

S(t− τ)Ψ(u(τ, ·)) dτ =

ˆ t

0

S(t− τ)(u′(τ)− SCu(τ, ·)) dτ (86)

=

ˆ t

0

d

dτ
(S(t− τ)u(τ, ·)) dτ (87)

= S(t− τ)u(τ, ·)
∣∣∣t
0

(88)

= u(·, t)− S(t)u(0, ·) (89)

= u(·, t)− S(t)u0. (90)

Thus we may write

u(·, t) = S(t)u0 +

ˆ t

0

S(t− τ)Ψ(u(τ, ·)) dτ. (91)

Taking the L2 norm of both sides, we find that

∥u(·, t)∥L2 ≤ e−ωt∥u0∥L2 +

ˆ t

0

eω(τ−t)∥Ψ(u(τ, ·))∥L2 dτ. (92)

Lemma 3.7 provides as estimate for Ψ in terms of a constant C, leading to

∥u(·, t)∥L2 ≤ e−σt∥u0∥L2 + C

ˆ t

0

eω(τ−t)∥u(τ, ·)∥L2∥u(τ, ·)∥H1 dτ. (93)

Let ε = ωπ/(2C(1+π)), and let U∗ be as in Lemma 3.8. Suppose that ∥u′(0, ·)∥L2 < ε and ∥u(0, ·)∥L2 < U∗.
Let

W = {t ≥ 0 : ∥u(τ, ·)∥L2 ≤ U∗ for all 0 ≤ τ ≤ t}. (94)

By continuity, W is a closed interval and 0 ∈W . Thus, either W = [0,∞) or W has a positive maximum. Let
T ∈W . Then, after applying the Poincaré inequality and Lemma 3.8, for any 0 ≤ t ≤ T ,

∥u(·, t)∥L2 ≤ e−ωt∥u0∥L2 + C

ˆ t

0

eω(τ−t)∥u(τ, ·)∥L2

(
1 +

1

π

)
∥u′(τ, ·)∥L2 dτ

≤ e−ωt∥u0∥L2 + C

ˆ t

0

eω(τ−t)∥u(τ, ·)∥L2

(
1 +

1

π

)
ε dτ

≤ e−ωt∥u0∥L2 +
ω

2

ˆ t

0

eω(τ−t)∥u(τ, ·)∥L2 dτ.

(95)
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f

Stationary States

Traveling Waves

P0

0

P
V

Figure 1: This diagram shows the pitchfork bifurcation from stationary states to traveling waves which is struc-
turally the same in our all three models.

Therefore, by Grönwall’s inequality,
∥u(·, t)∥L2 ≤ ∥u0∥L2e−ωt/2 (96)

for all 0 ≤ t ≤ T . Therefore, ∥u(·, T )∥L2 < U∗ and so by continuity, T ̸= maxW . Since T ∈ W is arbitrary,
we conclude that W does not have a maximum so W = [0,∞) and ∥u(·, t)∥L2 ≤ U∗ for all t > 0. That is,
(96) holds for all t ≥ 0 provided ∥u(0, ·)∥L2 < U∗ and ∥u′(0, ·)∥L2 < ε. Note that from the proof of Lemma
3.8, U∗ < ε. Therefore, the desired result holds.

4 Traveling Waves

By now we have seen that provided P/Z < π2, the stationary solution m = 1 to model B is asymptotically
stable (up to shifts). A key step in the proof of this stability result was Proposition 3.5, which shows that for
P/Z < π2, all eigenvalues of SC are negative.

We observe that u(x) = cos(2πx) is an eigenvector of SC (since it is also an eigenvector of −Zϕ′′ + ϕ with
periodic boundary conditions on (−1/2, 1/2)). Its eigenvalue is −4π2 + P

Z
1

1+ 1
4π2Z

. If, for fixed Z > 0, the

parameter P is large enough, this eigenvalue is positive. This observation hints that for some critical value
P0 > π2Z of P , the largest eigenvalue of SC will reach zero, and for P > P0, the stationary solution m = 1
will become unstable.

In this section, we show that for any Z > 0, there exists a number V ∗ > 0 and a smooth function
PT : (−V ∗, V ∗) → R such that if P = PT (V ), then there exists a traveling wave solution to the model B with
velocity V and center c = V t. This family of traveling wave solutions parameterized by V bifurcates from the
family of stationary states at V = 0 and P = PT (0) = P0. This bifurcation will be shown to be of the type
illustrated in Figure 1.

Remark 4.1. We note that the implied traveling wave solutions and the associated bifurcation structure for
both model A and model B were first computed in [62, 63]. Here, in the framework of model B, we provide a
rigorous proof of the existence of these traveling wave solutions and present the formal global analysis of the
corresponding bifurcation.

Observe first that m(x, t) is a traveling wave solution with velocity V in model B if m(x, t) = mT (x− V t)
where mT satisfies

{
m′′

T + V m′
T − (mTϕ

′
T )

′ = 0 −1/2 < x < 1/2

m′
T (±1/2) = 0

with


−Zϕ′′

T + ϕ′
T = P (V )mT −1/2 < x < 1/2

ϕT (1/2) = ϕT (−1/2)

ϕ′
T (1/2) = ϕ′

T (−1/2) = V.

(97)
We further observe that a solution to this equation is mT = ΛeϕT−V x for any Λ ∈ R. The value of Λ = Λ(V )
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can be determined by the provision that
´ 1/2

−1/2
mdx = 1, and the value of ϕT therefore satisfies

−Zϕ′′
T + ϕT = P (V )Λ(V )eϕT (x)−V x −1/2 < x < 1/2

ϕT (−1/2) = ϕT (1/2)

ϕ′
T (−1/2) = ϕ′

T (1/2) = V.

(98)

Note that (98) has three boundary conditions: not only must ϕT satisfy periodic boundary conditions, but
also ϕ′

T (±1/2) = V . Thus, P (V ) is selected so that ϕT can satisfy this extra condition.
Solutions to (98) may be approximated asymptotically in small V as shown in the following Lemma:

Lemma 4.2. Let Z > 0. Suppose that mT , ϕT and P (V ) solve (97). In small V , P (V ) and mT have the
asymptotic forms

P (V ) = P0 + V 2P2 +O(V 4) (99)

mT (x) = 1 + V m1(x) + V 2m2(x) +O(V 3), (100)

where

• P0 solves

tanh

(√
1− P0

2
√
Z

)
= P0

√
1− P0

2
√
Z

or equivalently tan

(√
P0 − 1

2
√
Z

)
= P0

√
P0 − 1

2
√
Z

. (101)

• P2 is given by

P2 =
P0

(
6P 6

0 − 15P 5
0 − 3P 4

0 (56Z − 5) + P 3
0 (514Z − 6)− 1044P 2

0Z + 72P0Z(55Z − 1) + 5280Z2
)

288(P0 − 1)4 (P 2
0 − 12Z)

.

(102)

• m1 is given by

m1(x) =
x

P0 − 1
−
P0

√
P3
0 −P2

0 +4Z

(P0−1)P2
0

sin
(√

P0−1x√
Z

)
2P0 − 2

(103)

• m2 is given by

m2(x) = A+Bx2 + (C +Dx2) cos

(√
P0 − 1√
Z

x

)
+ Ex sin

(√
P0 − 1√
Z

x

)
+ F cos

(
2
√
P0 − 1√
Z

x

)
(104)

with

A =
−6P0Z + P0 + 24Z − 1

24 (P0 − 1) 4
(105)

B =
12− 12P0

24 (P0 − 1) 4
(106)

C =

(
P0(28Z − 3) + 3P 2

0 − 60Z
)√P3

0 −P2
0 +4Z

Z

96 (P0 − 1) 4
(107)

D = −
P0

√
P3
0 −P2

0 +4Z

Z

8 (P0 − 1) 3
(108)

E =
(4− 3P0)

√
Z

√
P3
0 −P2

0 +4Z

Z

8 (P0 − 1) 7/2
(109)

F =
(3− 4P0)

(
P 3
0 − P 2

0 + 4Z
)

48 (P0 − 1) 4
. (110)

Proof. We first introduce expansions for Λ(V ) and ϕT :

Λ(V ) = Λ0 + V 2Λ2 +O(V 4), (111)

ϕT (x) = ϕ0(x) + V ϕ1(x) + V 2ϕ2(X) + V 3ϕ3(x) +O(V 4). (112)

Observe that neither the expansion for P (99) nor the expansion for Λ (111) have terms that are of odd order
in V . This is because we expect symmetry in traveling wave solutions with respect to the sign of V . Therefore,
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P (V ) and Λ(V ) are even functions of V and for mT (x) and ϕT (x), the transformation V 7→ −V is equivalent
to x 7→ −x.

Since mT (x) = Λ(V )eϕT (x)−V x, we have may expand the exponential to obtain 1 = Λ0e
ϕ0 , m1(x) =

Λ0e
ϕ0(ϕ1 − x) and

m2(x) = Λ2e
ϕ0 +

1

2
Λ0e

ϕ0
(
x2 − 2xϕ1 + ϕ2

1 + 2ϕ2
)
. (113)

We conclude that ϕ0 is constant and Λ0 = e−ϕ0 . Substituting the expansion (112) into (98) and comparing
terms of like order in V , we obtain ϕ0 = P0 in zero order and the following differential equations in first
through third order: 

−Zϕ′′
1 + (1− P0)ϕ1 = −P0x −1/2 < x < 1/2

ϕ1(1/2) = ϕ1(−1/2)

ϕ′
1(1/2) = ϕ′

1(−1/2) = 1

(114)


−Zϕ′′

2 + (1− P0)ϕ2 = P2 + P0e
P0Λ2 +

P0
2
(ϕ1 − x)2 −1/2 < x < 1/2

ϕ2(1/2) = ϕ2(−1/2)

ϕ′
2(1/2) = ϕ′

2(−1/2) = 0

(115)


−Zϕ′′

3 + (1− P0)ϕ3 = (ϕ1 − x)
(
P0

(
Λ2e

P0 + ϕ2

)
+ P2

)
+ 1

6
P0 (ϕ1 − x) 3 −1/2 < x < 1/2

ϕ2(1/2) = ϕ2(−1/2)

ϕ′
2(1/2) = ϕ′

2(−1/2) = 0.

(116)

The solution to (114) is

ϕ1(x) =
P0x

P0 − 1
− 1

2

P0

P0 − 1
csc

(√
P0 − 1

2
√
Z

)
sin

(√
P0 − 1

2
√
Z

x

)
. (117)

In order to satisfy the additional condition ϕ′
1(±1/2) = 1, P0 must solve (101). Therefore, (103) is obtained

as m1(x) = ϕ1(x)− x.
In (115), Λ2 is determined by the condition that

d2

dV 2

ˆ 1/2

−1/2

mT (x) dx =
d2

dV 2

ˆ 1/2

−1/2

Λ(V )eϕT−V x dx = 0. (118)

The value of Λ2 is

Λ2 = −e−P0P2 −
e−P0

(
3P 2

0 − 60Z + 2
)

48 (P0 − 1) 2
. (119)

The solution to (115) can be found using elementary methods and has the form

ϕ2(x) = P2 + a0 + a2x
2 + (b0 + b2x

2) cos

(√
P0 − 1√
Z

x

)
+ c1x sin

(√
P0 − 1√
Z

x

)
+ d0 cos

(
2
√
P0 − 1√
Z

x

)
(120)

where

a0 =
P 2
0 (1− 30Z) + P0(48Z − 1)

24 (P0 − 1) 4
(121)

a2 = − P0

2 (P0 − 1) 3
(122)

b0 =

(
P0(28Z − 3) + 3P 2

0 − 60Z
)√

P 3
0 − P 2

0 + 4Z

96 (P0 − 1) 4
√
Z

(123)

b2 = −
P0

√
P 3
0 − P 2

0 + 4Z

8 (P0 − 1) 3
√
Z

(124)

c1 =
P0

√
P 3
0 − P 2

0 + 4Z

8 (P0 − 1) 7/2
(125)

d0 =
−4P0Z − P 4

0 + P 3
0

48 (P0 − 1) 4
. (126)

Note that the only dependence on P2 in ϕ2 is the leading term—none of the other coefficients depend on P2.
Therefore, we write ϕ2 = P2 + ϕ̃2, where ϕ̃2 is independent of P2. We similarly write Λ2 = −e−P0P2 + Λ̃2.
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Figure 2: Traveling waves with low velocity have nearly constant myosin density (mT ≈ 1), but traveling waves
with higher velocity are increasingly asymmetric.

In third order, we do not need to find an explicit solution ϕ3. Instead, we divide the right hand side of the
differential equation in (116) to separate terms that explicitly depend on P2 form those that do not:

−Zϕ′′
3 + (1− P0)ϕ3 = P2f(x) + g(x), (127)

where f(x) = ϕ1 − x and g(x) = P0 (ϕ1 − x)
(
eP0 Λ̃2 + ϕ̃2

)
+ 1

6
P0 (ϕ1 − x) 3. The three boundary conditions

that ϕ3 must satisfy (periodic boundary conditions with ϕ′
3(±1/2) = 0) determine P2, which we show as

follows. Let U(x) = sin
(
x
√
P0 − 1/

√
Z
)
. Then

ˆ 1/2

−1/2

(P2f(x) + g(x))U(x) dx =

ˆ 1/2

−1/2

(−Zϕ′′
3 + (1− P0)ϕ3)U(x) dx (128)

= −Zϕ′
3U(x)

∣∣1/2
−1/2

+ Zϕ3U
′∣∣1/2
−1/2

+

ˆ 1/2

−1/2

ϕ3(−ZU ′′ + (1− P0)U) dx (129)

= 0. (130)

Therefore, we may explicitly calculate

P2 = −

´ 1/2

−1/2
g(x)U(x) dx´ 1/2

−1/2
f(x)U(x) dx

=
P0

(
6P 6

0 − 15P 5
0 − 3P 4

0 (56Z − 5) + P 3
0 (514Z − 6)− 1044P 2

0Z + 72P0Z(55Z − 1) + 5280Z2
)

288(P0 − 1)4 (P 2
0 − 12Z)

.

(131)

Therefore, substituting (131) into (120), and then into (113), we obtain (104).

Remark 4.3. The existence of this bifurcation is demonstrated for the 1D in [62, 63] and in 2D in [68] (see
also [69]). The value of P2 in (102) is identical to the result given in [63] (see Appendix D).

Remark 4.4. Lemma 4.2 gives the asymptotic form of traveling wave solutions if they exist, but it does not
prove that such solutions exist. To prove existence, we have Theorem 4.5 below.

A plot of the asymptotic approximation of mT (x) given by Lemma 4.2 for several values of V is given in
Figure 2.

We can now prove the following result (see also [63]):

Theorem 4.5. Let Z > 0 and suppose P0 satisfies

tanh

(√
1− P0

2
√
Z

)
= P0

√
1− P0

2
√
Z

. (132)

and 1−P0
Z

̸= −n2π2 for any integer n. Then there exists V ∗ > 0 and a continuous function PT : (−V ∗, V ∗) → R
such that for each V ∈ (−V ∗, V ∗), there exists a family traveling wave solutions (mT , ϕT , V t+ c0) of velocity
V to (32)-(37) with P = PT (V ) and c0 ∈ R. Moreover, PT (0) = P0.
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The parameter V ∗ in Theorem 4.5 is the (not explicitly known) largest velocity for which traveling waves
must exist. That is, the bifurcation of stationary solutions to traveling waves is a strictly local result in a
neighborhood of (m,V ) = (1, 0). The main tool to prove this theorem will the be the Crandall-Rabinowitz
Theorem [21], which we quote in Appendix B. Essentially, the Crandall-Rabinowitz Theorem gives conditions
under which an equation of the form F(x, t) = 0 has two families of solutions: a trivial branch where x = 0
and t parameterizes the family, and a nontrivial branch where x and t are both parameterized by a new
parameter s, and the two families meet at (x, t) = (0, 0). In Theorem 4.5, the trivial branch corresponds to
the stationary homogeneous solution m = 1 for any value of P . The nontrivial branch corresponds to the
traveling wave solutions parameterized by their velocity and with activity parameter P = PT (V ). The two
families of solutions meet at P = PT (0) = P0 satisfying (132).

Proof of Theorem 4.5. Given Z > 0, let P = P0 be such that (132) holds. Let

X =

{
µ ∈ H2(−1/2, 1/2) : µ′(−1/2) = µ′(1/2) = 0,

ˆ 1/2

−1/2

µ(x) dx = 0

}
(133)

and
Y =

{
m ∈ L2(−1/2, 1/2)× R

}
. (134)

Define F : X × R → Y by
F(µ, τ) = µ′′ + ϕ′(1/2)µ′ − ((µ+ 1)ϕ′)′. (135)

where ϕ is satisfies −Zϕ′′ + ϕ = (P0 + τ)(1 + µ) with periodic boundary conditions in (−1/2, 1/2). Observe
that

m(x, t) = µ(x− ϕ′(1/2)t, t) + 1 (136)

is a traveling wave solution to (15) if and only if F (µ, τ) = 0. If ϕ′(1/2) = 0, then m is a stationary solution,
i.e., a traveling wave with velocity 0.

We will show that F satisfies the hypotheses of the Crandall-Rabinowitz Theorem.

• It is clear that F(0, τ) = 0 for all τ .

• It is also clear that F is twice continuously differentiable.

• The linearization of F in µ at (µ, τ) = (0, 0) is

0 = DµF(0, 0)u = u′′ − ψ′′ (137)

where ψ satisfies −Zψ′′ + ψ = P0u with periodic boundary conditions on (−1/2, 1/2). Note that this
is the operator SC in (46). To show that the third hypothesis of the Crandall-Rabinowitz Theorem is
satisfied, we need to show two things:

(i) There exists a unique (up to multiplicative constant) nonzero solution u0 ∈ X to DµF(0, 0)u0 = 0,
and

(ii) there exists a co-dimension one subspace X ′ of X such that if w ∈ X ′, then there exists a solution
u ∈ X to DµF(0, 0)u = w.

First we show (i). Consider the function

u0(x) =

√
Zsech

(√
1−P0

2
√
Z

)
sinh

(√
1−P0x√

Z

)
(1− P0)3/2

+
x

P0 − 1
. (138)

Observe that u′
0(±1/2) = 0 and

´ 1/2
−1/2

u0(x) dx = 0, so u0 ∈ X. Moreover, one may check that provided

P0 satisfies (132), then DµF(0, 0)u0 = 0. Now suppose that u1 and u2 are both nonzero solutions to
(137). Let ψi solve −Zψ′′

i + ψi = P0ui with periodic boundary conditions on (−1/2, 1/2) for i = 1, 2.
Observe that for each i, since the second derivatives of ui and ψi are equal, we have

ui − ψi = αix− βi (139)

We also observe that ˆ 1/2

−1/2

ψi dx = P0

ˆ 1/2

−1/2

ui dx+ Z

ˆ 1/2

−1/2

ψ′′
i dx = 0. (140)

Therefore, β1 = β2 = 0. Now, suppose for some i, ψ′
i(±1/2) = 0. Then αi = 0 and ui = ψi. Thus, ui

satisfies −Zu′′
i + ui = P0ui with periodic boundary conditions. Thus, ui is an eigenvector of the second

derivative operator with eigenvalue (1 − P0)/Z. The eigenvalues of the second derivative operator on
X are −n2π2 for positive integers n. By assumption, (1 − P0)/Z ̸= −n2π2, so this is a contradiction.
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Therefore, ψ′
i(±1/2) ̸= 0, and we may assume without loss of generality that the ui are scaled such that

ψ′
i(±1/2) = 1 for i = 1, 2, so αi = −1. Then ui = ψi − x. Let w = u1 − u2. Then

w = (ψ1 − x)− (ψ2 − x) = ψ1 − ψ2. (141)

Thus, w satisfies −Zw′′+w = P0w with periodic boundary conditions on (−1/2, 1/2). Once again, since
(1 − P0)/Z ̸= −n2π2, the only solution is w = 0. We conclude that u1 = u2 and u0 is unique up to a
multiplicative constant.

Now we show (ii). Observe that since ψ satisfies ψ′′ = (P0u− ψ)/Z, we may write

DmF(0, 0)u = u′′ − P0

Z
u+

1

Z
ψ. (142)

We may abstract this operator as DmF(0, 0) = B +K where Bu = u′′ − (P0/Z)u and K : u 7→ ψ. We
make two observations. First, K is a bounded operator. This follows from standard elliptic estimates
and is proved in Proposition 6.1 in in Appendix A. Second, the operator B is invertible on X and its
inverse B−1 is compact. Therefore, we may write

I −B−1DµF(0, 0) = I −B−1(B +K) = −B−1K (143)

and
I −DµF(0, 0)B−1 = I − (B +K)B−1 = −KB−1. (144)

Since B−1 is compact, so are B−1K and KB−1. We conclude that DµF(0, 0) is a Fredholm operator.
We recall that the index of a Fredholm operator is the difference between the dimension of its kernel
and the codimension of its range. We also recall that the index of a self-adjoint operator is zero. Since
B and K are both self-adjoint over L2([−1/2, 1/2]), so is DµF(0, 0). Therefore, the codimension of the
range of DµF(0, 0) is equal to the dimension of the kernel, which we have just proved is 1.

• Finally, we must show that DµsF(0, 0)u0 is not in the range of the operator DµF(0, 0). Observe
that since DµF(0, 0) is self-adjoint, its image is orthogonal to its kernel. That is, for any u ∈ X,
⟨DµF(0, 0)u, u0⟩L2 = 0. It is therefore sufficient to show that ⟨DµsF(0, 0)u0, u0⟩L2 ̸= 0. The mixed
second derivative is

DµsF(0, 0)u = u′′ − ψ̃′′ (145)

where ψ̃ satisfies −Zψ̃′′ + ψ̃ = u. Therefore, ψ̃ = ψ/P0. We conclude that

⟨DµsF(0, 0)u0, u0⟩L2 =

ˆ 1/2

−1/2

(
u′′
0 − ψ′′

0

P0

)
u0 dx =

ˆ 1/2

−1/2

(
1− 1

P0

)
u0u

′′
0 dx =

ˆ 1/2

−1/2

(
1− 1

P0

)
(u′

0)
2 dx.

Since P0 ̸= 1, ⟨DµsF(0, 0)u0, u0⟩L2 ̸= 0.

Since all the hypotheses of the Crandall-Rabinowitz Theorem hold, in a neighborhood of (µ, τ) = (0, 0), the
only solutions to F(µ, τ) = 0 are µ = 0 and a smooth family of solutions (µ(s), τ(s)) parameterized by s in some
small interval (−s∗, s∗) with µ(s) ̸≡ 0, and these two families of solutions meet at (0, 0). Let mT (s) = 1+µ(s)
and PT (s) = P0 + τ(s). Since all solutions to F = 0 are traveling waves with some velocity (or stationary
solutions if the velocity is zero), it only remains to show that mT (s) and PT (s) may be reparameterized
(at least locally near s = 0) by velocity. Let V (s) be the velocity of mT (s). It is sufficient to show that
V ′(0) ̸= 0. Let ϕT (s) satisfy −Zϕ′′

T + ϕT = PT (s)mT (s) with periodic boundary conditions on (−1/2, 1/2).
Then V (s) = ∂xϕT (s)|x=1/2. Therefore, V

′(0) is ψ′(1/2) where ψ solves

−Zψ′′ + ψ =
∂

∂s
PT (s)mT (s)

∣∣∣
s=0

=
∂PT

∂s
(0)mT (0) + PT (0)

∂mT

∂s
(0) =

∂PT

∂s
(0) + P0

∂µ

∂s
(0), (146)

with periodic boundary conditions. Since F is twice differentiable, µ(s) is also continuously differentiable and
µ′(0) spans the null space of Fµ(0, 0). Without loss of generality, we may assume that µ(s) is parameterized
such that

dµ

ds
(0) = µ0. (147)

Let ψ0 solve −Zψ′′
0 + ψ0 = P0µ0 with periodic boundary conditions on (−1/2, 1/2). Then ψ0 and ψ differ by

a constant, so V ′(0) = ψ′
0(1/2). We may explicitly calculate ψ′

0(1/2) = 1, so V ′(0) ̸= 0. Therefore, we may
reparameterize mT and PT by V for V in some small interval (−V ∗, V ∗).

Remark 4.6. All the analysis in the proof of Theorem 4.5 can be done if X is replaced with a more restrictive
domain, such as a set of Cr functions. Therefore, we conclude that the traveling wave solutions mT , ϕT are
infinitely differentiable and depend smoothly on V in the Cr-norm for any r.
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Given Z > 0, the condition (132) satisfied by P0 has (potentially) infinitely many solutions. Therefore,
Theorem 4.5 proves the existence of not just one, but infinitely many families of traveling wave solutions, each
bifurcating from the stationary solution for a different solution P to (132). In Section 3, we observed that for
P/Z < π2, the eigenvalues of the linearization SC of model C about the stationary solution are all negative. In
the proof of Theorem 4.5, we observe that if P satisfies (132), SC has a zero eigenvalue. We conclude that as
P/Z increases from π2, each solution of (132) corresponds to one of the eigenvalues of SC becoming positive.
Therefore, we conjecture that for all families of traveling waves except those bifurcating from the smallest
solution of (132), the linearization of model C about these traveling waves has some positive eigenvalues, and
therefore these traveling waves are unstable. The only traveling wave solutions that may be stable are those
bifurcating from the smallest solution to (132). Therefore, when using the notation P0, we refer to this value.
The following Lemma shows the existence of this smallest solution and provides the illuminating estimate
that, for large Z, P0/Z ≥ π2 with equality in the limit Z → ∞.

Lemma 4.7. Suppose that P0 = P0(Z) is the smallest positive solution to

tanh

(√
1− P0

2
√
Z

)
=
P0

√
1− P0

2
√
Z

(148)

besides P0 = 1 whenever such a solution exists. Then P0(Z) exists for all Z > 0 except Z = 1/12 and in large
Z, P0(Z) expands as

P0(Z) = π2Z + 1− 8

π2
+O(1/Z). (149)

Proof. First suppose 0 < Z < 1/12. Let v =
√
1− P0/(2

√
Z). Then v and Z satisfy

k1(z) :=
v − tanh(v)

4v3
= Z. (150)

It is easy to show that k1 is continuous on (0,∞), limv→0+ k1(v) = 1/12, limv→∞ k1(v) = 0, and k1 is
monotonically decreasing. Thus, for any Z ∈ (0, 1/12), there exists a unique v ∈ (0,∞) satisfying (150).
Therefore, P0(Z) = tanh(v)/v ∈ (0, 1) is uniquely determined.

Now suppose Z > 1/12. Write (148) as

tan

(√
P0 − 1

2
√
Z

)
=
P0

√
P0 − 1

2
√
Z

(151)

and let w =
√
P0 − 1/(2

√
Z). Then w and Z satisfy

k2(w) =
tan(w)− w

4w3
= Z. (152)

Similarly to k1, it is easy to show that k2 is continuous on (0, π/2), limw→0+ k2(w) = 1/12, limw→π/2− k2(w) =
∞, and k2 is monotonically increasing on (0, π/2). Thus, for any Z ∈ (1/12,∞), there exists a unique
w ∈ (0, π/2) satisfying (152). Therefore, P0(Z) = tan(w)/w ∈ (1,∞). Thus, for all positive Z other than
Z = 1/12, (148) has a smallest positive solution other than 1. It should be noted that using a similar line of
reasoning, we may show that (152) has a unique solution in each interval of the form (nπ/2, (n + 2)π/2) for
n > 0 odd. These correspond to the other (larger than P0) solutions to (132) referenced above.

As Z → ∞ the corresponding solution w to k2(w) = Z approaches π/2. Therefore, we expand w in large
Z as w(Z) = π/2 + w1/Z + w2/Z

2 + O(1/Z3). We expand (152) in large Z and compare terms of like order
in Z to obtain w = π/2− 2/(Zπ3) +O(1/Z2). Finally, using P0 = 1 + 4Zw2, we have

P0 = π2Z +

(
1− 8

π2

)
+O(1/Z). (153)

5 Stability of Traveling Waves

In this section we study the nonlinear stability of traveling wave solutions to Model B. As shown in Theorem
4.5, traveling wave solutions of velocity V sufficiently small exist provided P has the prescribed value PT (V ).
Such a traveling wave solution has the form m(x, t) = mT (x− V t) with c = c0 + V t where mT is a stationary
solution to model C. For ease of analysis we will study the stability of these solutions to model C which, as
described in Section 3, implies stability up to shifts of traveling wave solutions to model B.
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As in Section 3, we describe model C by the dynamical system ∂tm = FC(m) with FC given by (44). The
linearization about mT about traveling waves is:

TCu := DFC(mT ) = u′′ + ϕ′(1/2)m′
T + V u′ − (mTϕ

′)′ − (uϕ′
T )

′, (154)

where ϕ and ϕT satisfy respectively
−Zϕ′′ + ϕ = Pu −1/2 < x < 1/2

ϕ(1/2) = ϕ(−1/2)

ϕx(−1/2) = ϕx(1/2)

and


−Zϕ′′

T + ϕT = PmT −1/2 < x < 1/2

ϕT (1/2) = ϕT (−1/2)

ϕT,x(−1/2) = ϕT,x(1/2),

(155)

and u ∈ X̃2
C :=

{
m ∈ H2(−1/2, 1/2) : mx(±1/2) = 0,

´ 1/2
−1/2

u dx = 0
}
. The coefficient V appears because the

velocity of the traveling wave is V = ϕ′
T (1/2).

Also of interest is the nonlinear part of FC near m = mT . However, due to the quadratic nature of the
nonlinearities in FC , this nonlinear part has the exact same form as the nonlinear part of FC about m = 1:

Ψ(u) = FC(mT + u)− TCu = ϕ′(1/2)u′ − (uϕ′)′, (156)

with ϕ given in (155). Using the nonlinear part Ψ, and letting u = m −mT , we may rewrite the evolution
equation (44) as

∂tu = TCu+Ψ(u). (157)

Similar to Section 3, our analysis in this section is focused on proving two key results:

1. 0 is an asymptotically stable equilibrium of the linearized problem ut = TCu, and

2. mT is an asymptotically stable equilibrium of the nonlinear problem mt = FC(m).

In this section however, a new challenge arises: the operator TC is non self-adjoint, meaning that the spectral
theorem used in the proof of linear stability in Theorem 3.2 no longer applies.

Indeed, while, as we have already mentioned in the Introduction, a self-adjoint operator with compact
inverse has a basis of eigenvectors, no such basis is guaranteed if the operator is non self-adjoint operator,
meaning that there may be a portion of the domain of the operator that is “dark,” hidden from the eigenvectors.
Since the action of the operator on this “dark” space cannot be determined from the eigenvectors, it is not
sufficient merely to show that all the eigenvalues of the operator have negative real part. Instead, we rely on
the Gearhart-Prüss-Greiner Theorem [33], which we quote in Appendix C.

The Gearhart-Prüss-Greiner Theorem overcomes the problem of a possible “dark” part of the domain by
considering not just eigenvalues, but the entire spectrum of the operator. The spectrum of a linear operator
L is the set of all λ ∈ C so that the operator λI − L does not have a bounded inverse. Note that if λI − L is
not invertible because it is not injective (one-to-one), then λ is an eigenvalue of L. If L is a finite dimensional
linear operator (a matrix), then the rank-nullity theorem applies and λI − L is invertible if and only if it is
injective. In the infinite dimensional case, however, a linear operator may be injective but not surjective, and
thus not invertible. Even if λI−L is invertible, it the inverse may not bounded. Thus, the spectrum of L may
consist of more than just eigenvalues. If λI − L does have a bounded inverse, (λI − L)−1 is called a resolvent
operator of L, and the set of λ such that the resolvent exists (that is the complement of the spectrum) is called
the resolvent set. The solution x(t) to the linear system xt = Lx Can be written in terms of the resolvent via
a line integral in the complex plane as an inverse Fourier Transform:

x(t) = lim
s→∞

1

2πi

ˆ w+is

w−is

eλt(λI − L)−1x(0) dλ (158)

for w ∈ R sufficiently large [33]. If x(0) can be written x(0) =
∑∞

n=1 cnxn for eigenvectors xn of L with
eigenvalues λn, then if w > supn Reλn,

x(t) = lim
s→∞

1

2πi

ˆ w+is

w−is

eλt(λI − L)−1
∞∑

n=1

cnxn dλ (159)

=

∞∑
n=1

cnxn lim
s→∞

1

2πi

ˆ w+is

w−is

eλt

λ− λn
dλ (160)

=

∞∑
n=1

cnxn
ewt

2π

ˆ ∞

−∞

eist

w + is− λn
ds (161)

=

∞∑
n=1

cnxn
ewt

2π

(
2πe(λn−w)t

)
(162)

=

∞∑
n=1

cne
λntxn, (163)
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as expected. However, (158) holds even if x(0) cannot be written as a sum of eigenvectors (i.e., if the
eigenvectors of L do not span the domain of L) provided the resolvent ((w + is)I − L)−1 exists for all s ∈ R
and w is sufficiently large. The Gearhart-Prüss-Greiner Theorem provides conditions on the resolvent and
spectrum of L such that, via (158), all solutions x(t) converge to 0 exponentially fast.

Since the solutions to the linearized problem ut = TCu are u(t) = S(t)u(0), if the conclusions of the
Gearhart-Prüss-Greiner Theorem hold, then limt→∞ ∥u(t)∥ ≤ limt→∞ e−σt∥u(0)∥ = 0, so 0 is asymptotically
stable in the linearized system. Therefore, to establish linear stability, we must prove that each of the three
hypotheses of the Gearhart-Prüss-Greiner Theorem hold for the operator TC . We will begin with condition
(ii), then condition (i), and finally condition (iii), see Appendix C. Before proceeding with these steps, however,
we show that TC is non self-adjoint.

Theorem 5.1. There exists Z∗, V ∗ > 0 such that if Z > Z∗ and 0 < |V | < V ∗, the operator TC is non
self-adjoint.

Proof. As in the proof of Lemma 3.4, we will use the adjoint commutator. We will show that there exists
V ∗ > 0 and u1, u2 ∈ X̃2

C so that if 0 < |V | < V ∗, then the adjoint commutator H for the operator TC = TC(V )
evaluated at u1, u2 is nonzero. This shows that TC(V ) is non self-adjoint.

Let u1(x) = sin(πx) and u2(x) = cos(2πx). Both u1 and u2 are in X̃2
C . For i = 1, 2 et ψi satisfy

−Zψ′′
i + ψi = PT (V )ui with periodic boundary conditions in (−1/2, 1/2). Then

H(u1, u2) =

ˆ 1/2

−1/2

u1u
′′
2 − u2u

′′
1 dx+

ˆ 1/2

−1/2

m′
T (u1ψ

′
2(1/2)− u2ψ

′
1(1/2)) dx+ V

ˆ 1/2

−1/2

u1u
′
2 − u2u

′
1 dx

−
ˆ 1/2

−1/2

u1(mTψ
′
2)

′ − u2(mTψ
′
1)

′ dx−
ˆ 1/2

−1/2

u1(u2ϕ
′
T )

′ − u2(u1ϕ
′
T )

′ dx.

(164)

The function ψ1, ψ2 depend on V through PT (V ), but from Lemma 4.2, P ′
T (0) = 0, so ∂V ψi|V =0 = 0. Also from

Proposition 4.2, the traveling wave solution satisfy ∂VmT |V =0 = m1 given by (103) and ∂V ϕT |V =0 = m1(x)+x.
Therefore,

∂VH(u1, u2)|V =0 =

ˆ 1/2

−1/2

u1u
′′
2 − u2u

′′
1 dx+

ˆ 1/2

−1/2

m′
1(u1ψ

′
2(1/2)− u2ψ

′
1(1/2)) dx+

ˆ 1/2

−1/2

u1u
′
2 − u2u

′
1 dx

−
ˆ 1/2

−1/2

u1(m1ψ
′
2)

′ − u2(m1ψ
′
1)

′ dx−
ˆ 1/2

−1/2

u1(u2ϕ
′
1)

′ − u2(u1ϕ
′
1)

′ dx.

(165)

Since each of the functions m1, ϕ1, u1, u2, ψ1, and ψ2 are explicitly known, and using P0 = π2Z +O(1) from
Lemma 4.7, we may explicitly calculate the integrals in (165) and find the asymptotic expansion of the result
in large Z:

∂VH(u1, u2)|V =0 = −3 +O(1/Z). (166)

Therefore, for sufficiently large Z∗, if Z > Z∗, then ∂VH(u1, u2)|V =0 ̸= 0. Thus, there exists V ∗ so that if
0 < |V | < V ∗, H(u1, u2) ̸= 0. We conclude that for Z > Z∗ and 0 < |V | < V ∗, AT (V ) is non self-adjoint.

Condition (ii): the resolvent set of TC contains the right half-plane, see appendix C.
To establish that condition (ii) holds, we prove a sequence of four results. First, we show that the resolvent
of TC , if it exists, is compact. Then we show that for some λ0 > 0, there exists a unique weak solution to
(λ0 − TC)u = w for each w, which implies that the resolvent (λ0I − TC)

−1 exists. Next, we use the first
two results to show that the spectrum of TC consists only of its eigenvalues. Finally, we show that all the
eigenvalues of TC have negative real part. Thus, the resolvent set contains all complex numbers with positive
real part, and condition (ii) is satisfied.

Proposition 5.2. Suppose λ ∈ C such that λI − TC is invertible. Then (λI − TC)
−1 : L2(−1/2, 1/2) →

L2(−1/2, 1/2) is a compact operator.

Proof. To be compact, (λI − TC)
−1 must be bounded. Suppose, to the contrary that it is unbounded. Then

there exist sequences (vk) ⊂ X̃2
C and (wk) ⊂ L2(−1/2, 1/2) such that

(λI − TC)vk = wk, ∥vk∥L2 = 1, ∥wk∥L2 ≤ 1/k. (167)

Let ϕk satisfy −Zϕ′′
k +ϕk = Pvk with periodic boundary conditions. Then the following sequence is bounded:

⟨wk, vk⟩L2 = ⟨(λI − TC)vk, vk⟩L2

= λ∥vk∥2L2 + ∥v′k∥2L2 + ⟨(V − ϕ′
T )v

′
k, vk⟩L2 + ⟨(ϕ′

k(1/2)− ϕ′
k)m

′
T , vk⟩L2

− ⟨ϕ′′
T vk, vk⟩L2 − ⟨ϕ′′

kmT , vk⟩L2 .

(168)
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Every term in this sequence is individually bounded due to Proposition 6.1 in Appendix A except possibly
∥v′k∥2L2 and ⟨(V − ϕ′

T )v
′
k, vk⟩L2 . However, the sum of these terms must be bounded. While the former is

quadratic in ∥v′k∥L2 , the latter is at most linear. Therefore, they must both be independently bounded as well.
Since ∥vk∥L2 and ∥v′k∥L2 are both bounded, we conclude that (vk) is bounded with respect to the H1

norm. The remaining arguments giving rise to a contradiction and proving that (λI − TC)
−1 is bounded and,

moreover, compact, are identical to those in the proof of Lemma 3.6.

Proposition 5.3. There exists V ∗ > 0 and λ0 ≥ 0 such that for each w ∈ X0, there exists a unique weak
solution u ∈ X1 to TCu = w.

Proof. Define the bilinear form B : X1 ×X1 → R by

B[u, v] = ⟨u′, v′⟩L2 − ⟨(ϕ′(1/2)− ϕ′)m′
T + (V − ϕ′

T )u
′ −mTϕ

′′ − uϕ′′
T , v⟩L2 . (169)

Then u ∈ X1 is a weak solution to TCu = w if and only if B[u, v] = ⟨w, v⟩L2 for all v ∈ X1. We claim that
there exist a, b, V ∗ > 0 and λ0 ≥ 0 such that

• |B[u, v]| ≤ a∥u∥H1∥v∥H1

• b∥v∥2H1 ≤ B[v, v] + λ0∥v∥2L2 .

The proof of these facts follows from the Poincaré inequality and the fact that ∥ϕ′
T ∥L2 = O(V ). Therefore, by

the Lax-Milgram Theorem, there exists a unique weak solution to (λ0I − TC)u = w.

Proposition 5.4. The spectrum of TC consists only of its eigenvalues.

Proof. This proof is essentially showing that the Fredhölm alternative applies to TC . Let λ ∈ C, and let λ0 be
defined as in 5.3. Define T̂C = λ0I − TC and let λ′ = λ0 − λ. Then λI − TC = T̂C − λ′I. By Proposition 5.3,
T̂C is invertible, and by Proposition 5.2, T̂−1

C is compact. Therefore, we may apply the Fredhölm alternative
for compact operators [28] to see that exactly one of the following holds:

• (I − λ′T̂−1
C )v = T̂−1

C w has a unique solution for each w ∈ X0,

• (I − λ′T̂−1
C )v = 0 has a nontrivial solution.

In either case, we may multiply by T̂C to see that either (λI − TC)v = w has a unique solution for all w ∈ X0

or (λI − TC)v = 0. Therefore, either λI − TC is invertible (with bounded inverse per Proposition 5.2) and
therefore λ is not in the spectrum, or λ is an eigenvalue of TC . Therefore, the spectrum of TC consists only of
its eigenvalues.

The following lemma show that all eigenvalues of TC have negative real part except possibly one. The
following Theorem concerns this remaining eigenvalue showing that it too has negative real part, thus proving
the desired result.

Lemma 5.5. For V sufficiently small the eigenvalues of TC = TC(V ) all have negative real part bounded away
from 0 except possibly one. Moreover, when V = 0, all the eigenvalues of TV (0) are negative (and real) except
for a zero eigenvalue with multiplicity 1.

Proof. The domain of TC(V ) is X̃2
C , which has the (Schauder) basis B = {v1, v2, v3, · · · } where vn(x) =

sin(nπx) for n odd, and vn(x) = cos(nπx) for n even. For each n,m ∈ N, define

amn = ⟨vm, TC(V )vn⟩L2 (170)

Treating A = (amn) as an “infinite matrix” operator on ℓ2, we see that λ is an eigenvalue of TC(V ) if and only
if λ/2 it is an eigenvalue of A. In particular, the eigenvalues of A and TC(V ) have the same sign.

Many of the terms in TC(V ) vanish as V → 0. In particular, the traveling waves mT and ϕT and their
derivatives depend smoothly on V in L2. Moreover, when V = 0, mT and ϕT are both constant in x (they
are stationary states). Therefore, writing mT = 1 + m̃T , there exists C1, V

∗ > 0 so that if |V | < V ∗, then

∥m′
T ∥L1 , ∥ϕ′

T ∥L1 , ∥ϕ′′
T ∥L1 , ∥m̃T ∥L1 ≤ C1|V |. (171)

For each m, let ϕm solve −Zϕ′′
m+ϕm = PT (V )vm with periodic boundary conditions in (−1/2, 1/2). For each

n,m, define
dmn = ⟨vm, ϕ′

n(1/2)m
′
T + V v′n − m̃Tϕ

′′
n −m′

Tϕ
′
n − v′nϕ

′
T − vnϕ

′′
T ⟩L2 . (172)

From (171) and Lemma 5.7, there exists C > 0 independent of m such that

∞∑
n=1

|dmn| ≤ C|V | and

∞∑
m=1

|dmn| ≤ C|V |. (173)
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Then we may write for each n,m:
amn = ⟨vm, TC(0)vn⟩L2 + dmn. (174)

The operator TC(0) (which is equal to SC(P0)) is defined by TC(0)u = u′′−ϕ′′ where ϕ solves −Zϕ′′+ϕ = P0u
with periodic boundary conditions in (−1/2, 1/2). Thus, letting cmn = ⟨vn, TC(0)vm⟩L2 , we have amn =
cmn + dmn. We can explicitly calculate cmn:

cmn =



−n2π2 + P0
Z

1

1+ 1
π2n2Z

n = m even

−n2π2 + P0
Z

1

1+ 1
π2n2Z

−
4P0 coth

(
1

2
√

Z

)
√
Z(1+n2π2Z)2

n = m odd

0 n ̸= m either m or n even

−
4P0(−1)

m+1
2

+n+1
2 coth

(
1

2
√

Z

)
√
Z(π2m2Z+1)(π2n2Z+1)

n ̸= m both odd.

(175)

To show that all the eigenvalues of A are negative except possibly one of them we will use Theorem 3 of
[76], which gives a Gershgorin-type result showing that all eigenvalues of an infinite matrix have negative real
part. While possibly not all eignevalues of A have negative real part, we will see using Theorem 3 of [76] that
all eigenvalues of D = B− I do have negative real part, and that all but one of these eigenvalues has real part
less than −1, thus proving the desired result.

The specific result of Theorem 3 of [76] is that there are countably many eigenvalues λ̂n of B = (bmn) and
for each n,

|λ̂n − bnn| < Qn :=

∞∑
m=1
m̸=n

|bmn|, (176)

provided the following conditions are met:

1. bnn ̸= 0 for any n and limn→∞ |bnn| = ∞.

2. There exists 0 < ρ < 1 so that for each odd n,

Qn

|bnn|
< ρ. (177)

3. For each odd n,m with n ̸= m, |bnn − bmm| ≥ Qn +Qm

4. For each m, sup{|bmn| : n ∈ N} <∞.

We will show that B satisfies each of these conditions for small enough V < V ∗ and large enough Z.

1. Observe that

bnn < −n2π2 +
P0

Z

1
1

n2π2Z
+ 1

+ C|V | − 1. (178)

Let 0 < ε < 1/(2 + 2π2). Using Lemma 4.7, there exists Z∗ large enough that for all Z > Z∗,
P0/Z < π2 + ε/2. There also exists V ∗ > 0 so that if |V | < V ∗, C|V | < ε/2. Therefore, for large
enough Z, bnn < −π2(n2 − 1)− 1 + ε < 0. It is clear that limn→∞ |bnn| = ∞.

2. We have

Qn =

∞∑
m=1
m ̸=n

|bmn| ≤
∞∑

m=1
m ̸=n

|cmn|+
∞∑

m=1
m ̸=n

|dmn| (179)

If n is even, Qn ≤
∑∞

n=1 |dmn| < C|V | < ε/2. If n is odd, we can explicitly calculate a convenient upper
bound for Qn:

Qn < Qn +
4P0 coth

(
1

2
√
Z

)
√
Z (π2n2Z + 1)2

(180)

≤
∞∑

m=1
m odd

4P0 coth
(

1

2
√
Z

)
√
Z (π2m2Z + 1) (π2n2Z + 1)

+

∞∑
m=1

|dmn| (181)

≤ P0

Z

1

1 + n2π2Z
+ C|V | (182)

<
π2 + ε/2

1 + π2
+
ε

2
assuming Z∗ ≥ 1. (183)
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We conclude that whether n is even or odd, (183) is an upper bound for Qn. We have already seen that
for Z > Z∗, bnn < −1 + ε. Thus, for any n,

Qn

|bnn|
<

π2 + ε/2

(1 + π2)(1− ε)
+

ε/2

1− ε
<

π2 + 1
4+4π2

(1 + π2)
(
1− 1

2+2π2

)+
1

(4 + 4π2)
(
1− 1

2+2π2

) =
2 + 5π2 + 4π4

2 + 6π2 + 4π4
< 1.

(184)

Therefore, letting ρ = 2+5π2+4π4

2+6π2+4π4 , the second condition is satisfied.

3. Let n,m ∈ N be odd with n ̸= m. One can verify that for any Z > 0,

0 <
4
√
Z coth

(
1

2
√
Z

)
(1 + π2Z)2

< 1. (185)

Then if Z > Z∗ and Z > Z∗,

|bnn − bmm| ≥ π2|n2 −m2| − P0

Z

∣∣∣∣∣ 1
1

n2π2Z
+ 1

− 1
1

m2π2Z
+ 1

∣∣∣∣∣ (186)

−

∣∣∣∣∣∣
4P0 coth

(
1

2
√
Z

)
√
Z(1 + n2π2Z)2

−
4P0 coth

(
1

2
√
Z

)
√
Z(1 +m2π2Z)2

∣∣∣∣∣∣− 2C|V | (187)

≥ π2|n2 −m2| − 2
P0

Z
− ε (188)

> 3π2 − 2(π2 − ε/2)− ε (189)

> π2 − 2ε. (190)

On the other hand, we have seen that for each n, if Z > Z∗ and |V | < V ∗, then Qn < 1, so Qn +Qm <
2 < π2 − 2ε. Thus condition 3 is satisfied.

4. This is clear.

Thus, the eigenvalues of B are enumerated λ̂1, λ̂2, λ̂3, · · · , and for each n, |bnn− λ̂n| < Qn. Thus, for n ≥ 2,

Re λ̂n < bnn +Qn < −4π2 +
P0

V0
+ C|V | < −3π2 + ε < −1. (191)

Since the eigenvalues of A are λn = λ̂n + 1, we conclude that all λn have negative real part bounded away
from 0 except for possibly λ1. The eigenvalues of TC(V ) are 2λn for n = 1, 2, 3, · · · , so the desired result holds.

In the case V = 0, the operator TC(0) is exactly the operator shown to have exactly one zero eigenvalue
in the proof of Theorem 4.5. Therefore, TC(0) has all negative eigenvalues (real because the operator is
self-adjoint) except for one zero eigenvalue.

Theorem 5.6. There exists V ∗, Z∗ > 0 such that if 0 < |V | < V ∗ and Z > Z∗, then resolvent set of TC

contains {z ∈ C : Re z ≥ 0}.

Proof. Due to Proposition 5.4, we need only show that all eigenvalues of TC have negative real part. Lemma
5.5 gives V ∗ and Z∗ so that if |V | < V ∗ and Z > Z∗, then all but possibly one of the eigenvalues of TC(V )
has negative real part. We also know that when V = 0, this one eigenvalue is zero. Therefore, we only need
to show that for 0 < |V | < V ∗, this eigenvalue has negative real part.

Since TC depends on V , both explicitly, and through mT and ϕT , we write TC = TC(V ). For the operator
TC(V ), the parameter P = PT (V ) is given by Theorem 4.5. We also consider the linearization SC(P ) of F
about m = 1 with arbitrary P > 0. We will make use of Corollary 1.13 and Theorem 1.16 in [22] which from
which we conclude the following:

• There exists neighborhoods U1, U2 ⊂ R of 0 and P0 ∈ R respectively and smooth functions λ : U1 → R
and µ : U2 → R such that λ(V ) is an eigenvalue of TC(V ) and µ(P ) is an eigenvalue of TC(P ), and
λ(0) = µ(P0) = 0.

• λ and µ satisfy:

−µ′(P0) lim
V →0

V P ′
T (V )

λ(V )
= 1. (192)
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By Lemma 5.5, λ(0) = 0 is the largest eigenvalue of TC(0). Since TC depends smoothly on V , so does λ(V ).
Therefore, for small V , λ(V ) is the eigenvalue of TC(V ) with the largest real part. Moreover, for small V ,
λ(V ) has the same sign as −V P ′(V )µ′(P0). From Proposition 4.7, P ′

T (0) = 0. For similar reasons, λ′(0) = 0.
So after two applications of L’Hôpital’s rule on (192), we obtain λ(V ) = 1

2
λ′′(0)V 2 +O(V 3) and

λ′′(0) = −2P ′′
T (0)µ

′(P0). (193)

Therefore, if P ′′
T (0)µ

′(P0) > 0, then there exists V ∗ > 0 such that if 0 < |V | < V ∗, then λ(V ) < 0. We will
show that for sufficiently large Z, both P ′′

T (0) and µ
′(P0) are positive, thus proving the desired result.

First we show that µ′(P0) is positive. The eigenvalue equation satisfied by µ(P ) is

u′′ − ϕ′′ = µ(P )u, −Zϕ′′ + ϕ = Pu, (194)

where m(±1/2) = 0 and ϕ satisfies periodic boundary conditions. We write P = P0 + ε for some small ε, and
expand m, ϕ, and µ in ε:

u = u0 + εu1 +O(ε2) (195)

ϕ = ϕ0 + εϕ1 +O(ε2) (196)

µ = µ1ε+O(ε2). (197)

Observe that µ1 = µ′(P0). Solving the zero order in ε equation, we find u0 and ϕ0 up to a multiplicative
constant:

u0 =
x

P0 − 1
− 1

2

P0

P0 − 1
csc

(√
P0 − 1√
Z

)
sin

(√
P0 − 1x√

Z

)
, ϕ0 = u0 + x. (198)

Observe that since P0 and Z satisfy (132),

csc

(√
P0 − 1√
Z

)
=

√
P 3
0 − P 2

0 + 4Z

(P0 − 1)P 2
0

. (199)

In first order, the (194) becomes

u′′
1 − ϕ′′

1 = µ1u0, −Zϕ′′
1 + ϕ1 = P0u1 + u0. (200)

Write ϕ1 = ψ1 + ϕ0/P0 where ψ1 solves −Zψ′′
1 + ψ1 = P0u1. Thus, we may write the first order equation as

u′′
1 − ψ′′

1 = µ1u0 −
1

Z
u0 +

ϕ0

P0Z
. (201)

Since the operator u1 7→ u′′
1 − ψ′′

1 (which is SC(P0)) is self adjoint, the right hand side must be orthogonal to
the kernel of the operator, which is spanned by u0. Thus, µ1 solves:

ˆ 1/2

−1/2

(
µ1u0 −

1

Z
u0 +

ϕ0

P0Z

)
u0 dx = 0. (202)

Computing the integral and solving for µ1, we obtain

µ1 =
3 (P0 − 1)

(
P 2
0 − 12Z

)
P0Z (3P 2

0 − 60Z + 2)
. (203)

Using Lemma 4.7, we obtain an asymptotic form for µ1 in large Z:

µ1 =
1

Z
+O(1/Z2). (204)

Thus, for sufficiently large Z, µ′(P0) = µ1 > 0.
Lemma 4.2 gives the value of P2. In large Z, this expands as

P2 =
π2

48
Z +O(1). (205)

Thus, for large Z, P2 > 0. Thus,

λ(V ) = −π
2

24
V 2 +O(

V 4

Z
), (206)

so for large Z and small V , the largest real part of the eigenvalues of TC(V ) is negative.

We conclude with a technical lemma used in the proof of Lemma 5.5:
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Lemma 5.7. Suppose f : [−1/2, 1/2] → R is C2. Let B = {v1, v2, v3, · · · } where vn(x) = sin(nπx) for n odd,
and vn(x) = cos(nπx) for n even. Then there exists C > 0 such that

∞∑
n=1

|⟨vm, fvn⟩L2 | < C∥f∥L1 and

∞∑
m=1

|⟨vm, fvn⟩L2 | < C∥f∥L1 . (207)

Proof. Decompose f as a Fourier series: f =
∑∞

k=1 akvk. Since f is C2-smooth, |ak| < ∥f ′′∥L1/k2 Then we
can use some product-to-sum trigonometric identities to see that

fvn =

∞∑
k=1

akvkvn =

∞∑
k=1

ak
2
(rn,kvk+n + sn,kv|k−n|), (208)

where the the coefficeints rn,k and sn,k are either 1 or −1 and are determined by the parities of n and k. The
sign of each coefficient is not important, so we do not endeavor to give them explicitly. Thus,

∞∑
n=1

|⟨vm, fvn⟩L2 | =
∞∑

n=1

∣∣∣∣∣
∞∑

k=1

ak
2
⟨vm, rn,kvk+n + sn,kv|k−n|⟩

∣∣∣∣∣ (209)

≤
∞∑

n=1

∞∑
k=1

|ak|
2

(|⟨vm, vk+n⟩|+ |⟨vm, v|k−n|⟩|) (210)

=
1

4

∞∑
n=1

|an+m|+ |a|n−m|| (211)

≤ 3

4

∞∑
n=1

|an| (212)

≤ 3∥f ′′∥L1

4

∞∑
n=1

1

n2
(213)

=
π2

8
∥f ′′∥L1 . (214)

Thus the result for the sum over n holds. The proof for the sum over m is identical.

Condition (i): TC generates a strongly continuous semigroup, see Appendix C. Here we
show that the linearized operator TC defined by (154) generates a strongly continuous semigroup. We will
make use to of the Hille-Yosida Theorem [33]. We will first prove a supporting proposition.

Proposition 5.8. There exists V ∗, Z∗, λ0 > 0 such that if |V | < V ∗ and Z > Z∗, then all eigenvalues of for
all λ > 0 and u ∈ X̃2

C

(λ− λ0) ∥u∥L2 ≤ ∥(λI − TC)u∥L2 . (215)

Proof. We calculate the norm via the inner product:

∥(λI − TC)u∥2L2 = ⟨(λI − TC)u, (λI − TC)u⟩L2

= λ2 ∥u∥2L2 + ∥TCu∥2L2 − 2λ ⟨u, TCu⟩L2 .

Observe that

⟨u, TCu⟩L2 ≤ −∥u′∥2L2 + ∥(ϕ′(1/2)− ϕ)m′
T ∥2L2 + ∥(V − ϕT )u

′∥2L2 + ∥mTϕ
′′∥2L2 + ∥uϕ′′

T ∥2L2 . (216)

There exists C, V ∗ > 0 so that |V | < V ∗ so that (after applying the Poincaré inequality):

∥(ϕ′(1/2)− ϕ)m′
T ∥2L2 < C|V |∥u∥2L2

∥(V − ϕ′
T )u

′∥2L2 < C|V |∥u′∥2L2

∥mTϕ
′′∥2L2 ≤ C∥u∥2L2

.∥uϕ′′
T ∥2L2 ≤ C|V |∥u∥2L2 .

(217)

Assume V ∗ is sufficiently small that C|V | < 1/2.

⟨u, TCu⟩L2 ≤ −1

2
∥u′∥2L2 + (1 + C)∥u∥2L2 . (218)
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Let λ0 = 2(1 + C) so that ⟨u, TCu⟩L2 ≤ (λ0/2)∥u∥2L2 . Thus,

∥(λI − TC)u∥2L2 ≥ λ2∥u∥L2 − λλ0∥u∥2L2 = (λ2 − λλ0)∥u∥2L2 . (219)

If λ > λ0, then λ
2 − λλ0 ≥ λ2 − 2λλ0 + λ2

0 = (λ− λ0)
2. Therefore,

∥(λI − TC)u∥L2 ≥ (λ− λ0)∥u∥L2 . (220)

We recall the definition of a closed operator:

Definition 5.9. Let X and Y be Banach spaces and let B : D(B) ⊂ X → Y be a linear operator. Then B is
closed if for every sequence (xn) converging to some x ∈ X such that Bxn converges to y ∈ Y , it follows that
x ∈ D(B) and Bx = y.

An operator is closed if its resolvent (λI −B)−1 exists and is bounded for at least one value of λ ∈ C. By
Theorem 5.6, the resolvent set of TC is non-empty, and by Proposition 5.2, the resolvent is compact (and thus
bounded) whenever it exists. Therefore, TC is a closed operator. Thus, we may prove the main result of this
section:

Proposition 5.10. There exists V ∗ > 0 such that if |V | < V ∗, then A generates a strongly continuous
semigroup.

Proof. We appeal the the Hille-Yosida Theorem [33], which states that if TC : X → Y is a closed, densely
defined operator and if there exists λ0 > 0 such that

∥(λI − TC)
−n∥L2 ≤ 1

(λ− λ0)n
, (221)

then TC generates a strongly continuous semigroup.
It is clear to see that (221) is satisfied due to Proposition 5.8. Therefore, the hypotheses of the Hille-Yosida

theorem are satisfied for sufficiently small V ∗, so the result holds.

Since TC generates a strongly continuous semigroup, the first condition of the Grearhart-Prüss-Griener
Theorem is satisfied.

Condition (iii): the resolvent of TC is uniformly bounded, see appendix C. Now we prove
that the resolvent of TC is uniformly bounded for complex numbers with positive real part. Then we formally
establish linear stability in Theorem 5.12.

Proposition 5.11. There exist V ∗, Z∗,Γ > 0 such that if 0 < |V | < V ∗ and Z > Z∗, then the resolvent
∥(λI − TC)

−1∥ < Γ for all λ ∈ C with Reλ > 0.

Proof. Existence of the resolvent (λI − TC)
−1 for all λ with Reλ > 0 is established in Theorem 5.6. Assume,

to the contrary, that there exists a sequence (λk)
∞
k=1 ⊂ C such that Reλk > 0 for each k and

∥(λkI − TC)
−1∥L2 > k. (222)

Then for each k, there exist vk ∈ X̃2
C and wk ∈ L2(−1/2, 1/2) such that (λkI − TC)vk = wk, ∥vk∥L2 = 1, and

∥wk∥L2 < 1/k. We shall consider two cases: (i) the sequence (λk) is bounded, and (ii) (λk) is unbounded. We
will show that in each case, we arrive at a contradiction.

(i) If the sequence (λk) is bounded, then it has a subsequence also called (λk) which converges to some
λ ∈ C with Reλ ≥ 0. By Theorem 5.6, λ is in the resolvent set of TC . Recall the first resolvent identity
[32] from which we conclude that for each k,

(λI − TC)
−1 − (λkI − TC)

−1 = (λ− λk)(λI − TC)
−1(λkI − TC)

−1. (223)

We calculate:

∥vk∥L2 = ∥(λkI − TC)
−1wk∥L2

≤
∥∥− [(λI − TC)

−1 − (λkI − TC)
−1]wk

∥∥
L2 + ∥(λI − TC)

−1wk∥L2

≤
∥∥(λk − λ)(λI − TC)

−1(λkI − TC)
−1wk

∥∥
L2 + ∥wk∥L2∥(λI − TC)

−1∥

≤ |λk − λ|
∥∥(λI − TC)

−1vk
∥∥
L2 + ∥wk∥L2∥(λI − TC)

−1∥

≤ (|λk − λ|∥vk∥L2 + ∥wk∥L2) ∥(λI − TC)
−1∥L2 .

Since |λk − λ0|, ∥wk∥L2 → 0 and ∥vk∥L2 is bounded, we conclude that ∥vk∥L2 → 0, a contradiction.
Therefore, (λk) is not bounded.
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(ii) If the sequence (λk) is unbounded, then it has a subsequence also called (λk) such that λk → ∞. There
exists corresponding sequences (vk) and (wk) such that

wk = (λkI − TC)vk, ∥vk∥L2 = 1, ∥wk∥L2 ≤ 1/k. (224)

We calculate the inner product

⟨wk, vk⟩L2 = λk + ∥v′k∥L2 +

ˆ 1/2

−1/2

(V − ϕ′
T )v

′
kv̄k dx

+

ˆ 1/2

−1/2

m′
T (ϕ

′
k(1/2)− ϕ′

k)v̄k dx−
ˆ 1/2

−1/2

ϕ′′
T |vk|2 dx−

ˆ 1/2

−1/2

mTϕ
′′
k v̄k dx

(225)

Since (vk) is L
2-bounded, by Proposition 6.1 in Appendix A, the last three integrals in (225) are uniformly

bounded: ∣∣∣∣∣
ˆ 1/2

−1/2

m′
T (ϕ

′
k(1/2)− ϕ′

k)v̄k dx−
ˆ 1/2

−1/2

ϕ′′
T |vk|2 dx−

ˆ 1/2

−1/2

mTϕ
′′
k v̄k dx

∣∣∣∣∣ < C (226)

for some C > 0 independent of k.

Taking the real part of (225), we find using the Cauchy-Schwartz inequality and the Poincaré inequality
that

Re ⟨wk, vk⟩ ≥ Reλk + ∥v′k∥L2 − 1

π
∥V − ϕ′

T ∥L∞∥v′k∥2L2 − C. (227)

Assuming V ∗ is sufficiently small that if |V | < V ∗, then ∥V −ϕ′
T ∥L∞ < π, we conclude that Re ⟨wk, vk⟩ ≥

Reλk−C. On the other hand, Re ⟨wk, vk⟩ ≤ |⟨wk, vk⟩| < 1/k. Since Reλk > 0, we conclude that (Reλk)
is bounded. Furthermore, since all terms in (227) have been shown to be bounded except those involving
∥v′k∥, we conclude that (v′k) must be bounded as well.

Now taking the imaginary part of (225), we find that

Im ⟨wk, vk⟩ ≥ Imλk − 1

π
∥V − ϕ′

T ∥L∞∥v′k∥2L2 − C. (228)

Once again, all terms in this equation are known to be bounded in k except Imλk, so we conclude that
(Imλk) is bounded also, a contradiction.

Since (λk) can be neither bounded nor unbounded, we conclude that no such sequence (λk) can exist, and
so (λI − TC)

−1 is uniformly bounded. That is, there exists Γ > 0 such that

∥(λI − TC)
−1∥ < Γ. (229)

Now that we have in place all the results proving the conditions of the Gearhart-Prüss-Greiner Theorem,
we may apply it to prove linear stability.

Theorem 5.12. There exist V ∗, Z∗,Γ, σ > 0 such that if |V | < V ∗ and Z > Z∗ then TC generates a strongly
continuous semigroup {S(t) : t ≥ 0} satisfying

∥S(t)∥ < Γe−σt. (230)

Proof. We need to satisfy the three hypotheses of the Gearhart-Prüss-Greiner Theorem 8.1.

• (i) is satisfied for sufficiently small V ∗ due to Proposition 5.10

• (ii) is satisfied for sufficiently small V ∗ and sufficiently large Z∗ due to Theorem 5.6.

• (iii) is satisfied due to Proposition 5.11.

Thus, the desired result holds.

Finally we can now prove that traveling wave solution mT to model C are asymptotically stable. Specifi-
cally, we will prove the following theorem:

Theorem 5.13. Fix V ∈ R and Z > 0, and let m(x, t) be a solution to (44) with m(0, x) = m0(x). Let mT

denote the traveling wave solution to (44) with velocity V . There exist V ∗, Z∗ > 0 independent of V and Z
and ε > 0 depending on V and Z such that if |V | < V ∗, Z > Z∗ and

∥m0 −mT ∥H1 < ε, (231)

then
lim
t→∞

∥m(·, t)−mT ∥L2 = 0. (232)
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To prove Theorem 5.13, we follow the same strategy as proving Theorem 3.1. We decompose FC as a sum
of its linearization TC about mT and its “nonlinear part”. Since the nonlinearity in FC is quadratic (that
is, the Keller-Segel term (mϕ′)′), the nonlinear part about the traveling wave m = mT is the same as the
nonlinear part about the stationary state m = 1. Thus,

FC(mT + u) = TCu+Ψ(u), (233)

where Ψ is given by (61). Thus, we may directly apply Proposition 3.7. We will prove a version of 3.8 for TC

showing that the linear part of FC dominates the nonlinear part in a neighborhood of mT . Finally, the proof
of Theorem 5.13 is identical to the proof of Theorem 3.1.

Lemma 5.14. Let T, δ > 0 and let u be a solution to{
∂tu = TCu+Ψ(u) −1/2 < x < 1/2, 0 < t < T

u′ = 0 x = ±1/2, t > 0.
(234)

There exist V ∗, U∗ > 0 such that if ∥u′(0, ·)∥L2 < δ, |V | < V ∗, and ∥u(·, t)∥L2 < U∗ for all 0 ≤ t ≤ T , then

∥u′(·, t)∥L2 ≤ δ (235)

for all 0 ≤ t ≤ T .

Proof. Write the evolution equation (44) as

∂tu− u′′ = Bu+Ψ(m). (236)

Where B is defined by

Bu = (ϕ′(1/2)− ϕ′)m′
T + (V − ϕ′

T )u
′ −mTϕ

′′ − uϕ′′
T ,


−Zϕ′′ + ϕ = Pu

ϕ(−1/2) = ϕ(1/2)

ϕ′(−1/2) = ϕ′(1/2).

(237)

Now square both sides and integrate to obtain

∥Bu+Ψ(u)∥2L2 =

ˆ 1/2

−1/2

Ψ2(u) dx (238)

=

ˆ 1/2

−1/2

(∂tu)
2 − 2(∂tu)u

′′ + (u′′)2 dx (239)

= ∥∂tu∥2L2 + 2

ˆ 1/2

−1/2

(∂tu
′)u′ dx+ ∥m′′∥2L2 (240)

= ∥∂tu∥2L2 +
d

dt
∥u′∥2L2 + ∥u′′∥2L2 . (241)

Thus,

d

dt
∥u′∥2L2 ≤ ∥Bu+Ψ(u)∥2L2 − ∥u′′∥2L2 (242)

≤ 2∥Bu∥2L2 + 2∥Ψ(u)∥2L2 − ∥u′′∥2L2 . (243)

From Lemma 3.7, there exists C1 independent of u, V , and Z such that

∥Ψ(u)∥L2 ≤ C1∥u∥L2∥u∥H1 . (244)

Observe that due to 6.1, if |V | < V ∗ is small enough, there exist C2, C3 depending only on Z such that

∥Bu∥L2 ≤ C2V
∗∥u′∥L2 + C3∥u∥L2 . (245)

Since
´ 1/2

−1/2
u dx = 0 and u′(±1/2, t) = 0, we may apply the Poincaré inequality to both u and u′ with a

Poincaré constant of π:
π∥u∥L2 ≤ ∥u′∥L2 and π∥u′∥L2 ≤ ∥u′′∥L2 . (246)

Thus,

d

dt
∥u′∥2L2 ≤ 2C2

1∥u∥2L2∥u∥2H1 + 4C2
2 (V

∗)2∥u′∥2L2 + 4C2
3∥u∥2L2 − ∥u′′∥2L2 (247)

≤ 2C2
1

(
1 +

1

π

)2

∥u∥2L2∥u′∥L2 + 4C2
2 (V

∗)2∥u′∥2L2 + 4C2
3∥u∥2L2 − ∥u′′∥2L2 (248)

≤ −
(
π2 − 4C2

1∥u∥2L2 − 4C2
2 (V

∗)2
)
∥u′∥2L2 + 4C2

3∥u∥2L2 . (249)
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Without loss of generality, we may assume that

V ∗ ≤ π

4C2
and U∗ ≤ π

4C1
. (250)

Then, if ∥u∥L2 ≤ U∗ for all 0 < t < T ,

d

dt
∥u′∥2L2 ≤ −R1∥u′∥2L2 +R2 (251)

where

R1 = π2 − 4C2
1 (U

∗)2 − 4C2
2 (V

∗)2 ≥ π2

2
and R2 = 4C2

3 (U
∗)2. (252)

We now introduce a new variable:

q(t) = ∥u′(·, t)∥2L2 − R2

R1
. (253)

Then q satisfies q′ ≤ −R1q. By Grönwall’s inequality,

q(t) ≤ q(0)e−R1t. (254)

We conclude that if q(0) < 0, then q(t) < 0 for all t > 0. Thus, if |V | < V ∗ and ∥u∥L2 ≤ U∗, and if

∥u′(·, 0)∥L2 <

√
R2

R1
, then ∥u′(·, t)∥L2 <

√
R2

R1
(255)

for all t > 0. Letting U∗ be sufficiently small that√
R2

R1
≤

√
8

π
C3U

∗ < δ, (256)

the desired result holds.

With Lemma 5.14 in place, we may duplicate the proof of Theorem 3.1 in order to prove the nonlinear
stability of traveling waves via Theorem 5.13.
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6 Appendix A

Here we show the Proposition which controls the solution ϕ to (32), (35)-(36).

Proposition 6.1. Let u ∈ L0([−1/2, 1/2]). Then there exists a unique solution ϕ ∈W 2,p(−1/2, 1/2) for any
1 ≤ p ≤ ∞ satisfying −Zϕ′′ +ϕ = Pu with periodic boundary conditions on (−1/2, 1/2). Moreover, ϕ satisfies
the following for any 1 ≤ p ≤ ∞:

• ∥ϕ∥Lp ≤ P∥u∥Lp ,

• ∥ϕ′∥L∞ ≤ P
2Z

∥u∥L2 ,

• ∥ϕ′′∥Lp ≤ 2P
Z
∥u∥Lp .

Proof. The solution ϕ can be calculated explicitly using a Green’s function:

ϕ(x) =
P

2
√
Z sinh

(
1

2
√
Z

) ˆ 1/2

−1/2

G(x, y)u(y) dy, G(x, y) =

 cosh
(

1/2+(y−x)√
Z

)
y < x

cosh
(

1/2+(x−y)√
Z

)
y > x.

. (257)
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By Young’s Integral inequality [67], ∥ϕ∥Lp ≤ C∥u∥Lp where

C = sup
|x|≤1/2

P

2
√
Z sinh

(
1

2
√
Z

) ˆ 1/2

−1/2

|G(x, y)| dy = sup
|y|≤1/2

P

2
√
Z sinh

(
1

2
√
Z

) ˆ 1/2

−1/2

|G(x, y)| dx. (258)

We calculate

P

2
√
Z sinh

(
1

2
√
Z

) ˆ 1/2

−1/2

|G(x, y)| dy (259)

=
P

2
√
Z sinh

(
1

2
√
Z

) (ˆ x

−1/2

cosh

(
1/2 + y − x√

Z

)
dy +

ˆ 1/2

x

cosh

(
1/2 + x− y√

Z

)
dy

)
(260)

=
P

2 sinh
(

1

2
√
Z

) (sinh( 1

2
√
Z

)
+ sinh

(
x√
Z

)
− sinh

(
x√
Z

)
+ sinh

(
1

2
√
Z

))
(261)

= P. (262)

We conclude that ∥ϕ∥Lp ≤ P∥u∥Lp . Next, since G is continuous and differentiable in x except where x = y,

ϕ′(x) =
P

2
√
Z sinh

(
1

2
√
Z

) ˆ 1/2

−1/2

d

dx
G(x, y)u(y)dy. (263)

Therefore, using Hölder’s inequality for p and its Hölder conjugate q,

∥ϕ′∥L∞ ≤ P

2
√
Z sinh

(
1

2
√
Z

)∥u∥Lp sup
|x|≤1/2

∥∥∥∥ ddxG(x, ·)
∥∥∥∥
Lq

. (264)

Since | d
dx
G(x, y)| ≤ 1√

Z
sinh

(
1

2
√

Z

)
, we conclude that ∥ϕ′∥L∞ ≤ P

2Z
∥u∥Lp . Finally, since ϕ′′ = −P

Z
u+ 1

Z
ϕ, we

have

∥ϕ′′∥Lp ≤ P

Z
∥u∥Lp +

1

Z
∥ϕ∥Lp ≤ 2P

Z
∥u∥Lp . (265)

7 Appendix B

Here we formulate the Crandall-Rabinowitz Theorem [21].

Theorem 7.1. Let X and Y be Banach spaces, and let F : X × R → Y be an operator with the following
properties:

• F(0, t) = 0 for all t.

• DxF , DtF , and DxtF exist and are continuous.

• The dimension of the null space and co-dimension of the range of DxF(0, 0) are both 1.

• If x0 ̸= 0 is in the null space of DxF(0, 0), then DxtF(0, 0)x0 is not in the range of DxF(0, 0).

Then there exists a neighborhood U ⊂ X×R of (0, 0), ε > 0 and functions σ : (−ε, ε) → X and s : (−ε, ε) → R
with σ ̸≡ 0 such that σ(0) = 0, s(0) = 0, and

F−1(0) ∩ U = ({(0, t) : t ∈ R} ∪ {(σ(α), s(α)) : |α| < ε}) ∩ U. (266)

Moreover, if Fxx exists and is continuous, then σ is continuously differentiable and σ′(0) spans the null space
of DxF(0, 0).

8 Appendix C

Here we formulate the the Gearhart-Prüss-Greiner Theorem [33].

Theorem 8.1. (Grearhart-Prüss-Greiner) Let X be a Hilbert space, and let L : D(L) → X be a linear
operator, where the domain D(L) of L is a dense subspace of X. If the following hold

30



(i) the semigroup (S(t))t≥0 generated by L is strongly continuous,

(ii) The resolvent set of L contains {z ∈ C : Re z > 0}, and
(iii) The resolvent (λI − L)−1 is uniformly bounded on the above set, i.e.,

sup
Reλ>0

∥(λI − L)−1∥X <∞, (267)

then there exists Γ, σ > 0 such that

(a) For each λ in the spectrum σ(S(t)), |λ| < e−σt, and

(b) For each t ≥ 0, ∥S(t)∥X ≤ Γe−σt.
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