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Abstract

Physically motivated variational problems involving non-convex energies are
often formulated in a discrete setting and contain boundary conditions. The long-
range interactions in such problems, combined with constraints imposed by lattice
discreteness, can give rise to the phenomenon of geometric frustration even in a
one-dimensional setting. While non-convexity entails the formation of microstruc-
tures, incompatibility between interactions operating at different scales can produce
nontrivial mixing effects which are exacerbated in the case of incommensurabil-
ity between the optimal microstructures and the scale of the underlying lattice.
Unraveling the intricacies of the underlying interplay between non-convexity, non-
locality and discreteness represents the main goal of this study. While in general one
cannot expect that ground states in such problems possess global properties, such
as periodicity, in some cases the appropriately defined ‘global’ solutions exist, and
are sufficient to describe the corresponding continuum (homogenized) limits. We
interpret those cases as complying with a Generalized Cauchy—Born (GCB) rule,
and present a new class of problems with geometrical frustration which comply
with GCB rule in one range of (loading) parameters while being strictly outside
this class in a complimentary range. A general approach to problems with such
‘mixed’ behavior is developed.

1. Introduction

Variational problems emerging from applications are often both discrete and
non-convex. Important examples include one-dimensional boundary-value prob-
lems with translation-invariant energy densities describing pairwise interactions.
Such problems constitute the main subject of this paper.
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The representative energies for this class of problems can be written in the
generic form

k
F(w;k):min{z ﬁ_j(ui—uj):uozo,ukzw}, (1.1)

i,j=0

where for every n natural number f;, is a potentially nonconvex energy governing
interactions between the lattice points at distance 7, and the minimum is searched
among k + l-arrays (uo, ..., ui). We may assume that fo = 0. As the parameter k
increases and more interactions are taken into account, a question arises about the
behavior of minimal arrays (ug, ceey u’,ﬁ) and of the corresponding minimal energy.
One of the most important issues concerns the existence of a continuum limit of
the type Fhom (1) = f[ Jfhom(u') dt, with I an interval in which the nodes i in (1.1)
are identified as a discrete subset (e.g., I = [0, 1] where the discrete subset is
%Z N[0, 1]). The single function fhom is expected to carry, in a condensed way, all
the relevant information about the infinite set of functions f;, from (1.1).

To track the asymptotic behavior of the minimum values in (1.1) we can use
the average derivative z = w/k as a parameter, and scale the energy by k. Then,
under assumptions on a suitably fast decay of f,, with respect to n, it can be shown
that the limiting energy density fhom exists and can be expressed by the formula

k
A
Jhom () = kgrfoo % mln{z Ofi—,/(ui —uj)ug=0,ux = kZ}- (1.2)
i,j=

Moreover, it can be shown that the function fiom 1S convex in the parameter z. This
result represents a particular case of a more general variational theory for limits
of lattice energies (see e.g. [3]); it can be also seen as a zero-temperature limit of
the analogous result in Statistical Physics [91,93]. However, formula (1.2) is only
a formal homogenization result in a discrete-to-continuum setting which is usually
non-constructive. In this paper we are raising the issue of the actual computability
of fhom(2)-

Explicit formulas for fyom(z) in terms of f, are known only in few cases, most
of which are mentioned below. In general, it is known that the behavior of mini-
mizing arrays (u’(‘), R uf) at fixed z, may be complex, including equi-distribution
(‘crystallization’; see e.g. [75]), periodic oscillations [27,56], development of dis-
continuities (fracture in lattice models [30,96]) or defects (internal boundary layers
[25D).

A robust approach to the computation of fhom(z) is known under the name
of Cauchy-Born (CB) rule and is applicable under some restrictive conditions
[17,47].1tis based on the assumption that the homogenized energy can be computed
using the affine interpolations u; = zj and relying exclusively on problems with
finite k. Various sufficient conditions for the validity of the Cauchy—Born rule have
been obtained by a number of authors mostly in the context of local minimizers
[40,46,65,76,88,99,100]. While those results are usually valid only for subsets
of loading parameters, they are often applicable for dimensions higher than one.
They are of considerable interest, first of all, for the development of numerical
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methods because the applicability of the classical CB rule makes such methods
extremely efficient, even if for a limited set of boundary conditions. The difference
of our approach to (1.2) is that we are interested in global minimization (viewed
as a zero temperature limit of a statistically equilibrium response) and consider
the possibility that the conventional CB rule is operative only in a subset of the
loading parameters while in the complementary subset the CB strategy should be
appropriately generalized or even completely ruled out.

The main reason for the failure of the classical Cauchy—Born rule is the geomet-
rical frustration caused by incompatible optimality demands imposed by (gener-
ically non-convex and long range) potentials f,, with positive integer n and the
discreteness of the lattice. More specifically, as non-convexity favors the forma-
tion of microstructures, incompatibility between interactions operating at different
scales may generate nontrivial mixing effects. The latter are dramatically more pro-
nounced in the case of incommensurability between the optimal microstructures
and the scale of the underlying lattice. A detailed case study of the underlying in-
terplay between non-convexity, non-locality and discreteness, represents the main
goal of this paper.

If the classical Cauchy—Born rule fails, the natural task is to search for a nontriv-
ial generalization of the Cauchy—Born rule. In this perspective, we pose the problem
of finding the conditions for which the minimal arrays in (1.1) have ‘global’ fea-
tures in the sense that solving a ‘local’ problem on a finite domain opens the way
towards describing the limit in (1.2). More specifically, the question is whether
the limiting energy fhom(z) can be approximately computed by solving a finite set
of ‘cell” problems modeled on (1.1) and potentially producing non-affine optimal
configurations. The validity of the so-interpreted generalized Cauchy—Born (GCB)
rule would then require that even if the implied ‘local’ problems could be solved
only on some subsets of parameters, the knowledge of the corresponding solutions
would ensure the recovery of the macroscopic (homogenized) energy in the whole
range of loading parameters.

Note that in local problems like (1.1) the presence of interactions f, with
n € {1, ..., k} requires k boundary conditions on each side. By fixing parametri-
cally only the average strain z in (1.2) we effectively assume that the remaining
boundary conditions are natural. This simplifying assumption may stay on the way
of acquiring, for the given ‘local’ problem, the corresponding ‘global’ features. That
is why we will understand the ‘local’ GCB problem as having the right boundary
conditions to ensure the recovery of the macroscopic energy fhom(z). The simplest
case is when the value of fj,om(z) can be achieved on arrays such that i +— u; — zi
is periodic with a given period, but in general one should be allowed to adjust
boundary conditions accordingly while keeping in mind that these changes should
not affect the minimizers in an asymptotic sense.

We now illustrate the main difficulties on the way of generalizing the classical
CB rule with some known cases. We start with the simplest example where the
conventional CB rule works trivially. It is the case of convex nearest-neighbor
(NN) interactions; i.e., when f,, = 0 for alln > 2, and f] = f is a strictly convex
function. In this case, the unique minimizer of the problem in (1.2) is the affine
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interpolation u’j‘ = zj. It is independent of k and hence ‘global’: in this case the

classical Cauchy—Born rule is applicable in its simplest form, and fhom(z) = f(2).

If we make the above example only a little more complex considering also con-
vex next-to-nearest-neighbour (NNN) interactions; i.e., f, = 0 for all n > 3, with
f1 and f> convex functions, we loose this exact characterization of the minimal
arrays. However, the discrepancy between u* and zj decays fast away from the
endpoints j = 0 and j = k of the array. A slight adjustment of the boundary-
value problems, say by imposing additional boundary conditions #; = z and
up—1 = z(k — 1) (which do not influence the asymptotic value of the minima
in (1.2)) reestablishes the affine interpolations uk = 7 j as minimizers, so that
Jhom (2) = 2(f1(2) + f2(2z)). In this case the classical Cauchy—Born rule is appli-
cable, given that we modify boundary conditions in the ‘cell” problem. Note that
this analysis extends to any sufficiently fast decaying set of convex potentials f,,
giving fhom(2) = 2 37,2 fu(n2).

Even if we abandon the convex setting, we may still easily describe the behavior
of minimum problems in (1.2) in the case of nearest-neighbor interaction, with
f1 = f. It can be shown that fon in (1.2) is given by the convexification f** of
the NN potential [28]. However the classical Cauchy—Born rule in this case has to be
properly generalized. Suppose, for instance, that the potential f has a double-well
form. In this case the relaxation points towards configurations containing mixtures
of the two energy wells. Since in this setting there are no obstacles to simple mixing,
the relaxation strategy providing fhom is straightforward. Indeed, for each z there
exist z1, z2, 6 € [0, 1] such that f**(z) = 6f(z1) + (1 — 0) f(z2). Hence, we
can construct a function u® : Z — R with u; —u;_| € {z1,z22}, ug = 0 and
lui —iz| = C. Such u® may be chosen periodic, if 6 is rational, or quasiperiodic
(loosely speaking, as the trace on Z of a periodic function with an irrational period)
otherwise. In both cases we obtain ‘local’ minimizers with ‘global’ properties which
allows one to talk about the applicability of the GCB rule.

The situation is more complex in the case when non-convexity is combined
with frustrated (incompatible) interactions. To show this effect in the simplest set-
ting it is sufficient to account for nearest-neighbor and next-to-nearest-neighbor
interactions only and we make the simplest nontrivial choice by assuming that
f11s a ‘double-well’ potential and that f> is a convex potential. In this case the
homogenized potential fhom i also known explicitly [27,86]. Its domain can be
subdivided in three zones: two zones of ‘convexity’ where minimizers are trivial
(as for convex potentials) and a zone where (approximate) minimizers in (1.2) are
two-periodic functions with u; — u; | € {z1,z2} and 21 + z2 = z (in a sense, a
constrained non-convex case as above). Hence, in these three zones we have min-
imizers with a ‘global’ form because the macroscopic energy can be obtained by
solving elementary ‘cell’ problems.

One can say that in the two zones of ‘convexity’ the classical CB rule is applica-
ble. In the ‘two-periodic’ third zone we see that the homogeneity of the minimizers
is lost but an appropriately augmented GCB rule still holds. For the remaining val-
ues of z no ‘local’ GCB rule is applicable since in those cases the unique (up to
reflections) minimizer is a ‘two-phase’ configuration with affine and two-periodic
minimizers coexisting while being separated by a single ‘interface’ [25]. The frus-
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tration (incompatibility) manifests itself in this case through the impossibility of
the penalty-free accommodation of next-to-nearest interactions across such an in-
ternal boundary layer. As a consequence, as k diverges, such minimizers tend to
an affine interpolation between the ‘convex’ and ‘oscillating’ zones which delivers
the correct value of fhom(z) without being a solution of any finite ‘cell’ problem.
Effectively, the ‘representative cell’ in this case has an infinite size and therefore
no GCB-type ‘local’ description of the macroscopic state is available. A somewhat
similar situation is encountered in continuum homogenization of both random [70]
and strongly nonlinear [26,82] elastic composites.

In what follows, we interpret the loss of ‘locality’ in homogenization problems,
which was illustrated above on the simplest example, as a failure of the GCB rule.
To shed some light on the mechanism of this phenomenon, we consider below a
class of analytically transparent discrete problems combining nonconvexity with
geometrical frustration.

More specifically, given the complexity of a general asymptotic analysis for
even one-dimensional problems of this type, we limit our attention to a class of
discrete functionals of type (1.1) with

fi(@) = %f(z) +mz%, fu@) = fon(@) =muz? forn =2, (1.3)

where the function f(z) is non-convex. The coefficients m, which introduce non-
locality and frustration, are assumed to be non negative and sufficiently integrable.
In other words, we suppose that the non-convexity is ‘localized’ in the nearest-
neighbor interactions, while all other interactions are quadratic. The positivity of
the infinite sequence m = {m, : n > 1} is chosen to ensure that the implied
quadratic ‘penalty’ is a measure of the distance of the configuration u; from the
affine configuration L, (i) = zi and can be then seen as a non-local version of the
gradient of u — L,. Using a terminology borrowed from Statistical Mechanics, one
can also say that such penalization brings anti-ferromagnetic-type (favoring oscil-
lations) interactions, see for instance [72]; an alternative and more conventional,
ferromagnetic-type (prohibiting oscillations) quadratic penalty, was considered, for
instance, in a similar discrete setting in [92].

To provide a mechanical justification for our choice of f,, we note that recently
considerable efforts have been focused on the study of pattern formation induced
by instabilities in structures with non-convex energy that are reinforced by elastic
environments [85]. The complexity of the resulting segmentation patterns originates
from the presence of competing incommensurate interactions. For instance, the non-
convexity of the elastic energy of brittle springs in a linear chain drives the system
towards strain localization, while the elastic background with convex energy favors
homogeneity. Under quasi-static loading the elastic subsystem carries the load,
while the brittle subsystem fractures sequentially with emerging discontinuities
forming an intricate segmentation pattern. Typical continuum examples include
cracking of drying mud, fragmentation of thin coatings and rupture of fibres in
elastic matrices [19,66,98]. Conceptually similar discrete phenomena take place
during drying-induced hierarchical self-assembly in nano-bristle assemblages, from
carbon nanotube forests to gecko feet hairs, during the formation of vertebra and
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during self-organization of sarcomeres in skeletal muscles [38,55,84,87,97] Many
of the discrete systems of this type were shown to exhibit remarkably complex
locking on particular patterns, which could be reached and maintained reliably.
In an attempt to elucidate the origin of such locking phenomena, we essentially
consider a prototypical one-dimensional scalar model. Taken literally, the model
describes a simple mechanical chain of multi-stable springs linked elastically by
long-range unbreakable elastic springs [80].

The main mathematical advantage of a choice of f,, as in (1.3) is that the
ensuing problem can exhibit both ‘local’ (GCB) and ‘global’ behavior depending
on the structure of the sequence of scalar parameters m,,. Therefore our goal will
be to use the chosen class of functionals to characterize the difference between
CB, GCB and non-GCB problems in terms of such sequences. We show that in
this naturally limited but still sufficiently rich framework one can precisely specify
the factors preventing the GCB-type description of the macroscopic energy and
pointing instead towards the non-GCB nature of the minimizers. Moreover, the
considered example allow us to abstract some general technical tools which can
facilitate the detection and the characterization of the non-GCB asymptotic behavior
in more general minimization problems.

We reiterate that even in the absence of an adequate ‘cell” problem, the ensuing
value of from(2) is fully determined by the homogenization formula which in our
case takes the form fhom(z) = Qm f(z), where

N 1 k
OmfQ) = kEIEOO X min {Z fui —ui—y)

i=1

k
+ Z m,~_j(u,-—uj)2 cug=0,ur =kzy . (1.4)
i,j=0

The nontrivial part of the mapping @m f, accentuating the nonlinearity of the
problem, is carried by the operator O, f(z) = me(z) =2 o mun*z>. Thus,
if f is convex, this mapping, to which we refer as the m-transform of f, is the
identity; actually, the same remains true even if f is 2m-convex, in the sense
that the function z — f(z) + 2le2 is convex. If, however, the function f is
not 2m1-convex, the m-transform of f is nontrivial. Thus, the function O, f(2)
is in general non-convex and Qm, f(z) > f**(z) for some z; the non-convexity of
Om f (2) depends sensitively and ‘nonlocally’ on the penalizing sequence m.
Indeed, recall that Q m Jf canbe viewed as an operator acting on the non-convex
function f and producing an m-dependent function which effectively represents a
constrained relaxation of f. In the same vein, the function Qn, f represents a non-
locally constrained convexification of f.Interpreted in such a way, the construction
of Om f is reminiscent of energy quasiconvexification in continuum elasticity. The
latter deals with minimization of the functionals f f (F)dx, where F is a matrix
field. The role of nonlocal constraint in such problems is played by the condition
curl F = 0, which is highly nontrivial in a multidimensional setting [71]. In a one-
dimensional setting this whole construction can be imitated through the introduction
of a penalizing kernel m mimicking the Green’s function of the constraint. As in
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the case of continuum elasticity, such a penalization can introduce incompatibility,
which in a discrete setting can lead to geometrical frustration.

One of the goals of this paper will be to link the degree of the non-convexity of
the function Qn, f with the breakdown of the GCB rule. For instance, in the para-
metric domain where periodic microstructures are optimal, one can also expect
the convexity of the function O, f (see Remark 3.28 and the example analyzed
in Section4). Topologically different periodic microstructures will exist in finite
intervals of z where they can be ‘stretched’ to secure the commensurability with
the lattice (see for instance Theorem4.1 and for a detailed analysis the examples
in Section4.2.3). In such intervals the corresponding minimizers posses ‘global’
properties and the GCB rule is respected. However, in general, when z is varied con-
tinuously, the optimal microstructure will change discontinuously and the domain
of applicability of the GCB rule can coexist with the domains where it breaks down
(see for instance the example in Section5.3.1 and the analysis in Sections5.4.1
and 5.4.2). The challenge is to identify the conditions on m, when, for instance, the
knowledge of the intervals where GCB rule is applicable, allows one to re-construct
the m-transform of a given non-convex function f also for z where the GCB rule
is non-applicable.

In this paper we are not attempting to solve the problem posed above in its full
generality and instead focus on a physically interesting sub-class of non-convex
functions f allowing one to construct explicit solutions of the minimization problem
for several important classes of penalizing kernels m.

Specifically, we aim at the development of a comprehensive theory for bi-convex
functions f. More precisely, we assume that there is a value z = z* such that the
restrictions of f to (—oo, z*] and [z*, +00) are both convex; well-known examples
of bi-convex functions are the quadratic double-well potential (f(z) = (]z] — 1?2
with z* = 0), used for the description of phase transitions, and the truncated
quadratic potential (f(z) = 22ifz < 1land f(z) = lifz > 1, with z* = 1), which
is used in Fracture Mechanics. In what follows we often refer to the two convex
branches of f as microscopic phases.

An important property of the bi-convex functions f is that, independently of
the choice of the kernels m, the mapping Om f is largely characterized by a phase
function 6 = 6(z) which represents the asymptotic volume fraction of one of the
‘phases’ in the limiting minimizer, say the limit of the percentage of indices i for
which u{‘ — uf‘_l > z*. When f is convex, then § = 0 or & = 1 and when its
is bi-convex, the central question will be to describe for a given m the form of
0(z). As we show, the applicability of GCB can be related to the emergence of the
m-dependent ‘steps’ on the graph of the function 6 represented by the values 6 for
which {z : 8(z) = 0} is a non-degenerate interval. In what follows we refer to such
intervals as locking states and to the corresponding GCB-type microstructures as
mesoscopic phases. This characterization is justified by the fact that in the locking
states the form of minimizers is stable in the sense that the set of indices i at finite k
such that that uf - ufﬂl > z* isindependent of z, up to an asymptotically negligible
fraction. Therefore, the implied ‘staircase’ structure of the function 6 is not a feature
of the discrete problem only as it survives in the continuum limit. As we show, the
locking states have the desired global properties, and for such states an appropriate
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finite ‘cell’ problem can be formulated and solved. In other words, in such states
the GCB rule is operative and the computation of the macroscopic energy energy
can be made explicit. In this paper we have chosen to illustrate all these effects by
considering penalization kernels m amenable to fully explicit study. Our analysis
shows that a rather comprehensive picture can be obtained based on the analysis of
just two archetypal classes of kernels.

The first class of analytically transparent kernels contains ‘concentrated’ (com-
pact, localized, narrow banded, etc.) parametric sequences m defined by the con-
dition that there exists M > 2 such that m, = 0ifn > 2 and n # M; here M
plays the role of a parameter. We prove that for such kernels (and independently of
f» as long as it is non-convex) locking states do exist and correspond to 6, = ;
withn € {0, ..., M}. Minimizers in this case, representing mesoscopic phases, are
M -periodic. Moreover, we prove that the associated phase function 6 is piecewise
affine, interpolating locally between the locking states 6,,_1 and 6,,. Thus, while for
6 that is not a locking state we do not have GCB-type minimizers (with ‘global’
properties), the whole mapping Om f can be recovered from the knowledge of its
value at those z corresponding to locking states where the GCB rule is operative.

The second class of analytically transparent kernels contains exponentially de-
caying sequences m which we write in the parametric formm, = ¢~ °" witho > 0
playing the role of a parameter analogous to M in the first class. Here again we can
give a complete description of the relaxed problem, for instance, when f is a trun-
cated convex potential (f is constant in [z*, 4+00)). Given this particular structure
of non-convex potentials (describing, for instance, lattice fracture), locking states
are either =0 or 6 € {% : k € N}. In the latter case, minimizers are k-periodic
and therefore of GCB-type, which means that they posses ‘global’ properties. In-
terestingly, we show that in each period such minimizers have a single difference
ui‘ — ui-‘_ | exceeding the threshold z* (single ‘crack’). Again, we prove that the set of
mesoscopic phases is sufficiently rich to provide the ‘building blocks’ whose simple
mixtures allow one to construct the whole mapping Qm f. An important difference
with the case of ‘concentrated’ kernels is that now the optimal ‘simple’ mixtures of
‘global’ (or GCB) states are not unique optimal microstructures. More precisely,
we show that even for non-locking values of z one can build optimal minimizers
which are of GCB-type. For all values of z such minimizers are quasiperiodic and
therefore posses the desired ‘global’ properties, thus broadening the spectrum of
possible GCB-type microstructures.

All these explicit results, which also include an analytical study of the intricate
role of the parameters o and M, can be obtained because for these two classes
of kernels (concentrated and exponential) one can reformulate the original non-
additive (non-local) minimum problem with presumably complex mixing properties
as an additive (local) problem with no mixing effects at all. For concentrated kernels
this is achieved by rewriting the non-additive problem as a superposition of additive
problems. For exponential kernels the reduction of complexity is due to the mapping
of a scalar problem with long-range interactions on a vectorial problem with only
nearest-neighbor interactions.

Variational problems with energies like (1.4) have been studied extensively in
physical literature where they emerged independently in different settings rang-
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ing from conventional magnetic and mechanical systems [10,67] to discotic liquid
crystals [42,57,64]. In such problems the optimal periodicity of a microstructure
representing the ground state (global minimum of the energy) competes with the
periodicity of the lattice, and the geometrical frustration emerges when the two
periodicities are incompatible (for instance, incommensurate). Since the interac-
tions in actual physical systems are very complex, the main focus was on the study
of simplified discrete models such as the Frenkel-Kontorova model [35] or the
classical ANNNI model [94]. A prototypical Ising model with antiferromagnetic
long-range interactions, which is the simplest problem of this same type was con-
sidered in [11]. Two explicit solutions for the class of problems with exponential
kernels studied in the present paper, were found in [84,85].

In the mathematical literature discrete and continuous variational models with
antiferromagnetic interactions were considered in [27,28,39,58,86,90]. An impor-
tant link was established by S. Aubry and J. Mather between variational prob-
lems of type (1.4) and the quasiperiodic trajectories of discrete dynamical sys-
tems. Recent mathematical results extending Aubry-Mather theory can be found in
[14,49,54,59].

In the present paper we reformulate the problems studied previously in the
framework of the theory of dynamical systems, as problems of the calculus of
variations. This change of perspective allows one to apply powerful homogenization
results providing direct access to the corresponding continuum limits. The goal is
to demonstrate how, already in one-dimensional problems, the interplay between
discreteness and non-convexity compromises the classical Cauchy—Born rule and
precludes the use of conventional ‘cell” problems for computation of the relaxed
energies.

In the context of discrete-to-continuum transitions, the obtained results bring
new understanding of the role of the frustrated non-local interactions in the deter-
mination of homogenized energies. While the case of ferromagnetic interactions
has been extensively studied before, here we show that the introduction of anti-
ferromagnetic interactions brings fundamentally new effects, most importantly the
emergence of mesoscopic phases resulting in the locking of the minimizers on
lattice-commensurate microstructures. These effects affect the structure of the con-
tinuum energy and do not disappear in the course of discrete-to-continuum transi-
tion.

Instead of the focus on Euler-Lagrange equations, characteristic of the theory
of dynamical systems, our main tools are the direct methods of the calculus of
variations. In particular, we obtained our main results through the use of the novel
bounds resulting either from the judicial choice of periodic test functions or from
cluster minimization. In this sense our results complement and broaden the findings
made in the dynamical systems framework.

One result of this type is the characterization of the continuum limit when
non-local interactions are concentrated on M -neighbors. The analysis of this case
highlights the increasing difficulty of dealing with geometrical frustration and non-
commensurability effects as progressively more distant interactions are incorpo-
rated, and suggests the possibility of scale-free patterns even in the case of finite-
range interaction kernels. It complements the results of Aubry [8], who showed



107 Page 10of 113 Arch. Rational Mech. Anal. (2023) 247:107

that long-range interactions favor hyper-uniform solutions. Another result, allow-
ing one to relate the regularity of the relaxed energies in 6 with the existence of
periodic solutions, can be viewed as an extension of the link between regularity and
the rotation number established by Mather in the framework the dynamical systems
approach [79].

In addition to explicit computations of global minimizers we also posed the
problem of finding the I"'-equivalent continuum approximations of the correspond-
ing lattice problems [34]; that is, the construction of asymptotic continuum theories
accounting for the lattice scale in the spirit of [34]. We succeed in constructing such
an approximation in the case of an exponential kernel while also showing that the
conventional formal asymptotic limit, which neglects the underlying geometric
frustration, underestimates the intricacies of the interplay between non-convexity,
non-locality and discreteness and produces only a lower bound for Qn, f. This
explicit example serves as a cautionary tale demonstrating in which form the fi-
nite scale lattice effects can survive homogenization and affect the macroscopic
variational problem.

2. Nonlocal Discrete Problems and Their Relaxation

In this paper we study the asymptotic behaviour of particular nonlocal discrete
problems parameterized by the number of nodes involved. This can be viewed as
a discrete-to-continuum homogenization process by introducing a small parameter
¢ and suitable scalings of the energies. However, with an abuse of terminology, we
choose to label this process as the computation of a relaxed functional.

Following the usual terminology, a functional ® is the relaxation of an original
functional ® if, loosely speaking, infimum problems involving ® have the same
value as infimum problems involving ®, and the latter admit solution (given that the
corresponding problem is coercive), see e.g. [21,41]. In the context of the Calculus
of Variations, the relaxed functional is usually obtained by a lower-semicontinuous
envelope with respect to some topology, it is stable under continuous perturbations,
and often (but not always) is stable with respect to closed constraints, such as fixed
boundary values or imposed integral constraints. Moreover, if the original functional
depends on some energy density, often (but not always) the relaxed functional can be
characterized by anew energy density obtained as a transformation (convexification,
quasiconvexification, sub-additive or BV -elliptic envelope, etc.) of the original
energy density, so that relaxation of an energy can be viewed as an operation on
an energy density. In our case we deal with a sequence of minimum problems,
so it would be correct to talk about homogenization or I"-convergence rather than
relaxation. Nevertheless, we would like to highlight properties of the homogenized
continuum energy in the same spirit of a lower-semicontinuous envelope, and hence
we choose the terminology of relaxation.

We focus on the relaxation of nonlocal discrete functionals of type (1.4). They
involve a non-convex function f and contain a ‘penalization kernel” m. The idea
is to single out the local (nearest-neighbour) interaction in the general discrete-to-
continuum problem, and consider the corresponding potential f as the function
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that needs to be ‘relaxed’. The nonlocal (beyond nearest-neighbour) interactions
are assumed to be linear. The corresponding quadratic term in the energy brings
the simplest penalization into the relaxation process. We show that even such a
simple penalization may still carry incompatibility and may even lead to geometrical
frustration. In what follows, with a slight abuse of terminology, we will be referring
to (1.4) as a m-dependent relaxation of a non-convex energy density f. Before
giving the formal definitions, we make some preliminary comments distinguishing
penalized relaxation from non-penalized relaxation.

2.1. Nearest—Neighbour Interaction and Quadratic Penalization

As itis well known, the convexification of a function f can be seen as the result
of a discrete-to-continuum relaxation process in a local setting involving nearest-
neighbour interactions only. To be more specific, for any k € N and z € R we
introduce the set

Ak; 2) = {u: [0,k]NN — R such that u(0) = 0, u(k) = kz} (2.1)

of admissible test functions satisfying boundary conditions. Here the parameter z
represents the affine boundary conditions u (i) = L, (i), where L, (i) = iz.

Proposition 2.1. (A characterization of the convex envelope) Let f : R — R. Then,
the convex envelope of f is

k
™) = kEToo%inf { ;f(u(i) —u(i—1): ue Ak; z)}.

It is useful in this context to interpret Proposition 2.1 as a consequence of discrete-
to-continuum I'-convergence (see e.g. [21, Ch. 4.2]). Indeed, define for a given
bounded interval I and for any ¢ > 0 the set of indices Z, (/) and the set of discrete
functions A, (1) given by

I.()={ieZ:eciecl}, A1) ={u:el.(I)— R}, (2.2)

respectively. Here and in the sequel, u; denotes the value u(ei), and we identify
u € A, (I) with its piecewise-constant extension in /. Having defined

Faunh=e Y (== 2.3)

&
i,i—1€Z: (1)

for u € Ag(I), the I-limit with respect to the L>-convergence of F, 69 is the func-
tional FO(u, I) = fI f**u')dt for u € H'(I). Then, choosing &; = %, by the
convergence of minimum problems we get
(@) = min{F°(u; (0, 1)) : u(0) = 0, u(1) = z}
= lim min{Fy (u; (0, 1)) : u(0) = 0, u(1) =z},

k——+00

which is the desired formula up to a change of variable.
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Fig. 1. Representation of exponential and concentrated kernels

Remark 2.2. (Additivity) Note that the problems defining f** are additive, in the
sense that, setting

k
p(k, 2) = inf { DS —uimy): u € Ak z>},

i=1
we have u(k, z) = min {uu(ki, z1) + p(ka, 22) - k1 +ky = k, kiz1 + kozo = kz}.

We now add to the nearest-neighbour term, described by a non-convex function
f, a quadratic long-range term of the form

k
2
Z myj—j)(ui —uj)”,

i,j=0

which brings the simplest penalization of global inhomogeneity while promoting
uniformity in the sense of averages. The sequence m = {m,},cn is assumed to be
such that

my, > 0 for anyn and m, = o(n_ﬂ)nﬁJroo for some B > 3. 2.4

Such penalization has an ‘antiferromagnetic’ character, in that it in fact favors local
oscillations induced by the non-convexity of f.

In the sequel, an important role will be played by the two special families of
kernels: exponential, m, = e¢~°", and concentrated at some M, m, = 0 for all n
exceptn = 1 and n = M with M > 2. In Fig. 1(A) we represent two exponential
kernels for different o. Also for concentrated kernels one can similarly account for
a parameter o by using the new definitions, m{ = (1/0)m1 and m$, = (1/0)my,
see Fig. 1(B).

Before formally defining the penalized energy, we need to make some assump-
tions on f. These assumptions will be used to obtain the existence of the limit of
minimum problems. Note that the hypotheses can be relaxed, but they are stated as
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follows in order to avoid unnecessary technicalities. Our first simplifying assump-
tion is that the (non-convex) potential f: R — [0, +00) satisfy a quadratic growth
hypothesis; namely,

0< f(z) <e(z>+1) forsome ¢ > 0. (2.5)

In addition to (2.5), we will also assume that the function f satisfies

%zz < f(z) +miz2. (2.6)

Note that hypothesis (2.6) is automatically satisfied if m; > 0. We will point out
specifically in which of the cases assumption (2.6) is not necessary.

Definition 2.3. (Relaxation with kernel m) For all z € R we set

k k
Py 1
Om f(2) =k£rfoozinf{2f(ui —uis) + Y my— i —up)*: oue Ak z)}-

i=1 i,j=0

The function @m f is well defined since the limit exists by known discrete-to-
continuum results (see formula (2.9) below). For this existence the growth condi-
tion is essential; however, in some cases we will use this formula also for some
degenerate f for which the limit exists. Note that, except for the case when only
nearest-neighbours are involved, the minimum problems defining @m f are not
additive in the sense of Remark 2.2.

2.2. General Properties of @mf(z)

In this section, we list some properties of the relaxation with kernel m derived
from its variational nature.

Remark 2.4. (Nearest-neighbour interactions) By Proposition 2.1, the convex en-
velope of f can be viewed as Qg f, where m = 0 is the trivial kernel m,, = 0 for
any n > 1; that is,

Q0f(2) = (). @.7)
More in general, again by Proposition 2.1, we obtain that Qm f@) = (f(@)+
2m1zz)** if m, = 0 for any n > 2. Note that in these cases we have no non-

additivity effects.

Remark 2.5. (ém f as a I'-limit) The fact that Qm f is well defined and some of
its key properties follow by the fact that the functional F' defined by F(u) =
f 7 Qm f(u')dt for I bounded interval and u € H'(I) can be interpreted as the
I'-limit of a suitable sequence of discrete functionals F.. Indeed, consider the
functionals

rwn=c Y /("I re X omia("M) e8)

£
i,i—1eZ,(I) i,j€Le(I)
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definedin A, (1), withZ (1) and A, (I) asin (2.2). Such functionals can be rewritten

as
Fah=Y Y eff(—)

h=1 j,j+heZ.(I)

where f1(z) = f(z) +2mz% and f"(z) = 2z2h’>my, if h > 1. With this notation,
functionals F satisfy the hypotheses of [3, Theorem 6.3]; that is, f!(z) > 12>
with ¢; > 0, and f"(z) < cpz? with > hch < +00. The lower bound follows by
the growth hypothesis (2.6), and the upper bound by (2.5) and by hypothesis (2.4)
onm. Hence, the I'-limit of F, with respect to the L?-convergence is represented by
the functional F(u, I) = f 7 Jhom (1)) dt, where fhom satisfies the homogenization
formula

k k—h—1

fhom(Z)=k£1J1rl —mf{z Z fh<uj+h MJ)ZME,A(]C;Z)}. (2.9)
Jj=

Rewriting this formula, we get that the function f,om coincides with the function
Om f introduced in Definition 2.3, which proves that it is well-defined as a limit.

Remark 2.6. Note that, while condition (2.6) can be relaxed by requiring that f has
a superlinear growth (not necessarily quadratic), it cannot be dropped altogether.
Indeed, if f = 0, my # 0 and m,, = 0 otherwise, then the limit in Definition 2.3
does not exist.

The following proposition states the convexity of Qm f, which is ensured by
the lower semicontinuity of the I'-limit:

Proposition 2.7. (Convexity of Qm f) Let m be as in (2.4) and let f: R —
[0, +00) satisfy (2.5) and (2.6). Then the function Qm f is convex.

In the following remark we highlight that the boundary conditions can be trans-
formed in conditions on a boundary layer, which are more convenient for compu-
tations:

Remark 2.8. (alternative statements of boundary conditions) The boundary condi-
tions ug = 0 and u; = kz can be replaced by conditions on a boundary layer. We
state two different equivalent possibilities, that will both be used in the proofs. In the
first one the boundary layer is a small portion of the whole domain, parameterized
by a small §, which then we let tend to 0, as

~ R Y

Om f(2) = lim lim inf - inf { > flui —uiy)

i=1

k
+ Z myi— (i —uj)?:u e As(k; z)}

i,j=0

= lim hmsupk inf { Zf(u, ui—1)

6=0 k>+to0 i—1
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k

+Z mii—jj(ui —u)*:u € As(k; z)}, (2.10)
i,j=0

where

Ask;2) ={u e Atk; z) u; = izif i < Skandi > (1 — 8)k}.

In the second one the double limit is replaced by a k-depending boundary layer at
a mesoscopic scale, as

k
Om/(2) = kEToo%i“f { ; S i = ui-)

k
+ Z m|,-_j|(u,~—uj)2: ueAka(k;z)}, 2.11)
i,j=0
with o € (-1, 0).

These formulas can be proved by an argument which is customary to variational
treatments of homogenization problems (see e.g. [3]). In proving formulas (2.10)
and (2.11), it is necessary to use the growth hypothesis (2.6). In case it does not
hold, the limits in formulas (2.10) and (2.11) may be different from the limit in the
definition of O f.

o~
We now give some general estimates on Oy, f .

Remark 2.9. (Estimates by decomposition for Qm ) Ifm = m’ + m”; that is,
my, = m,, + m forall n, and f = g + h, then we have

Omf(2) > Omg(2) + Omh(2).

In Remark 2.4 we have examined the case when m = 0. It may be of interest
to consider the case when conversely f = 0 as in the following lemma. If m is as
in (2.4), then we set

o0
am =2 mun’. (2.12)

Lemma 2.10. (Minimization of the /guadratic part) Let m; > 0, so that (2.6) is
satisfied with f = 0. Then we have Qm0(2) = amz°.

Proof. By using u; = iz as a test function in the definition of QmO(z) we get the
mequahty QmO(z) < amz?, after notmg that
+00
lim Z myi—j (i —]) 111}_1 Z(k—n—l—l)mnn —ZZmnn = dm.

k—+00 k |
n=

It then suffices to prove that for all fixed N we have

N
Om0(@) = 2) “myn*2>.

n=1
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With fixed o € (—1, 0), letu be a test function for the problem in (2.11) with f =0
for k!*t¢ > N. We then have

k
1
E(Z 2my(uj — ui_l)z) > 2m122. (2.13)
i=l1

Ifnef{2,...,Nland € € {0,...,n — 1}, leti, = [kn;ﬁ. We can rewrite the
energy due to interactions at distance n as
1 n—1 iy 1 n—1 1 iy 2
7 2mn > Z(”l+in — ueti-1n)’ 72 > i((; Z(MeJrin - ul+(i71)n)>
(=0 i=1 =0 i=1
1 n—1 et U2 1 n—1
_ . gn — _ . 22
= kzm"Zle(iig ) = kZmngl(zn z

£=0

v

k —
> 2mn%{—"wn2z2 = 2m, (1 + o (1))n222,
n

where we have used the convexity inequality and the boundary condition u; = jz
close to the boundary. Summing up forn € {2, ..., N} and using (2.13), we prove
the claim. O

In the next proposition we compare @m f with the convex envelope of f and
with f itself (to be more accurate, taking into account the case that f is not lower
semicontinuous, with the lower-semicontinuous envelope of f).

Proposition 2.11. (Trivial bounds for @m f)Letmbeasin(2.4)andlet f: R —
[0, +00) satisfy (2.5) and (2.6). The inequalities

@) +amz® £ Omf (@) £ (f@) +amz®)™ S F@) +amz>  (2.14)

hold, where f denotes the lower-semicontinuous envelope of f; i.e., the largest
lower-semicontinuous function not larger than f.

Proof. By using u; = iz as a test functlon in the definition of Qm f(z) we get
the inequality Qm f (z) < f(2) + amz? as in the first part of the proof of Lemma
2.10. Since Qm fi Is ¢ continuous by Proposition 2.7, th1s ensures that Qm f@) =
F(2)+amz>. Since me(z) is convex, we also obtain me(z) < (f(z)+amz2)**.
The lower bound is obtained by using Remark 2.9 with the choice g = f, h = 0,
m’ = 0 and m” = m. This gives

Omf(2) = 00 f (@) + Om0(2) = f**(2) + amz>
since Om0(z) = amz2 by Lemma 2.10, and Qp f(z) = f**(z).O
Corollary 2.12. If f is convex, then @mf(z) = f(2) + amz>

Remark 2.13. (Non-sharpness of lower bounds by decomposition) If we apply
Corollary 2.12 to the estimate in Remark 2.9 with & convex and m” # 0, then
the estimate gives an equality only if Om f(z) = f(2) + amz>.
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2.3. Lower Bound: Optimization on Nearest—Neighbour Clusters

Rather remarkably, one can explicitly compute @m f when there is only one
non-zero coefficient mjy; of m beside nearest neighbours. The computation is ob-
tained by optimizing on clusters of nearest neighbours of length M. As a conse-
quence one can obtain lower bound for a general m, which are in general not sharp,
but are however, useful.

For any given A > 0, we set

(@) = f(2) +2z% (2.15)

In particular fo,, (z) = f(z) + 2m1z> describes the total energy due to nearest-
neighbour interactions. We first rewrite Corollary 2.12 in terms of the effect of the
convexity of this contribution.

Proposition 2.14. (Convex nearest-neighbour interactions) Let f be such that f>,,,
is convex. Then

Omf () = f(2) + amz’.

More in general, for an arbitrary f this equality holds at all z such that f>,,,(z) =
fom 2m| (2).

Proof. Applying Remark 2.9 with g = f, h = 0 and m’ defined as m = m; and

m), = 0if n > 2, for all z such that f,, (z) = 2m (z) we have

Omf(2) = Om f2) + Omr0(2) = 35 (2) + ame 2’
= f2ﬂ’l] (Z) + am”zz = f(Z) + amzz,

where we have used Remark 2.4, Lemma 2.10 and the convexity hypothesis. The
converse inequality holds by Proposition 2.11. O

Now, we can define nearest-neighbour cluster energies. More precisely, for any
integer M > 2 we define

PYf(z) = —mm Zfzml(z,) Zz, Mz b +2myM*z%. (2.16)

For completeness of notation, we also set Plf(z) = Sfom; (2).
Note that if M > 2 and fa,, is convex then PMf(z) = f(z) + 2mz* +
2my M?22.

Definition 2.15. (Concentrated kernels) Let M > 1. We say that a kernel m is
concentrated at M if m,, = 0ifn & {1, M}.

Proposition 2.16. (Relaxation with concentrated kernel) If m is concentrated at
M, then Qum f = (PMf)**.
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Proof. Remark 2.4 proves the claim for M = 1. Now, assume M > 2. We can use
formula (2.11) for the computation of Qm f(2); in particular, we may suppose that
test functions satisfy u; = zi ifi < M andi > k — M. Let u be a minimizer; using
the notation in the proof of Lemma 2.10 with i, = (’%], we can write

k k
Z(f(“i —ui—1) +2my(u; — ’/li—l)z) +2mpy Z(ui —ui—y)?
i=1 i=M
M—1 Miy 1
M(f(ui —ui—1) +2mi(u; — Mi—l)z)
=0 i=1
M—1 i

+2my Y Y (werim — teyi-nm)” + Ce,
=0 i=1

where C; is a constant taking into account extra boundary interactions, with |C,| <
MC(1 + z?) independent of k. We then estimate

<
R

—1 Miy 1
M(f(“i —ui—1) + 2my(u; — Mi71)2)
=0 i=1
M—1 i
+2my Y Y (erim — weri-nm)’
(=0 i=1
M-1 i
-~ PMf(WJriM — uL’+(i—1)M>
- M
£=0 i=1
M—1 ip
PM )**(MHW — ul+(i71)M>
(=0 i=1 M
M-1 e ey M
M — .
= D i(PM e (FEEEE) = 3 (P ()
=0 ieM =0
k—M
> M| == | .

Dividing by k and taking the limit as k — 400 we obtain the lower bound.

To prove that the lower bound is sharp it suffices to choose a minimizer
Z1s..., 2y for PM f(2), extend it by M-periodicity and define a test function
uonf0,...,k} withk =nM by settingug =0, u; —u;—; =zifi e {l,..., M}U
(k—M+1,...,k},and u; —u;j—; = z; 0therw1se Using this test functlon and
letting k — +oo we obtain Qm f < PMf. Since Qm f is convex, we finally get
Omf < (PMp)™. 1O

Remark 2.17. (General concentrated interactions) In the previous proposition we
have considered quadratic interactions between Mth neighbours. Actually, it is not
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necessary to assume quadraticity or even convexity of these interactions, and the
same proof shows that

k k

) I .

kgrfoo % mm{;: flui —ui—y) + Z:Mg(ui —ui—py) up=0,u; = kz}
1= 1=

=y (), (2.17)

where f, g: R — [0, 400) are such that f is of quadratic growth and g satisfies a
quadratic bound from above, and v is defined by

M M
1/f(Z)=%min{i:f(zj')IX:zj=Mz}+g(z). (2.18)

j=1 j=I

Remark 2.18. (Periodic recovery sequences and multiplicity of minimizers) Note
that if PM f(z) = (PM f)**(z) and {z;} is a minimizer for P™ f(z) extended by
M -periodicity, a function u with ug = 0, u; —u;_1 = z; gives a recovery sequence
for the I'-limit of the functionals (2.8) at u(x) = zx. Note that u; —zi is M -periodic.

We also observe that if {z], ..., zp/} is a minimizer, then any permutation of
its values gives a minimizer.

Proposition 2.19. (A lower bound for general m) Let m be any kernel; then for
any M the following estimate holds:

Om /() = (PM))™ @) +2 ) n*m,2*. (2.19)

n>2
n#M

In particular, we have me(z) > sup ((PMf)**(z) +2 Z nzmnzz).
M=1

n>2
n#M

Proof. Inequality (2.19) is obtained by using Remark 2.9 with m' =
(m1,0,...,0,my,0,...), Proposition 2.16, and the fact that @m//O(z) =
23 gt n*myz2. If M = 1, the estimate is an immediate consequence of Re-
marks 2.4 and 2.9. O

2.4. Upper Bound: Optimization over Periodic Patterns

In order to give an upper bound for @m f,itis of interest to consider minimum
problems on sets of N-periodic functions. We will see that when the value @m f(@
is obtained by this periodic minimization, which can be interpreted as a Cauchy—
Born approach, it is possible to deduce further structural properties of the relaxed
functional.

For N € N we define

N 1
RN f(z) = 5 inf {F*(u; [0, N1) : i > u; — zi is N-periodic}, ~ (2.20)
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where
N N
FRu; [0,ND) = flui —ui) + > myijj(ui — uj)*.
i=1 i=1 jeZ
Note thateachsitei € {1, ..., N}interacts withall j € Z. Using periodic functions

as test functions in the I'-limit producing Qm f (see Remark 2.5), we see that
RN f(2) = Omf(2) for all N, so that, setting

o~ . =N k%
Ruf@ = (infRuf@) .
we obtain a bound for the m-relaxation of f. More specifically, we can write

f@ +amz> = RY f(2) = Ruf(2) = Om[f(2) > amz> 2.21)

where N is arbitrary; the first estimate is obtained by taking u; = iz.

An application of Remark 2.8 to boundary conditions allows one to show that in
(2.20) we can asymptotically neglect the interaction terms with sites outside [0, N].
Then, we have the following proposition.

Proposition 2.20. For all z € R we have Ry f (z) = lim RN f(z) = Omf ().
——+00

Accordingly, the m-relaxation can be alternatively defined as a limit of minimum
problems constructed on periodic functions.

Remark 2.21. (Global periodic solutions) Note that in general the equality in Propo-
sition 2.20 is not attained at finite N. However, in some cases the knowledge of
I’Q\nl\i f for some finite N is sufficient for the description of Qm f. A notable case
is that of nearest and next-to-nearest neighbor interactions, for which a general
formula for Qm Jf canbe proven using this approach. In the notation above that for-
mula simply reads Om f= (R,[n F)™* [29,86]. In particular, if f is a double-well
energy with minimum value 0 attained for z € {—1, 1} then in a neighbourhood of
0 we have @mf(z) = R:znf(z); that is, the minimum for @mf(z) is reached on
functions with u; — zi 2-periodic, up to an error due to the boundary conditions
and vanishing as k — —+oo. In this sense, such problems have ‘global’ solutions
and are therefore solvable by the application of the GCB rule.

2.5. The m-Transform of f

In view of Proposition 2.11, in order to compare @m f with f we can subtract
the quadratic term. In this way, the bounds in (2.14) are rewritten as

@) £ Omf (@) — amz® < f(2). (2.22)

This suggests to interpret the function @m f(z) —amz?

acting on f. We then give the following definition:

as an independent operator
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Definition 2.22. (m-transform of f) Letmbe asin (2.4) and let f: R — [0, +00)
satisfy (2.5) and (2.6). The m-transform of f is the function O, f: R — [0, 400)
defined as

Omf(2) = Omf(2) — amz>. (2.23)
Given that, by (2.22),

@) £ 0mf@ = f(2), (2.24)

the m-transform of f can be viewed as an m-dependent interpolation between f
and f**.

We start the study of the m-transform with the observation that at z fixed the
construction of O, f(z) can be interpreted in a variational sense as a minimization
problem with a penalization term involving a distance from the affine function L.
This claim is justified by Remarks 2.23 and 2.24 below.

Remark 2.23. (Variational definition of Qn, f) Note that, when u; = iz, then

2.2 _ 2
amz = lim Z mj—j (i — j)z- = hm Z myi—j(uj —uj)”.
i,j=0 l] =0

Hence, we have the equality

k
Onf@) =, lim_inf | > =i

k
+ Z my— (i —up)* — i — j)*2%):u € Ak z)}. (2.25)

i, j=0

Remark 2.24. (Interpretation of the penalty term as a distance) If m; > 0, then
the last sum in (2.25) is a measure of the distance from u; to the affine function
L. (i) = iz. To show this, we first note that by Remark 2.8 we can restrict to test
functions u such that u; = iz fori < k**'andi > k —k*t! forsome a € (—1, 0).

Now, forany ¢ € {1, ..., k} we consider the sum of the terms with |i — j| = ¢,
obtaining
> (i —up? =G — j*2?)
li—Jjl=¢
. . 2 . . . .
= Y (i—id)—j—j) +2 Y (wi—iz)—(uj— j2)i —j)
li—jl=t li—jl=t
. . 2 . .
= Y (i —izx) = (uj—j2)) +42L Y (i —iz) = (uj — jz)
li—jl=t i—j=t
-1

= 3 (i —iD) = (= j2)) + 42y (g, — kne2) — r = 12),

li—jl=¢ r=0
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where ky ¢ =r + EL’%J.
If ¢ < k! thenr < k%k and ky ¢ = r—l—@l_l%J >k—4£>(1—k%k,so that
U, —ur =4 LkT_rJ =/ L%J, and the last term in the sum vanishes, so that

1 1
% Z ((ui —uj)z—(i—j)zzz) = Z (i —iz) — (u; —jZ))z.
ji—jISket! ji— ISkt

Now, we fix § > 0. Recalling the decay condition (2.4) on m, there exists £;
such that for £ > £5 we have m; < 8¢~P. If k is such that k*t! > ¢4, then

k
1 2
o 2 mim( —up)? == ) £ 7 Z Zme(uz —uig)®
li—j|>kot! O>ka+l i=¢
2 2 220 28 2-8 . 2
=3 EmzZ(u,—u, VPSS D0 TPy i —wn?
> katl i=1 {>ka+l i=1

Note that in our computations we limit to u satisfying Z;‘zl(u,- —ui_1)*> < Ck by
(2.6), so that this term is negligible as k — +o00. Likewise, we obtain

k
2 1
= Z(ul wict =2 S 230 Y my (=) = = )

=1 |i—jl=¢t

%(Z 32me> Xk:(ui —ui—1 —2)%

. . . (=1 =1 . .
This double inequality shows that the quadratic f)art is equivalent to the square of the
L? norm of the derivative of u — L., where u is identified with the piecewise-affine
function on (0, 1) with u’ = u; — u;—; on (\.71, 1).

[IA

[IA

We note that the remark above suggests the use of minimum problems as above
in an implicit Euler scheme to obtain discrete orbits for a gradient-flow type evo-
lution driven by the non-convex part of the energy, with the quadratic part acting
as a dissipation. In view of Remark 2.5, the limit of such orbits as ¢ — 0 and
scaling accordingly the dissipation describes a continuum evolution in the spirit of
minimizing movements as in [4]. However, the interplay of discreteness and scaling
of the dissipation may influence the form of this evolution as shown in [33] (see
also [5] for a prototypical example in dimension one, and [32] for a geometrical
setting).

Some general algebraic properties deriving from the definition of Oy, f are the
following:

Remark 2.25. (Properties of Q)

(i) Om(f +8) = Osmf + Q-smg forall s € (0, 1);
(ii) if g is convex Om(f + &) > (Omf) + &;
(iii) if g is affine then Om (f + g) = (Om f) + &
(iv) if r > 0, then Om(rf)(2) = rOm/r f(2);
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(v)ifr € Rand (f o Ly)(z) = f(rz) then Om(f o L;)(2) = Q2 f(r2);
(vi)if A € R and we denote (f o T3)(z) = f(z — X) then Qn(f o T))(z) =

Omf(z—2).

Properties (i)-(v) follow directly from the definition of Qn, f. We give some
details for the proof of (vi), since for this we have to modify the boundary condition
of the test functions, using (2.11) in Remark 2.8. For any test function u for QO (f o
T;)(z) we consider u” givenby u = u;—Ai, whichis atest function for Qm f (z—1)
obtaining

Zf(uz—ul 1—A)+ Zm\l i —uj)? — Zm\l i — )2

1]—0 1]—0
k
= Zf(ui* —ul_ )+ Z myi—j(ul — u?)2 - Z myi— i — )z — )
i=l1 i,j=0 i,j=0

k
+2A Z my—jj(u; —uj —z(>@— j)E —j).

i,j=0

Then, (vi) holds if we show that

lim m u —uj)(i —j) = amz.

k—>+ook Z li— j\( i ])( J) m
l]—

Now, we note that in the sum ij:O mi—j|(u; —uj)(i — j) we can regroup the

terms with |i — j| = £ and obtain a telescopic sum whose ending terms are in the

boundary layer. Hence, since for each £ these sums are exactly £, we have

kLHJ?ook E 0m|l i —up)i —j)= hm E L(me(uy — uo)f)
i,j=
2 k
— 1 § 2 _
- kl:r—lr—loo Zkz = mel” = dmz,

concluding the proof of (vi).

Definition 2.26. (Stability under m-transform) We say that z is a point of m-stability
for fif Om f(2) = f(2). If this equality holds for all z, we say that f is m-stable.

Remark 2.27. (Global properties of points of stability) Let z be a point of m-stability
for f. Then, the value of O, f(2) is realized by choosing the affine function u €
A(k; z) given by u; = iz in each minimum problem in Definition 2.3.

We recall that f5(z) = f(z) + 2z% as in (2.15).

Proposition 2.28. (m-stability and convexity)

(1) if f is m-stable then f,, is convex;
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VAN

Fig. 2. The function QO f in Remark 2.30 with f ()=0- 22)2 for different values of
myp <1

(ii) if fom, is convex then f is m-stable.

Proof. Claim (i) follows from the definition of m-stability since f,,, = @m f.
Claim (ii) is given by Proposition 2.14. 0O

Remark 2.29. (‘Moderately’ non-convex functions are m-stable) The proposition
above implies that if f is ‘moderately non-convex’ then it is also m-stable. This is
valid in particular if f is twice differentiable and

inf f7(z) > —4m;. (2.26)

Remark 2.30. (Nearest-neighbour interactions) By Remark 2.4 we get that

(1) if m,, = 0 for any n > 1, then O, f(2) = @mf(z) = f**(2);
(ii) if m, = O for any n > 2, then Qm f(z) = (f(2) + 2m122)** — 2m z>.

In the second case, we note that in general if m; # 0 both inequalities in (2.24)
may be strict for some values of z. For example, if f(z) = (1 — 22 andm; <1,
then

(1—2%2 if z< -1 —m
Omf(z) = ymi1(2—my) —2mz* if |z| £ VT —m
(1—2%)? if z > /T—my,

and both inequalities are strict for |z] < /1 —m (see Fig. 2). Conversely, if
m1 > 1then O f(z) = f(z) for any z; in particular in this case f is m-stable (but
not convex).

Remark 2.31. (Regularity properties) From equality (2.23) we deduce that for any
m the operator O, has the same regularity properties of Qm; that is, O f has the
regularity properties of a convex function. In particular, O, f is locally Lipschitz,
which is then a necessary condition for f to be m-stable. Note that by (2.22) the
convexity of f is a sufficient condition for the stability with respect to any m.

Proposition 2.32. Let Q0 f = f and define iteratively Q% f = Qm(QL"1 ).

Then the sequence Qp, [ is non-increasing and its limit Q3 f is m-stable.
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Proof. The sequence is non-increasing by (2.22). Moreover Q% f > f** for all n.
Since the functions Q, f are equi-Lipschitz continuous by Remark 2.31, they con-
verge uniformly on compact sets to their limit Qg f by Ascoli-Arzela’s Theorem.
Since O, is continuous with respect to the uniformly convergence on compact sets,

we have Q% f = lim,, Q% f = Om(lim, Q%' ) = Om(Q f). O

The next proposition states that for non-trivial kernel concentrated at M > 2
stable functions are only f such that f>,, is convex, which is a trivial condition
implying stability by Proposition 2.28(ii). Moreover, iteration of the m transform
gives a strictly decreasing sequence.

Proposition 2.33. Let m be a non-trivial kernel concentrated at M > 2; that is,
with my; # 0. In this case:

(i) f is m-stable if and only if fon, is convex;
(ii) if fam, is not convex then for any n, there exists z such that Qp f(z) >
OnH £ (2);

(i) O f(2) = f55¢ (2) — 2m 22

Proof. (i) By Proposition 2.28 we only have to prove that the convexity of f,, is
necessary for the m-stability of f. We then suppose that f is m-stable and f2,, is
not convex, and show that there exists z such that f(z) > O f(z), contradicting
the m-stability of f.

From Proposition 2.14 we have that Qm f(@) = fa,(2) for all z such that
foam () = fo | (z). We consider a maximal interval where fa,, > fz”jfll. By the
growth conditions on f and its continuity (since we suppose that it is m-stable) this
inter\//\al is a bounded open interval (Sp, Sps), and we have Qm F(S0) = fam(S0)
and Om f(Sm) = fam (Sm)-

Note that, upon setting

Somy (Sm) — fam, (So)

7(z) = fom, (So) + Sy — 5o

(Z - SO)a

for z € [So, Sy ] we have
| M M
Mmin Zlfzml(zj-) : ZIZ]‘ =Mz > fo,, (2) =),
j= j=

with equality if and only if minimal z; belong to {So, Sy} for all j, which implies
thatz € {Sy : h € {0, ..., M}}, where

Sy — So

S, =So+h
h 0o+ ;

We then have
PME(Sy) = r(Sy) + 2mpy M>S}.
Since

PME) = (PMFY™(2) > £ (2) + 2myM?2? = r(z) + 2my M?22,

2mi
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and Om f = (PMf)** by Proposition 2.16, in particular we have
Om [ (Sn) = (PM)™(Sp) = PMf(Sh) = r(Sp) + 2mu M?S],
from which we get
Om [ (S) = r(Sp) —2m S;,.

Ifhe{l,...,M — 1} we have

F(Sh) +2m1S; = fom, (Sp) > fo (Sp) = r(Sh)
which implies

F(S) > r(S) = 2m1 S = Om f (Sh),

which contradicts the stability of f.
Note that indeed

Om/f(2) > r(z) +2myM*2% ifz € (Sp, Spi1). 2.27)

To check this observe that, since Om f(z) = (PMf)**(z), there exist z1,2» €
[Sh, Sh+1]and t € [0, 1] such that z =7z + (1 —#)z2 and

Omf(2) =1 PMf(z) + 1 —1) PMf(z)
> 17(z1) + (1 = Or(z2) + 1 2my M?23 + (1 — 1) 2my M?23,

and we get (2.27) unless z;1 = zp = z. The latter case is ruled out, as we would
have @mf(z) =1t PMf(z); thatis, z € {Sh, Sny1).

(i) We fix h € {0, ..., M — 1} and consider any interval (Sy, Sp+1) as defined
in the proof of claim (i) above. If z € (Sp,, Sp+1), by (2.27) we have

Omf(2)+ 2m112 = me(z) — 2mMM2z2
> r(2) = fom (@) = (f (@) +2m12*)™
> (Om f(z) +2m z22)*". (2.28)

Hence, each (Sy,, Sp+1) is an interval of non-convexity of O, f (z) +2mz% and we

may repeat the argument of the proof of claim (i) to show that Qm (2) > Qm f(z)in
M — 1 equi-spaced points in (Sy, Sp+1). The argument can be then used iteratively.
(iii) If fo,,, is convex the claim is trivial. Suppose otherwise. By (2.28) we have

(f(2) +2m122)™ = (Qmf (@) + 2m1 2™ = r(2)
for z € [So, Sim], and, iterating the argument also
r(2) = (f(2) +2miz25)™ = (Q8 f(2) + 2m 22)*,

for z € [So, Si] and n > 1. As in the proof of claim (ii) above we have

O f(2) +2m1z*> = r(z) i




Arch. Rational Mech. Anal. (2023) 247:107 Page 27 of 113 107
for all k < M", and then

k
O f(2) +2m1z> =r(z) if z=Sp + i Su = S0)

for some n and for all k < M". By density, the equality then extends to all
z € [So, Sm]. Arguing in this way in each interval of non-convexity of f,, we
conclude. O

Corollary 2.34. The same claims of the previous proposition hold if m is such that
M > 2 exists such that m, = 0ifn & {1, MN}.

Proof. The proof follows by noting that

k k k
Z myi—j i —uj)* < 2my Z(Mi —ui—1)? + iy Z (i —uj)?,

ij=0 i=1 i,j=0, li—jl=M

where my = Z‘]’i] j*m jm, and arguing by comparison, applying the previous
proposition to the kernel m where m; = mjand m, =0ifn &€ {1, M} O

Proposition 2.33 does not hold for ‘incommensurate’ kernels; i.e., such that
there are interactions not multiple of a common M > 1. In the example below we
treat a paradigmatic case.

Example 2.35. (Incommensurability and non-trivial m-stability) Let m be such that
m, # 0if and only if n € {2, 3}.
Let k € N and consider the quadratic function

k k
G(z1,...,2) = 2my Z(Zi + zi41)% + 2m3 Z(Zi + zit1 + zi42)?

i=1 i=1
defined on k periodic sequences {z;}icz. Using that for all a,b € R we have
2(a% + b%) > (a — b)?, so that

2 2 . 2
2ma(zig1 + zi+2)” + 2m3(z; + zi+1 + Zi+2)” > min{my, m3}z;,

we obtain that

k
He(zi ... 2) =G, zx) =20y 27 20
i=1
for any ¢ € (0, %) Hence, since H, is a symmetric non-negative 2-
homogeneous polynomial of degree 2, it is convex. Then

k
I . . 2 2 2
Emm[HC(zl,...,zk). Yz =kz] — 8myz? + 18m3z% — 2¢7%. (2.29)

i=1
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Now, we suppose that f (z) +2cz? is convex for some ¢ € (0, %) Then
for any k

k k
%min{Zf(Zi)“‘G(Zl,---azk) : Zzz- =kz}
i=1 i=1

k

k
= omin [ Y070+ 2+ HeGer, oz Yz = ke
i=1 P

= f(2) + 2cz* + 8maz® + 18m3z* — 2¢z> = f(2) + amz”.

Note that by Remark 2.8 in the definition of Oy, f we can take u; — u;_1 = z for
i=1,2,3andi =k, k—1, k—2, and consider the function u; — u; 1 extended by
k-periodicity. Indeed, the minimum problem in (2.11) is estimated from below by
the periodic problem up to a term O(%). Hence, me(z) > f(z) +amz>, and f is
m-stable, since the other inequality is true by (2.22). Note that this implies that, in
general, the condition f>,,, convex is not necessary for the m-stability of f, since
in this case it suffices that f,,, 12 be convex.

Definition 2.36. (Effective strength of nearest-neighbour interaction) Let

k i+n

Gz, ... z1) = fzmnz<221)2

n=1 i=l  j=i

defined on k-periodic sequences {2} jcz. We define the effective strength of nearest-
neighbour interaction m?ﬁ for m as the supremum of all constant ¢ such that

k
Gzt -y z) = 2CZZ,~2
i=1

forall k € N and for all {z;}ez.

Remark 2.37. (Lower bound with m?ff) Note that m‘fﬁ > m. The two values coin-
cide if and only if m satisfies the generalized concentration hypothesis of Corollary
2.34. Repeating the argument in Example 2.35, we obtain that a sufficient condition
for the m stability of a function f is the convexity of f2m?ff. Moreover, we have the
estimate

Om[(2) = [ (z) —2m§"22, (2.30)

my

This can be achieved again following Example 2.35, estimating f2m?ff with its
convex envelope.
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2.5.1. Interpolation by Parameterized Kernels The penalization kernel m may
depend on a scale parameter o, measuring either the range or the scale of incom-
patibility. Of particular interest are kernels that tend to 0 as 0 — +o00, while they
loose their summability as o — 0. Kernels m with such a dependence on a scale
parameter o can be used to interpolate between the extreme bounds in (2.24).

A suitable class of such kernels is constructed as follows. Let m: [0, +00) —
[0, +00) be a continuous non-increasing function such that m is strictly positive
up to some x > 0, and

+o0
/ xzm(x) dx < +o00.
0
These conditions are satisfied by m(x) = e™*; in this case, by setting m, = mj, =
m(on), we obtain the exponential kernels m, = ¢~ °" studied in more detail in
Section 5.
The following proposition holds:

Proposition 2.38. Let m: [0, +00) — [0, 400) be as above, and for all ¢ >
0 consider the kernel m° = {m(on)},. Let f: R — [0, +00) satisfy growth
assumptions (2.5) and (2.6). Then,

lim  Qme f(z2) = f*(z) and lim Qe f(2) = f(2). (2.31)
o——+00 o—01
400
Proof. Setting ame = 2 Z m(an)nz, we obtain that
n=1

+00 ) 2 +o0 ) C
ama§2/ m(o(x +1)(x+1) dx§;/ m(y)y dy:;—)O as o — +00.
0 0

Then, the first equality in (2.31) follows directly from Proposition 2.11, as we have
fH@) S Om, f(2) S5 (@) —ame2” < f(2)

where Y (2) = f(2) + ame z2. Since ame decreases to 0 as ¢ — +00, then there
exists a convex function ¥ such that

RO Y@= tim yr@ = lim (¥57@ - awrd?) £ Q).

Hence, ¥ (z) = f**(z) = GEIJ_IOO Ome f(2).

Now, we prove the second limit in (2.31). Since (2.14) holds, it is sufficient to
show that lim0 Ome f(2) = f(2). Up to scaling, we can suppose that x = 1 and
o—

m(1) = 1. Since m is non-increasing, it is sufficient to prove the desired equality
for m = x[0,17. The function aye is non-increasing with respect to o’; hence, for
any z there exists the limit of Qe f(z) as o — 0. Let oy — 0 as k — 400 and
let ¥ be a minimizer in [0, k] for the minimum problem in the formula of Qe in
Remark 2.23; that is, u¥ is an admissible minimizer for G% () defined by

k k
Gy =Y flui—ui)+ Yy mloli — j) (i —uj)* = G — j)*2?).

i=1 i,j=0
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Let Ny = La—lkj. By Remark 2.8, we can assume that the test functions u, defined
fori € 7Z, satisfy u; = iz fori < Ny and i > k — Ni. Reasoning as in Remark
224 forany{ =1,...,Nyandr =1, ..., ¢ we have

Lk/1] Lk/1]

2
k k 2_ 2 Kk K
Z ((ui€+r —UG_nyer)” T2 ) = Z (“ie+r T UG—ye4r T ZZ) = 0.

i=1 i=1

We now define a discrete function w* by setting wf.‘ = uf‘ - uf_ | — 2. For any
1 < n £ Ny, we can write

i+n i+n
Zw - 2 v
j=i+1

so that, by summing over 7,

k
1 kN2
Nkz ;_1 (wi )

[IA

k k
2
E Dy —uly = D27+ Gy, — uf = n2)?)
n=1i=1
4

A

G (ub),

recalling that m(oxn) = 1 if oxn < 1 and 0 otherwise. Now, let ik denote the
piecewise-affine extension to [0, 1] of the discrete function defined by uk( ) = ,1 f,
so that (uk)/ z= wl].‘ in each interval (l kl s k)' Since ;{‘G”’f (uk) is equibounded,

we obtain that

1
/0 (@ —2)%dt = Z:(wk)2 < Fk — 0 as k > +o0.

Hence, it* — zx in H'(0, 1). We get
1 k 1 k
. L. k k A - k k
i Onet 1= it 3 tuf =) it 327t~

= liminf — Zf(w +z)—11rn1nf/ fa)dt > f(2),

k—+o00 k

by the lower-semicontinuity of the functional w +— fol f(w')dt with respect to
the strong H '-convergence. O

Remark 2.39. (‘Singular’ kernels depending on o) If m is a kernel concentrated at
some M > 2, withmys # 0, we consider a different type of parameter dependence.
Inthis case, wecansetm® = {mJ },, = {¢ (0 )m,},, with ¢ decreasing and such that
lim, _, o+ ¢ (0) = +00 and limy,_, 15 ¢ (0) = 0; for instance, we may consider

s 1

me = —m,.
" o
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Since m,, is not decreasing, this case cannot be treated directly by applying the
result of the above proposition. However, the same argument as in the proof of
Proposition 2.38 can be used as well giving

GAm  Ome f(2) = [ @. (2.32)

As for the limit as 0 — 0T, we can follow the proof up to the definition of wl].‘ ,
obtaining

k k

1 2

F DTS5 D0 D (i —uiy = (14 DD+ (i, — uf = n2)?)
i=l1

M i=1

lIA
=i
)

and we can conclude exactly as above, proving that
lim Ome f(2) = f(2). (2.33)
o—07t

Note that if m| = 0 equality (2.33) in general does not hold (while (2.33) is always
valid). As an example, we refer to Remark 4.6.

In general, for o -dependent kernels equalities (2.31) are achieved only asymp-
totically. However, in some cases they are reached for some finite values of ¢ > 0.
To highlight this fact, we give the following definition.

Definition 2.40. (Critical transition value of o) Let f: R — [0, 400) be a con-
tinuous function satisfying growth assumptions (2.5) and (2.6). Let {m?},~¢ be
a family of parameterized kernels. We define the critical transition value of o by
setting

o, =0.(f)=sup{foc >0:QOmr f = f forallt <o}.

Weseto, =0if Qe f < f forany o.

Example 2.41. (Existence of positive critical transition values) Let f(z) = (1 —z2)2
and let m be concentrated at some M > 2, as in Remark 2.39. We set m‘l’ = %
and m§, = ”ﬁTM By Remark 2.29, we have that o, = m is the critical transition
value. Note that, conversely, for any o we have that Qe f(z) > f**(z) for some
values of z, hence the limit in (2.32) is only reached at 4-oc0.

In the sequel, an important role will be played by the two special families
of kernels depending on o, exponential and concentrated at some M, introduced
above and already illustrated in Fig. 1, for which the computation of O, f can be
performed analytically. In both cases, we will be able to trace explicitly the role of
the scale parameter o characterizing the range/strength of the penalization kernel.
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3. Description of Minimizers by a Phase Function

In this section, we focus on the important case of ‘generalized double well’
potentials when the domain of a function f can be subdivided in two sub-domains
of convexity, which in what follows we refer to as A and R\ A. We call such
potentials bi-convex and refer to the two convex branches of f as phases. Given
that some microstructures in such models can be interpreted as a ‘phase mixtures’,
it will be convenient to introduce the ‘volume-fraction parameter’ 6 representing
the percentage of indices i such that u; — u;_ is in the set A. The computation of
minima with prescribed volume fraction 6 gives an upper bound for Om f.

With the introduction of 6, one can proceed in two steps. The first step involves
the computation of the function @m f (8, z) which is obtained by a constrained
minimization with prescribed 6. Then the function @m f can be obtained by a
one-dimensional optimization of @m f(8, z) over 6, which also defines the phase
function 6(z) such that Qm fO(2),2) = Qm f(2). In the problems of interest the
function 6(z) will have a complex ‘staircase’ structure reflecting the existence of
the locking states at the values of 6 that are stable under variation of z.

Remark 3.1. (Constrained minimization and the structure of the phase function)
To understand the role of the constrained minimization producing the function
Qm f (8, z) and to reveal the link between the shape of the phase function 6(z) and
the structure of the relaxed energy @m f, it will be instructive to consider first the
case when only M-neighbour interactions are taken into account. We recall that in
this case there exists M > 2 such that my; # 0 and m, = 0 for any n # M.

Proposition 2.16 gives a formula for Qm f(2).If f is bi-convex, we can subdi-
vide its computation by introducing a dependence on the fraction 6 of z; = u; —u;_|
belonging to the convexity region A. More precisely, foranyn = 0, ..., M we can
first compute the minimum at a fixed fraction 6, = 7 of z; belonging to A. Using
the convexity, such minimum problems reduce to the computation of

PN ) = min {(1 = 0,) () +6, /(") 127 S22 = 2%

3.1)
(1 =607 + 6zt = z} 4 2my (M2)2.

The optimal bounds are then completely characterized by the functions PM", in
the sense that

Om f(2) = (min P (2))™",

We will show that all the M + 1 values 6, are locking states in the sense above. These
values of 0 are particularly relevant since the shape of @m f(z) will be shown to
depend exclusively on ‘phase mixtures’ with ‘volume fraction’ 6,,. Another property
enjoyed by 6, is that the minimum problems corresponding to values of z for which
0(z) = 6,, admit periodic solutions.
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3.1. Phase-Constrained Relaxation and Related Properties

We now give some definitions, and obtain some general bounds valid for any
choice of f and m.

Let z* € Rand let A = [z*, +00). Fora given 6 € QN [0,1]and N € N
we consider the set of test functions u# with a percentage 6 of indices i such that
u; —uj—1 € A. Since we need a closed condition, the form of the constraint is given
as follows:

V(N;0) ={u:[0,NINZ — R:#{i : u; —u;—1 > 7%} S ON,
#i:ui —ui_1 <)< (1 —-060)N). 3.2)

For any z € R we can then define the function

O £ (0. 2) = liminf - inf {F1 w: [0, N1) : u € AN; 2) N V(N 9)}, (3.3)
NN

where F) is the (non-scaled) functional defined for u: [0, N]NZ — R by

N N
Fi(u; [0, N) =Y flui —uim))+ Y mji—jj(u; — ;) (3.4)

i=1 i,j=0

(see (2.8) with e = 1 and I = [0, N]). In the notation me(e, z) we omit the
dependence on z*. Note that a corresponding definition could be given also for a
more general set A.

In order to obtain bounds for O, f, we also define

Omf(0,2) = Omf(6,2) — amz>. (3.5)

Theorem 3.2. (Optimization over the phase fraction) The following equality holds:

inf  Omf(6,2) = Omf(2).

0eQN0,1]

Proof. 1tis sufficient to prove that @mf(z) > infgeqnio, 1] me(é‘, z). To this end,
with n > 0 fixed we choose § > 0, k € N and u an admissible test function for the
minimum in (2.10) such that

k k
%(Z Fai—uwi) + Y my i — uj)z) < Omf(@+n.
i=1

i,j=0
Setting

90— #Hiooup —uj— > 27"
= . ,
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we extend u to Z so that u; — zi is k-periodic. Since u € A(Nk; z) N V(Nk; 0),
we can use it as a test function for

1
S inf {Fl(v; [0, Nk]) : v € A(Nk; ) N V(NK; 9)} (3.6)
in the computation of @m @, 2).

We subdivide the estimate of F(v; [0, Nk]) by grouping interactions in three
(partially overlapping) different subsets taking into account the location of the

interacting sites in the subintervals [(r — D)k, rk] forr € {1,..., N}.
(1) (Interactions within a single subinterval) i, j € [(r — 1)k, rk] for some
r € {l,..., N}. Summing over all i, j and r gives the contribution
1
EFI (u; [0, k1) 3.7
to (3.6).

(i1) (Interactions between different intervals, but not close to the endpoints)
i € If =[(r—Dk+ké,rk—kS§]NZ, j € Iy = [(s — 1)k, sk] N Z for some
r,s €{l,..., N} withr #s.

Leti’ =i — (r — Dkand j' = j — (s — 1)k. We can write

(u; — uj)2 = (uj —uj +z(r — ) <2y — uj/)2 +222(r — 5)%k?

il

S20' =) Y = wm)? +223 0 — )%k
I=j'+1

(we can suppose for simplicity that j' < i’). By (2.6) we have that
pp plicity y

i’ k
D =) £ = w-)” £ e Fi(u; [0,k]) £ Ck,
I=j'+1 =1

so that (u; — uj)? < 2Ck? + 222 (r — 5)°k>.
We may suppose that k is large enough, so that m; < 1% if [ > k&, where B

is the decay exponent of m. Note that |i — j| > “s —r|+46— 1|k > 8k. Hence,
summing over such i, j, r and s we obtain

ﬁ D020 D i —uj* = % S 2UC+20 -9 Y Y misy)

r#sield jels r#s il jels
1 n
<23 (C+2r—9))———kF
Nr#s ‘Is—rl—i—é—l‘ﬁ
- n
<2Y(C+ ) ——— kP <Cn. 38
= ’;( +z°n PR =Cn. (3.8)

(iii) (Interactions between different intervals, close to the endpoints) i, j €
JS =[rk —k8,rk +k8]NZforsomer € {1,..., N — 1}.
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For such i, j we have u; —u; = z(i — j). Hence, we have

N—1 2 N-1
1
NE L 2 mier —up® = S 37 3 mie = )
r=1 jeJ? r=li jeJ?
2
z ~
= Yo Y man*£Cs. (39
—k8<ISks neZ

By (3.7)—(3.9) we obtain the estimate

1 1
TR [0, Nk]) = — s [0, k1) + C( +8) < Omf(2) + C(n + ).

Taking the liminf as N — 400, by the arbitrariness of  and § we obtain the
claim. O

We now study the general properties of Qm f(8, z) as a function of 8. To that
end, we write 0 as the quotient of (coprime) integer numbers p and ¢, so that

O £ (0. 2) = liminf — inf {Fl W [0, kq1) : u € Atkq: 2) N V(kq: 9)}.
k—+oc0 kq

We will need to develop some technical ideas related to the possibility of mod-
ifying boundary conditions. We note that the usual cut-off argument as in Remark
2.8 cannot be directly followed, since forcing the test function to satisfy the affine
condition u#; = iz near the boundary may be incompatible with the constraint. Still,
we can modify the argument with a compatible condition remaining close to the
affine function near the boundary.

To make this precise, for any § > 0 we introduce the set

As(N:z) = {u € AIN; 2) : lu —uj—1| < |2¥| +2Jz| ifi < SN andi > (1 —8)N)
and state the following result:

Lemma 3.3. (Compatible boundary conditions) If holds that

me(9 7)) = hm lim inf kilnf {F1 (u; [0, kq]) : u € V(kq; 9) ﬂ.Z,;(kq; Z)}

§—>0 k—+o0 q
forany@:fe@ﬂ [0,1] and z € R.

Proof. Let z € R; we may suppose without loss of generality z < z*. Let u €
V(kq; 6) N A(kq; z) be a test function. We modify u separately close to the two
endpoints i = 0 and i = kq. Let u® be a function with u§ = 0, and such that
ui —uj_y =z"ifu; —u;y >z and uj —u;j_| =2z —z"ifu; —u; < z*. By
a cut-off argument as in Remark 2.8 we can modify u on [0, 2kg&] in a function &
in such a way that ; = u® on [0, kq8], and w; — ;1 & {u; — w1, u; —u;_,}
except for at most kg8/N for a given arbitrary N. Since u; — u;_;, = z* on a
strictly positive percentage of points in [0, kg4] (hence, we can suppose larger than
kqd/N), up to slightly modifying & on such points we have that u satisfies the
constraint; i.e., # € V(kq; 0). The same argument can be repeated close to i = kq.
Note that the energy of u*® is comparable to that of the affine function zi, so that we
obtain an estimate for the energy of . O
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This lemma allows us to prove the convexity of Qm f in both variables.
Proposition 3.4. (Convexity of @m f) The function
6,2 > Om[(6,2)
is convex; more precisely,

(1=1)0mf(O1,21) +1 Omf(02,22) = Omf((1 — )01 + 162, (1 — 1)z + 122)
foranyt €[0,11NQ, 6, = S—Z €[0,11NQandz, € R.

Proof. For any k € N and § > 0 we define
~ 1. ~
On 0.2 = 1 int [ Fi (i 10,kg))  w € Vikgs 0) 0 Fy(has 2]

With fixed 8§ > 0, we choose sequences k. , k12v — 400 (omitting the dependence
on §) such that

liminf Om (0. 1) = 1im  Om £, On. 2n)
k— 400 N—+o00 N
forh =1, 2. We set MI}{, = kﬁ,qh. Recalling Lemma 3.3, for any fixed n > 0 we

find &, > 0 such that for 0 < § < §, small enough there exists a test function
ul e As (M k. z5,) (again omitting the dependencies) such that

—~ ~ 1
- 5 o h. N
OmfOn, zn) = N1—1>Too mek;;V(Hh, ) —n= Nng _MI}\II Fi(u"; [0, My]) — 1.
(3.10)

Setting My = nM}\,MZ%,, we define a test function u in [0, M ] N N by means of
suitable translations of ! and u?. More precisely, we set t = = and

! ifi € [0, (n —m)MA M3
Ui =3 =2 ~1 e _ 1 12
i ui_(n_m)M}lezv + u(”_m)leszzv ifi € (n —m)MyMy,, My],

where 7" : [0, M;’,] NN — R is given by

~h _ h - P - h  sagh
wh=u oy TG DMizy ifi €[ — DMy, jMy],
withj=1,..., (n—m)MIZ\, ifh=1andj = 1,...,mM1{, if h = 2. The function
u is an admissible test function for Q fk}v &2, (0, z), where

n—m +m
6= (1— 1B + 16y = )42p1 + mq1p2 =§ and z = (1 — )z; + 122,

nqiqz

Indeed, My = k}vklzvq, and

#itup—ui—y > (n— m)Nak ) p1 + mN k3, pa

My M
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the boundary conditions are satisfied since uy,, = Myz. We get
1 ~
M_NFI(M§ [0, MN]) = Om fy1 42 (0, 2). (3.11)

Since u” € As(M"; z), recalling that m|; ;| = o(|i — j|~#) with f > 3, we obtain

1 (n—mMyMy |
I . < N N
My Fi(u; [0, MN]) = My Fi(u'; [0, My))
1
+mMNMNF( 2. 10, M)
My

+¢(8)0(1) N> 00 + C8

s
ky
m= s

+; ka12\1(927 22) +c(®)o(1) N 400 + C6.
Taking the lim inf as N — +o0 and recalling (3.10) and (3.11), we get

Om/(6.2) < liminf O fiy 12 (6.2)

1
< liminf — Fi(u; [0, Mn])
N—+oo M

A

< liminf (
N—+o00
0

s m= _s
mekl (01,21) + —Omfp2 (02, 22) ) + €4
N n N

A

2 O f (01, 21) + %Ezmﬂez, 22)) + 1+ C8.

Since > 0 is arbitrary and 6 € (0, §,)), this concludes the proof. 0O

3.2. Phase Function and Locking States

By the convexity of the function 6 @m f(0,z), we can extend it (and
consequently also Om f (0, 2)) to the irrational values of 6 € (0, 1) by continuity.
This naturally leads to a definition which singles out some critical values for 6
remaining ‘stably optimal’ for a range of values of the loading parameter z.

Definition 3.5. (Locking states) We say that 6 is a locking state for f and m if the
set{z: Omf(0,z) = Omf(z)} contains an open interval.

The special values of 6, for which the relaxed energy Qm f (6, z) canbe obtained
by considering periodic minimizers, play a particular role in the construction of
@m f - Usually, the arrangements of such minimizers remain optimal over an interval
of the values of z and the corresponding 6 are locking states (see Remark 3.23).
The analysis of some model examples from this standpoint will show how the
knowledge of such special values of 6§ can allow one to compute the whole relaxed
energy Qm f(2) (for instance for concentrated kernels).

We can now introduce a ‘phase function’ as follows:
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Definition 3.6. (Phase function) We define the phase (multi)function ®(z) by
O(z) = {0 €[0,1]: s¢(Om f)(6,2) = Om f(2)},

where sc(Qm f) denotes the lower semicontinuous envelope of O, f (6, z) with
respect to 6. In order to define a phase function 6(z), we select 0(z) as the minimum
of the set ®(z).

Remark 3.7. (A selection issue) Note that in order to have 6 well defined we have
made a choice of 6(z) as a minimum in the case when ®(z) is not a singleton.
This is an arbitrary choice and may lead to some difficulty in the interpretation of
this value, for example in cases where the dependence on 6 € [0, 1] is symmetric,
or in degenerate cases (see for instance items (b) and (c) with the corresponding
examples in Section3.3.1).

Remark 3.8. (Locking states as the ‘steps’ (constancy intervals) developed by 6(z))
The definition of the phase function 6(z) allows one to interpret locking states as
the values 6 for which 6~!(#) contains an open interval.

Remark 3.9. (Possible non-semicontinuity at the extreme points) Note that
sc(Qm f) (8, z) differs from Qn, f (6, z) only at most for 6 € {0, 1}, by the continu-
ity of Om f (0, z) in (0, 1). If the function 6 — QO (0, ) is lower semicontinuous
in 0 and 1, then the multi-function ®(z) coincides with the set

O(2) ={0 €10,1]: Omf(0,2) = Om f (D)},

In general, the set ©(z) can be empty, in which case, by Definition 3.6, ®(z) is a
singleton and 6(z) = 0 (or 1) if there exists 6,, — 0 (or 1, respectively) such that
Omf(6,,2) > Omf(2) (see Example 3.15 below).

Proposition 3.10. If@mf is affine in an open interval I and ®(z) = {0(2)} for all
z € 1, then 0 is affine in I.

Proof. Let z1, 2 € 1,01 =6(z1),and 6, = 6(z2). For ¢t € (0, 1), Proposition 3.2,
the convexity of Om f (0, z) and the hypothesis imply that

Omf(tzi + (1 = 022) < Om f (101 + (1 — )02, 121 + (1 — 1)z2)
< t0m/f©@1,20) + (1 — 1) Om f (62, 22)
=10mf(z) + (1 —1)Omf(22)
= Omf(tz1 + (1 —1)22),
and the claim follows. 0O

Remark 3.11. (Locking states and periodic microstructures) The definition of lock-
ing state is formally disconnected from the periodicity of the associated minimizers.
However, the two notions are perhaps related. Indeed, if the value of the minimum
energy @m f(z) is reached by some periodic minimizer with a given ‘pattern’ or
microstructure (describing the arrangement of u; — u;_1 in the two energy wells),
then one can expect the same pattern to be optimal also for small perturbations of
z (with of course, a small variation of the values of «). This would then entail that
the corresponding 6 is a locking state, however, the formalization of this statement
remains unproven even if it holds in all our examples.
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3.3. Phase-Constrained Analysis for Decoupled Interactions

In this section we focus on the two extreme cases when the effects of f and m can
be decoupled; namely, either when m vanishes or when f is convex. A comparison
with these cases will highlight how for general f and m the interplay between
non-convexity and non-locality gives rise to complex superposition effects. Such
effects will be analyzed in the following sections in two particularly meaningful
examples.

3.3.1. Convexification as an Envelope of Phase-Constrained Problems We
start by considering the case when the kernel m vanishes. We know that in this
case

Omf(2) = Omf(2) = f*(2)

for any z. We can still focus on the dependence of the partially relaxed energy on the
volume fraction 8, which is already non trivial. Moreover, it shows some features
that we will later encounter in more complex examples.

In this section, we will use 0 instead of m in the notation. Suppose that while
f: R — [0, +00) is not convex, there exists z* € R such that the restrictions
of f to (—oo, z*] and [z*, +00) are convex. For such f, we now compute both
Qo f (8, z) and O(2).

Remark 3.12. (Growth condition) The growth condition from below on f(z) +
2m 1 z* assumed in the previous sections, in this case would imply a growth condition
on f. Nevertheless, for the results of this section it is not necessary, and below we
also treat cases where it is not satisfied, showing some non-continuity effects.

Let fo and f] denote the restrictions of f to (—oo, z*] and to [z*, +00), re-
spectively. For 6 € (0, 1), by using the convexity of fy and f] we get

Q0f(0,2) =inf{(1 —0) fo(r) +0f1(s) :t <", s =2* (1 -0 +0s =z
As for the limit cases = 0 and 6§ = 1, we have

fo(z) ifz £ z*
+oo ifz > z*

+oo  ifz < z*

O, =
Q0 f(0,2) { fiz) ifz > z*.

and Qo f(l,2) = {

We subdivide the subsequent analysis in dependence of the shape of the function
f**(2) representing the convex envelope of f; more precisely, on whether the ‘non-
convexity set’ {z : f**(z) < f(z)} is a bounded interval, a half line or the whole
line. Note that in this set f** is affine.

Case (a): the non-convexity set is a bounded interval We suppose that there exist
70 € (—00, z*] and z1 € [z*, +00) such that

o = {f(z) if 2 € R\, 21) .

r(z) 1if z € [zo, 211,



107 Page40of 113 Arch. Rational Mech. Anal. (2023) 247:107

0uf(s)
0, /'(0,2)

yn

1+0¢(¢—1)

=2
Fig. 3. Graph of Qg f! (0, z) for different values of §

ﬁ 0(z)

| z

I
0 t
Fig. 4. Graph of the phase function 6(z) for the function f in Example 3.13

where r is affine and 7 (z) < f(z)in (zo, z1), then Qg f (z) is obtained as a minimum
of Q¢ f (6, z). In this case, ®(z) is a single value 6(z) for any z, and

0 if z=<zp
Z—20 .

0(z) = if z05z<z
21 — 20
1 if z>z.

Note that trivially Qg f(z) is the convex envelope of the minimum of the two
functions Qg f (0, z) and Qg f (1, 2); thatis, of min{ Q¢ f (9, z) : 6 isalockingstate},
since the only locking states are 0 and 1.

Note moreover that, if z_l)irroo @ = +ooand f/ (z*) is finite, then the formula

giving Qg f (6, z) can be simplified for z large enough. Indeed, there exists z* such
that for any 6 € (0, 1)

z—(1-06)z*

Qf(6.2) = (1= 0)fo(=") + 041 (~——

)ifzzz+.

Correspondingly, if lim 1@ _ +ooand f (z*) is finite then, forany 6 € (0, 1),
z—>—o0 12l +

*

< ) FOfi(2Y) itz <z

7 —
1-6

00/ ©0.2) = (1= 0) fo

for |77 | large enough.
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\ z=0 \ z=0 \ z=0
0 0 0 e
z \z z

1-0¢ ot 1-0¢ 1-0¢

1—t 1—t¢ 1-¢

Fig. 5. Graph of Q¢ (8, z) with 6 fixed and increasing values of ¢

Example 3.13. (Double-well bi-quadratic potential) For any ¢ > 1 we define

22 ifz<1
L) = —\2
F@ <—Z t) if 7> 1.
1—¢
Ifo € (0, 1), we get
—9)? 1—6r
G=07 if 7 <
1—-6 5 1—2z0
— 61 1— 61
"6,2) = (z if < <1461
QSO = T e =i R
(z— 14601 —1)?

+1—-0 ifz>14+0t(—-1).

0(1 —1)2

In Fig. 3 we picture the graph of Q¢ f (8, z) with different values of 6 and ¢ fixed,
and their envelope (in red). Figure 4 represents the graph of 6(z) for a fixed ¢.
In Fig. 5 we picture the graph for a fixed 6 and increasing values of t.

Remark 3.14. (Fracture as limit of phase transitions) If f7 is defined as in Example
3.13, then for any fixed 6 € (0, 1)

(z —0)2 .
. -~ 409 ifz<6
Jim 0of'0.0=1"T—g T7 1FZ
o 0 if z>06.

This limit function is Q¢ f (0, z) for f the truncated parabola (see Example 3.15
below with f(z) = z2). This asymptotic behaviour is illustrated in Fig. 5.

From a mechanical standpoint, in the limit as # — 400 we can recover the case
fracture as limit of phase-transitions problems as the second well gets moved to the
right and its curvature diminishes [96].

Case (b): the non-convexity setis a halfline. Let f**(z) < f(z) onahalf-line, and
assume that the half-line is bounded from below, the other case being symmetric.

By the convexity properties of fy and fi, up to the subtraction of the affine
function asymptotic to f] at 400, it is not restrictive to assume that z—liToo fi(z) €
[min fpy, +00), so that f** = min fj in [zg‘in, +00), where zg‘i“ is the largest
minimizer of fj in (—oo, z*].
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0,/(0,2) ex—’Quf(e:Z) .
z<z z>z
+o0 +o0
/=
Qof(z) ef(Z*)
e — z s 0

zlz" 1 1

Fig. 6. a Q¢ f (0, z) for a truncated convex potential and b 6 — Q¢ f (6, z) for different
values of z

Forany 6 € (0,1)andz > (1 — 6)zg‘i“ + 6z*, we can use z{)“i“ and %

as test values for Q¢ f (0, z). If z > zg‘i“, taking the limit as 6 — 0 we get

. . —(1-06 min
00f () = folef™ = Jim ((1 =0 focf™ + 07 (=000

= lim Qo f (0. 2).

Since Qo f(0,z) = +oo forz > z* > zg‘i“, the function 6 — Qg f (6, z) is not
lower semicontinuous in 0. If we also assume that liI_P f1(z) > min fy, then
Z—>T00

Qof(0,2) > Qof(z) forany 6 € [0,1] and z > zJ"

and ©(z) = ¥ (see Remark 3.9). Since for z < z* we have Qg (0, z) = Qo f (2),
it follows that 6(z) = 0 for any z < z*.

Example 3.15. (Truncated convex potential) Let f be the truncated convex given
by

L
f(z)=[f(2) ifz =z (3.13)

fz*) ifz > 7%,

where f is a convex function such that the only minimum point of f is 0 with
f(0) = 0, and z* > 0. In particular, we can take f(z) = z2, in which case fis
called a truncated quadratic potential. For 6 € (0, 1) we get

07+ -0 f (500 itz <oz

0f (") ifz >0z

Qof(0.2) =

For all such f the graphs of Q¢ f (0, z) and of Q¢ f(z) have the form as those
pictured in Fig. 6(a). In Fig. 6(b) the function 6 — Qg f (9, z) is represented for
two different values of z, highlighting the lack of lower semicontinuity in 0 if
z > z*. Note that for any 6 € (0, 1) we have Q¢ f(0,z) > f(z) in (—o0, 67*].
Moreover, the optimal volume fraction 6(z) is always equal to zero, even though
Qof0,2) = Qo f(0,z) only if z £ 0 (see Remark 3.17 below).
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Case (c): the non-convexity set is the whole line If /** < f in the whole R, then
in our hypothesis it is constant, and as in case (b) it is not restrictive to suppose that
both lim f(z)and lim f(z) are finite, so that

Z—>—00 z— 400

Quf@ =min{ lim_f@). lm_f@)}.
For 6 € (0, 1),

Qof®.2) =1 —0) lim f(z)+0 lim f(z).

The function 6 — Qg f (6, z) is not lower semicontinuous in 0 if z > z* and in 1
if z < z*.
If zlil}loo f@ = ZETmf(Z)’ then Q¢ f(0,2) = Qof(z) for any 6 € (0, 1)
and z € R, hence ©(z) = [0, 1] for any z and (z) = O for any z.
If liIE f(z) < lim f(z),then for any z we have ®(z) = {1} and 0(z) = 1.
I—>1T00 —>—

Conversely, if lim f(z) > lim f(z), then for any z we have ®(z) = {0} and
z—>+00 7—>—00

6(z) = 0. Note that ©(z) = ¢ at least for any z < z* in the first case, and at least
for any z > z* in the second.

We give some simple examples of case (c), highlighting the difference between
© and O due to the lack of semicontinuity at the endpoints.

Example 3.16. o If f(z) = min{l, e %}, then Q¢f(z) = 0 and Qo f(0,z2) =
1 —6for6 € (0, 1). Since Q¢ f(0, z) and Qg f (1, z) are strictly positive, then
©(z) = @ for any z. In this case, there is no locking state.

o If f(z) = max{min{l, 2¢7*—1},0},then Q¢ f(z) =0and Q¢ f(0,z) =1—6
for 6 € (0, 1) as in the previous case. In this case, Q¢ f(1,z) = 0if z > log?2,
hence ©(z) = ¥ for any z < log2 and ®(z) = {1} if z > log2. The only
locking state is 8 = 1.

o If f(z) = el then Qo f(z) = Qof(6,z) =0foranyd € (0, 1) and z € R.
The set (z) = (0, 1) for any z, while ®(z) = [0, 1]. The only locking state is
6 =0.

Remark 3.17. (Locking states in the degenerate cases) While we still have that
trivially Qg f (z) is the convex envelope of min{ Q¢ f (0, z), Qo f (1, 2)}, in the ex-
amples of cases (b) and (c¢) nor both values # = 0 and & = 1 are regarded as locking
states. In the last of Examples 3.16 this is due to the arbitrary choice of defining
0(z) as an infimum. As a consequence, the notion of locking state is not relevant in
the computation of Qg f, in the sense that we cannot recover Qy f (z) from the only
knowledge of Q¢ f (0, z) for 6 locking states. In Example 3.15, indeed we have the
only locking state & = 0 but Q¢ f (0, z) = +oo for z > 0.

3.3.2. Convex Potentials: Phase-Constrained Interpolation We now consider
the second extreme case; that is, when the function f is convex on all R and the
kernel m is arbitrary. As we noticed in Proposition 2.11, in this case the function
Om f is trivially equal to f for any choice of m. Nevertheless, the results of the
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constrained minimization producing the functions Qn, f (0, z) are non-trivial even
in this case. They provide further information regarding the general structure of the
dependence of O f (8, z) on the phase variable 6. Moreover, such examples can
serve as comparison limit cases for non-convex energies f.

Let f: R — R be a convex function while m can be arbitrary. In this case,
we would need the growth hypothesis z—]jr:Eoo f(z) + 2m1z> = 400 only to use

some technical result concerning the variation of the boundary conditions. We fix
an arbitrary z* € R and define, A = [z*, +00).
As for & = 0 and 6 = 1, by definition, we have

fz) ifz<z*
+oo if z > z*

+oo ifz < z*

m 07 =
Om70.2) F@ ifz> 2"

and QOmf(l,2) = {

In partlcular Omf () = Omf(0,2) for z < z* and Om f(z) = Omf (1, 2) for
z > 7*. Moreover, the following proposition holds.

Proposition 3.18. For 6 € (0, 1), we have

0+ —-0)f(% 9§)+am1f6<z—z*>2 ifz <o
me(97z): (1_9)2* 1—-6 v
(1= 0)f () +0f () +am—— (=) if 2= "
(3.14)

Proof. We fix z < z*. Let z; be such that Zfil zi = kqz, and

= —Z(f(zl>+2m1z ).

iel

where I = {i : z; > z*} and #I = Okgq. Since f is convex, we get

kq
éZ(ﬂzinmlz%)— — (X +2mzd) + Y (f ) +2mzD)
i=1

iel i¢l
0z 72— 07
>0(f@ +2m @)+ 1 - 9>(f( _92)“’"1(1_91)2)
—0z*
-0

07% 2
) +2m (S—)%). 319)

= 0(f @)+ 2m @) + (1 -0 (5 :

where we have used convexity in the first inequality, and the fact that 7 > z* and
5 992 L5 9; in the second inequality.
Let M € N and n £ M be fixed. We define n partitions of the interval [0, kq]

given by the set of points
P i kg —J o
i =1hn+j:h=0,..., . -1, j=0,...,n—1.

Let u be an admissible test function for @m f(, 2). Recalling Lerllma 3.3, we can
suppose u € V(kq; 0) N As(kq; z). With fixed n and j, let 7 and 0 be defined by
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ke =g~
R A A I L

5V<qn—_]Jn =#[i e [j, qun_JJn—i—]] NZ:u; —uj—1 > z*}.

Since u € ,Za(kq; z)and n < 8kq, we obtain (kg — 2n)|z — Z| < 4n|z| + 2n|z|.
Moreover (kg — 2n)|0 — 0| < 2n + 2n0, so that (uniformly with respect to n and
7

T=2+0ksto0, 0 =0+0(Disi00, (3.16)

In particular, if & is large enough then 7 < z*. By substituting to any z; > z* the

value z* and to any z; < z* the value = . 61 , the convexity of the square gives
1|6k 1| (1—0)kq |/ Z—02%\2

o TGt aen? 2 oo 2 ot + | S ()
kgL n kg n 1-6

zePl

Hence, recalling (3.16)

3 a7 223 (| 4 e[ 12080

i,j=0

+o(Di— 400

which, together with (3.15), gives the estimate

1 N 7 — 07"
1 s 10.ka) = 6 @) + (=00 f (=)

M
— 0 *
+2 ) my (602" + (1 = ) (1)) + 0D 4oc.

n=1

‘We obtain that

—0z*
Om /(0. 2) >9f(z*)+(1—9)f( —)

+2 Zmn (02 + 1 - 9>(”Z1__9§*)2>'

n=1

Since M is arbitrary, we conclude that

2—0; )

+am<9(z*)2+(1 NE 9; ) )—amzz,

Omf(6.2) 2 07 ) + (1 =) f(

which gives the lower bound for (3.14) in the case z < z*.
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0(z)

yn

0 z"
Fig. 7. The phase multifunction ®(z) in the convex case

As for the upper estimate, we define a test function u by setting

i if i < 0kq

- —07*
: Z*qu+zl ;(i—@kq) ifi > Okq:

since m,, = o(n_ﬂ),,_>+oo with 8 > 3 we obtain

| _ . z—07"

1o P 10.kg) =0 )+ (1 =007 (=)
00 _f.*

23 ma (602" + (1 =) (0 =—)?) + o(Dsoc.

n=1

which gives the upper bound for k — +o0. Similar arguments allow one to prove
(3.14)forz > z*orz =z*.0O

Note that the phase multifunction ®(z) is given by (see Fig. 7)

{0} ifz <z*
®Oi)=1I[0,1] ifz =z* (3.17)
{1}y ifz > z*.

Here 0 and 1 are the only locking states.

A particular interesting sub-case in this general class of problems is represented
by semi-degenerate quadratic-affine functions, sometimes used in theories of plas-
ticity [89]. Assume for instance that for all ¢ € R the function £*: R — R is
defined as

£ (z) = < ifz=1 (3.18)
2t(z— D +1 ifz> 1.

Using the general expression for Qp, f (0, z) in (3.14), we can now obtain an explicit
formula for Q€7 (0, z) in the convex case T > 1, with the natural choice A =
[1, +00).
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(a)? (b) (c)]

\ A
\ A
A\

0 1 0 1 0 1

Fig. 8. Om (" (0, z) for increasing values of 0

Example 3.19. (Convex-affine potentials) Let £° be defined as in (3.18). In the
convex case T > 1, for any 0 € (0, 1) we have

1+ amb 2 2(1 +am)9z+ (1 4+ am)b

ifz <1

Onl"(6.9=1) 41 % 6) ,
=02

1-0
r)z+1—2r+% ifz > 1

(zcif(}l —0)
0

These constructions are illustrated in Fig. 8, where we highlight the two parabolas
in different colours.

In Sections4 and 5 we will also treat the non-convex case of £7; thatis, T < 1,
with particular choices of the interaction kernel m. Note that all the general results
concerning £7 still hold if we take a convex f instead of the quadratic term.

3.4. Spin Representation and Optimal Microstructures

We observe that for bi-convex problems a more detailed way to describe the
behaviour of extremal functions is by using a two-value function which labels the
position of the strain variable, whether in one or in the other of the two convex
zones of f. Such ‘spin function’ can be viewed as a characteristic function of
the microstructure of an extremal. Note that periodic spin functions determine a
corresponding rational volume fraction 6.

To illustrate the geometry of microstructures we restate periodic minimum
problems for bi-convex functions in terms of a spin representation. This procedure
will allow us to rewrite non-convex minimum problems as minima of a family of
convex problems, and to obtain a better control of the geometry of minimizers.
We will use this formulation in some explicit examples in the next sections, to
characterize optimal periodic geometries.

We begin by formally introducing the spin variable s € {—1, 1}V parameter-
izing the location of the argument of a bi-convex function f. The corresponding
volume fraction is then

1 N
0= m;u —55).
J=

where s; denotes the j-th component of s.
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Let f_1, f1: R — R be such that

o ) fa@ ifzeR\A
f(z) =min{f_1(z), f1(2)} = fo) ifzeA. (3.19)

The slight difference in the notation with respect to previous sections, where the two
functions were denoted by fo and f1, is due to the focus on individual components
of the spin vector taking the values —1 and 1. While the definitions and properties
will hold without any further assumptions, in the applications we will consider the
‘natural’ case when A is a half-line and the functions f_1, fi are convex.

Onmitting the dependence on A, for N € N we define ﬁﬁf {1, l}N xR —- R
by setting

- 1
RN f(s,2) = ~ inf { F*(u, s: [0, N1) : i — u; — zi is N-periodic}, (3.20)

where
N N
F*(u, 5[0, N]) = Zfs,- (uj —uji—1) + szli—jl(”i —uj)’.
i=1 i=1 jeZ

Note that k\ﬁ f depends on the choice of fi and f_; and not only on their minimum

I

Remark 3.20. (Regularity with respect to z) If f and f_; are of class C!(R) then
the function z +— ﬁﬁ{f(g, 7) is of class C1(R) for any fixeds € {—1, 1}V, Thisis a
direct consequence of the Euler-Lagrange equations characterizing the minumum
points of F¥.

Now we add the phase constraint, minimizing over all s corresponding to a
given volume fraction, which eventually will give an alternative chatacterization of
Om f (6, z). More precisely, fixed 6 = 5 € QN[O0, 1], for any N € gZ we define
the function

O/ (0,2) = min{RY f(s.2) = s € SN (), (3.21)
where Sy (0) is the set of admissible spin vectors
Sv(0) ={s e {—1, 1}V : #{i :5; = 1} = ON}

and again we omit the dependence on A. Moreover, we define

O f (0, z) = liminf ®N (6, 2).
N—+o0

The following proposition states that the analysis of @m f (8, z) can be reduced to
the periodic spin formulation giving &, (0, 2):
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Proposition 3.21. (Periodic spin characterization of Qm f(0,2) The following
equality holds:

O f(60,2) = Omf(6,2).
In particular, the function (0, z) — Py f (0, 2) is convex.

Proof. The inequality @, f(0,27) > @m f(0, z) directly follows by definition.
Conversely, given a minimum point « for

0w £(0,2) = —qlnf{Fl(M [0, NqD) : u € As(Ng: 2) N V(Ng: 6) .

we can extend it to Z so that u; — zi is Ng-periodic. Using this extended test
function in the definition of @,}qu f(, z), with the same computations as in the
proof of Lemma 3.3 we obtain

Onlf(0,2) < 0wV f(6,2) +o(1)
as N - +ooand§ — 0.0

We are interested in those 6 for which the constrained relaxation @m f@,2)
is characterized by periodic minimization; that is, for which there is an interval
of z such that the corresponding optimal spin function s is periodic. Such s will
be locally z-independent, and this will allow to derive regularity properties for
Qm f(6, 2). For those special values of 6, we think of such functions Qm f@,)
as describing energy meta-wells. For brevity of notation, we directly say that the
corresponding value of 6 is an energy well. As we are going to show below, this
concept is closely related to that of a locking state.

Definition 3.22. (Energy meta-wells) Let f be as in (3.19) and let ¢>f¥1 be as in
(3.21). The value 8 € [0, 11N Q is an energy well of f at z (related to the sequence
m) if there exists N such that N6 € Z and

PN F(0.2) = Pmf(0,2). (3.22)

We say that 6 is an energy well of f in an open interval [ if there exists N such
that (3.22) holds for all z € I; if such I exists, we say that 6 is a non-degenerate
energy well of f.If I = R, we simply say that 6 is an energy well of f.

Note that the definition a priori depends on f1 and f_;. However, the condition
that f = min{ f;, f_1} implies that in the minimization procedure we may assume
f1 = +oo outside A and f_; = +oo inside A, which shows that the definition
indeed only depends on f.

Remark 3.23. (Energy meta-wells and periodic solutions) By Proposition 3.21 we
also have thatif @ € [0, 1] N Q is an energy well of f at z then

N f(6,2) = Omf(6,2).

This implies the existence of periodic minimizers; that is, of test function u; mini-
mizing Om f (0, z7) with u; — zi N-periodic.
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Remark 3.24. 1f 6 is an energy well of f at z, then there exists N such that
O f(0,2) = P f(0,2) = Pm f(6,2)
for any k > 1.
We now examine the regularity of &y, f at fixed 6.

Proposition 3.25. (Differentiability with respect to z) If 6 is an energy well of f in
an open interval 1, then the function z +— &y, (0, 2) is differentiable at any z € I.

Proof. Given 6 an energy well in I and the corresponding N as in Definition 3.22,
note that z — &, f(0, z) is the minimum of a finite number of C ! functions,
corresponding to s € Sy (0). Since z — P, £ (0, z) is convex the derivatives of
these functions must agree at the intersections. O

A central question in the description of Qm f is the reduction to a set X of 6
such that the claim of Theorem 3.2 holds taking the infimum only on X and such
that the computation of Qm f (60, z) can be carried on for 6 € X. This is the case for
concentrated kernel. We will see in the examples that 6 in these X are often energy
wells. The following proposition shows that if such an energy well is ‘essential’
then it is a locking state:

Proposition 3.26. (energy wells and locking states) Let X C [0, 1] N Q be such
that

(inf(Omse. 91 = 0Onf@ (3.23)

for all z, and let 6* € X be an energy well that is essential in (3.23); that is, such
that

(ot (Omf.2))" > Omf( (3:24)

HeX\{o*
for some z. Then, 0* is a locking state.

Proof. We recall that me(e, 7) = &, f (0, 7) by Proposition 3.21. Since 6™ is an
energy well, by Proposition 3.25, the function z > &y, f (6%, 7) is differentiable.
By the essentiality condition (3.24), that function cannot be tangent to Om finan
isolated point, nor can be transversal to it. Hence, it must coincide with @m finan
interval. O

As for regularity properties of O, f with respect to 6, we note that in general
locking states are points where the characterization of the energy changes. This
suggests that we may have a jump in the derivative at these points.

Conjecture 3.27. (Non differentiability at the energy wells) If X C [0, 1] N Q is
such that (3.23) holds for all z and 6* € X is an energy well satisfying (3.24), then
the function 0 +— Qm f (0, 2) is not differentiable in 7 at 0*.
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This conjecture is reminiscent of regularity properties in dynamical systems,
where the global structure of minimizers can be used in the proofs, as in the work of
J. Mather [79]. Anyway, we will prove that it holds in the case studies (see Remark
4.5 for the M -th neighbour case, and Remark 5.26 for the truncated convex potential
and exponential kernel).

Remark 3.28. (Generalized Cauchy—Born (GCB) states) The spin representation of
a microstructure allows one to effectively parametrize periodic minimizers. Such a
representation can be expected to exist for locking states which can be viewed as
examples of ‘global’ solutions. We can also interpret such states as respecting the
generalized Cauchy—Born (GCB) rule. To make the notion of the GCB rule more
general we may refer to the possibility of computing the macroscopic energy by
solving an appropriate boundary value problem on a finite representative ‘cell’. The
question arises in which cases any minimizer can be viewed as a GCB state in the
above sense or as a simple mixture (a convex combination) of such states. We will
see in the next sections that for broad classes of physically interesting non-convex
energies f and the penalization kernels m only GCB states are relevant.

4. Relaxation with Concentrated-Kernel Penalization

In this section, we analyze the relaxation of a general bi-convex function f with
a concentrated kernel m. We recall that in this case there exists M % 2 such that
my, = 0 for all n > 2 except for n = M and that such penalization leads to a non-
additive problem (see Definition 2.15). We show that the optimal microstructures
in this case are restricted to periodic states, corresponding to a fraction 6, = §; for
n € {0, ..., M}, and compatible mixtures of such periodic states corresponding to
neighbouring values of the phase fractions 6, and 6,41, in other words, to first and
second order laminates.

Following the notation of Section 3, let z* € R, A = [z*, +00),and let f: R —
R be such that the restrictions of f to (—oo, z*] and [z*, +00) are convex. In this
section, we again use the notation

fomi (@) = f(@) +2m12? “.1)

for the overall nearest-neighbour interactions.

We assume that growth hypothesis (2.6) holds, so that f,,(z) — 400 as
z — =oo. Note that the analysis can also cover the degenerate case when this
condition is not satisfied. As a model, in Remark 4.6 we will consider the case of a
truncated quadratic potential f with m| = 0, highlighting the effect of degeneracy.

4.1. Formulas for the Relaxation

In the case of a bi-convex f, formula of Proposition 2.16 describing Om f can
be further specified as follows

Omf () = (min PM"())"™, (42)
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where, for any n € {0, ..., M}, welet6, = % and introduce

PM-1(7) = min {(1 —00) fom, @)+ On fom, &) 12 S gt >

- N 5 T (43)
(1—-0)z" +6,z7 = z} + 2mpy(Mz)~.
Now we prove that for any rational 6 the constrained function Qm f(8, z), defined
in (3.3), can be also characterized in terms of the functions PM-", which themselves
correspond to particular values of @, in the sense that PM"(z) = Qm f (0, 2).

Theorem 4.1. (Shape of @m f and of the phase function 6) There exists an ordered
family of disjoint intervals (s, , s,}), where sy = —oo and s;,'l = 400, such that
(1) @mf(z) = PMn(2) in (s, ,s,7) and it is affine in each of the intervals of the
Jorm (s;f, s, 1)
(i) 6(z) =6, in (s, , s,'f) and it is affine in each of the remaining intervals.
(iii) the set of the locking states of f is {6,} and

@mf(Z) = (min{émf(@, 7) : 0 is a locking state})**.

Proof. The proof of (i) and (ii) will follow from Lemma 4.4 below, while (iii) is
obtained by (4.2). O

Remark 4.2. Note that if 6 (z) = 6,, then the value of Qm f(z) is attained on periodic
minimizers. The phase function 6 can be explicitly written as

1 z—sF
P _
0(z) = Gn—l—ﬁﬁlfsn§z§sn+lf0rn€{0,...,M—l} (44)
0, if sy Sz<sF, fornel0,..., M},
with s, = —oo and s;fl = +4o00. Moreover, if we write the convex envelope of the

minimum of PM-" and PM-n+1 a9

PMny  ifz <t

min { P pMAtI () = 1Mo () if s, Sz, 4.5)

M, n+1 e
P " (Z) lf Sn+l g <,
where " is the interpolating affine function
PM,n—H(S— ) — PM,n(S+)
M) = PMA (s + ),

Spt1 — Sn

then Qm ) =rMr()ifz e [s;F, 8,411 Note that this characterization of Qm f
holds under assumption (2.6), while it may fail if this condition is dropped, as we
show in Remark 4.6 below.

The main technical point of this section is Lemma 4.4 giving an explicit formula
for the constrained minimizations involving only pairs of successive locking states.
The proof of this fact relies on the following algebraic lemma.
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Lemma 4.3. (An algebraic lemma) Letn € [0, M — 1]NN. If0 = g €[4, %]
N € Nand I, fork € {0, ..., M}, are such that
M M
MY It=Nq and Y klx=0Ng. (4.6)
k=0 k=0
then there exist coefficients o) such that a; € [0, It] for any k and
M . MO —n
D= Nq
M
k0 (4.7)
> kef =0+ pMo=ny
k= M q-

k=0

Proof. The linear system (4.7) has infinitely many solutions depending on M — 1
parameters. We have to show that there exists one solution in I1 ,’{V’: ol0, Ir]. To this
end, it is sufficient to show that the hyperplane given by the equation

MO —n

M

Hy(af,....a})=> (A+kef —(A+n+1) Ng =0
k=0

intersects 1'[,1{”: ol0, Ir] for any A € R, which happens if for any A € R there exist

two points v, w € RM*! such that H; (v) Hy(w) < 0. Sincen < M6 < n+1and

MO —n

Hy0,....,0) = —(A+n+1)

n+1— M6
HA(I(;',---,IZL,I)=()»+”)(A/I—)N6L

we get H,(0,...,0) Hy(I§,....I}) S0if A < —(n+1) orA > —n.
For the remaining cases, we note that by (4.6)

Ng,

M M
+DY M~k — M~ + 1)kl = ((n +1) — M6)Nq.
k=0 k=0

Since(n+ DM —k)—(M—n+1)k=Mn+1—k) <0ifk >n+1, we get

n
1) — M6
S +1-bn Lt DM,
M
k=0
If we choose v = (vg, ..., o) withvy, = 0ifk S nand vy = Iy if k > n we

obtain
M n M n
Houn@) = =0+ D( D = D I) + Ykl = >k
k=0 k=0 k=0 k=0
MO —(n+1)

n
m Ng+Y (n+1-kl =0.

k=0
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Noting that

MO —(n+1)
M

Mo — 1
nt+D

m g+ (n—kh -

k=0

H_,(v) = Ng >0,

it follows that H, (v) > 0 for any A € (—(n + 1), —n). Since H, (0, ...,0) < 0,
this concludes the proof of Lemma 4.3. O

Now, we state the interpolation lemma.
Lemma 4.4. (Interpolation between locking states) Let 6 € [0, 0,411 N Q, with n

integer such that 0 < n < M, and 6, = §; as above. Then the following formula
holds:

Om (6. 2) = min {M (@1 = 0)PM" () + M(© — 0,) PM"* (wys)
MGt = 0w + M = O)wnsy = 2. 48)
‘We mention that in view of growth condition (2.6) the minimum in (4.8) is achieved.
Proof. Up to scaling, we suppose m) = 1 for notational convenience. Since

Lemma 3.3 holds, for u € A(Ng; z), if Fy is the non-scaled functional given
by (3.4), we can estimate Fi(u; [0, Nq]) as

Nq Nq Ngq
Fiu; [0, NgD) =) f)+2m Yy @)+ Y. (i —u))’
i=1 i=1 i,j=0, li—jl=M
Ngq M i 2
=D IFACHES D DI (D DI IO AN
j=1 ieMZN[M,Nq]l j=i—M+1

where and z; = u; —u;_1.
It is not restrictive to assume Ng € MN. For any i > M we define

Jriy=(jeli-M+1,....i—1i}:z; >
T ={jeli—-M+1,....i—1,i}:zj <z}

Moreover, for any k =0, ..., M we set
i ={ie MZN[M,Nql:#J1 (@) =k},
and we denote the cardinality of Z; by Ij. Let v_; and ¥| denote the restrictions of

Sfom, to (—oo, z*) and [z*, 4+00) respectively. Then, by separating the contributions
in each 7y, thanks to the convexity of ¥_1, ¥ and of the square we have
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i

%fmdz;)%—ﬁl Z ( Z z,-)

j=1 ieMZN[M,Nq] j=i—M+1

_y (X v+ Y i)

k=0ieT; jeJ=() jelt )

+Mi2( o+ Y zj)z)

k=0icZ; jeJ=() jed ()

2

(4.9)

M
= 37 (M = W1 @) + Ky w) + M(M = Rwy, +kuf)?)
=0

>~

- _ .t
where wy, = wy = 0and

_ 1 i
= oL X Y Wm g DG

Wi
i€l jeJ (i) i€y jeJ T (i)
otherwise.
We now may conclude the proof of the lower bound by applying Lemma 4.3
to (4.9), since I satisfy (4.6), regrouping the terms therein so as to compare that
expression with PM-"_ Noting that

M
S — by = HEZDEZ O Dy,
k=0

we get by convexity that

M
S e (M = D@1 + kg @) + MM — B+ k)
k=0

> (i(M — R} )bt ) + (%k%?)l/fl @)
k=0

k=0

+M< f: “/?) ( ( Z;?/I:o(M — k)a;?)zx;ﬂ —i; ( Z/y:o ka,’(’)z;:_l )2
k=0 D k=0 9

M6 —
> ( - H)Nq<(M —(n+ D)Y@z, ) + 4+ DY)

+M((M = (1 + 1)z, + (1 + 1)z;f+1)2),
where
= ZQ/I:A(/)[(M _k)“/rclwk_’ = Zl?%(/)[k“/?w:
2k—o(M — k)ey k=0 ket

Hence,

M
Y af ((M — (W1 (W) + kY (i) + M((M — Kywy, + kw,j)z)
k=0
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A
A

A

4 h
Wil wy

Fig. 9. Construction of the upper bound for M =3 andn = 1

n—+1 n—|—1+)

> (M6 — n)NqPM'”H((l - T)Z;H +

Correspondingly, we obtain

M
>t =) (M = W1 ) + kya(w) + M (M = owy +kwy)?)
k=0

M. ny\ _ n
> (n+1—MO)NgP ”((I—M)zn +Mz;f),

where

C LM — k) — oy e Yito kU — aywy
M = — e o ok — e

Noting that
n+1- MG)((M )z + nz;)
+(MO — ) (M = 0+ D)2y + (14 D2l ) = Mz,

for 0 € [% %] we then have, up to a negligible term,

Fi(u; 10, NgD) = min {01+ 1= MO) P (w,) 4+ (M6 — ) PM+ (1)
1+ 1 — MO)wy + (M6 — n)wnps = z]

which concludes the proof of the lower bound in (4.8).
As for the upper bound, let§ = £ ¢ L7 %], z € Rbe fixed and (w;,, wy+1)
be a minimizer of (4.8). For all k > 1 we define a test function u: [0, kMg] N

Z — R constructed as follows. Let w,jf be a minimizer of the problem defining
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PM:m(y,) in (4.3), and let w | be a minimizer of the corresponding problem
defining PM-7+1(w, 1 1). We set u() =0, and

for i g kMCI(0n+l —0)

{w; ifiefl,...,n) mod M
Ui — Ui =
w

ifiefn+1,...,Mmod M

n
+ o
fie{l,....,n+1)mod M ,
u; —u; 1:{“’"“ ifi e 7+ 1} mo fori > kMq(@s1 — 6)

wy,, ifiefn+1,...,M)mod M

(see Fig. 9). Note that u(kMqg) = kMgz and u € V(kMg;6), so that u is an
admissible test function for the computation of O, f (6, z), and the upper bound
follows. O

Remark 4.5. (Non-differentiability at locking states) From formula (4.8) we de-
duce that for all z the function 6 +— QOnf (0, z) is differentiable at any 6 ¢
{01, ...,0p—_1}, whereas instead

(me) (me)
g O F 0,0

except possibly for some critical values of z. Indeed, in the computation of the left-
hand side derivative of O f at 6 = 6, we use PM.n=1 while for the right-hand
side we use PM-"*1 whose values are generically different at the minimum points
of (4.8).

4.2. Computation of Qm f for Prototypical Non-convex Energies

We now apply Theorem 4.1 to some prototypical f; namely, truncated quadratic
potential and double-well potential.

4.2.1. Truncated Quadratic Potential We consider a special case of the trun-
cated convex potentials introduced in Example 3.15 with f(z) = z% and z* = I;
that is, let f: R — R be defined by

2 .
72 ifz<1
F@ {1 ifz> 1, (4.10)

and let A = [1, 400). Note the growth assumption (2.6) implies that m; > 0.
In this case, we have

2 ifz < J

rM’n(Z) 2(my +mMM2)Z2 if S+ < < s il

Omf(z) =\ 2mi(1—64) , o
T S0 s Eiss
! if sy <2,

@.11)

where the points s;" and 5, in Theorem 4.1 are

2my + 6,

V2mi(2my + 1)

+ +
sy =8, (my,my) =
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Onf(2) 0nf(z)

z z
0 0

1 1

2/3

1/2
0(z) 0(z) 1/3

z z
0 0

Fig. 10. Om f(z) and 6(z) in the cases M = 2 (a) and M = 3 (b)

I — 1/M
Vs 1M 0(2)

V4 z
0 ! — - 0
ZM ZM

0, f(2)

= ¥
z M z M

Fig. 11. Om f and 6 in a degenerate case

\/ml(zml D) b my M2Qmi O £

mi(2my + 1) + myM?Q2m; + 6,)

and ™" is the affine interpolating function in Remark 4.2. The formula for Qp, f
is obtained by explicitly computing the functions P¥-"(z) (see “Appendix B”).
InFig. 10 (a)—(b), we show the structure of the functions Qn, f (z) and 6(z) in the
cases M = 2 and M = 3, respectively. Here and in the following we use blue lines
for convex parts of the graph and red lines for concave ones. Note that in the first

case 0] = % corresponds to periodic minimizers of period 2 and in the second case

01 = % and 6, = % correspond to the two possible periodic minimizers of period

3. In the affine regions, we have mixtures of two periodic solutions, corresponding
to neighbouring locking states.

Remark 4.6. (Degenerate case with m1=0) The computation of Qp, f for the trun-
cated quadratic potential f can be performed also in the degenerate case where the
growth hypothesis (2.6) does not hold; that is, supposing m; = 0. Note that in this
case there is no coercivity on the nearest-neighbour interactions.

The construction in Theorem 4.1 becomes degenerate, and we obtain the for-
mula

z if z <z,
Omf(2) = 21\/2mMM(1 +2myuM?)z = 2myM —2myM*2? if 7, Sz < 2,
7 if 23, <z,

(4.13)
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0" f(2) lim,,_,, 0" f (2)

T T
Fig. 12. Graph of QM f(z) (for M = 6) and of the limit function

_ 2my M + 14 2mpyM?
= ———— and ZMZ - -3 -
1+2mMM2 21’)’11\/1]‘43

The corresponding phase function is then given by 6(z) = 0if z < z,,0(z) =
if z > zJAC[ and affine otherwise, so that the locking states are = 0 and 0 =

Hence, Om f (z) is obtained as the convex envelope of the minimum of P 1(z)
and PM0(z) only.
As for the description of 6 as in (4.4), note that

where

1
M
L

m;rﬂoso (my,my) =z, ml@osl (my,my) =2y,
while we have that as m; — 0 then s;r(ml, my) — —+oo for any n > 1 and
s, (my, my) — oo for any n > 2. This corresponds to the fact that the sets of z
where 0(z) > 1/M tend to 400 as m; — 0. In Fig. 11 we picture O, f and 6.

Remark 4.7. (Asymptotic analysis as M — +o00) In this remark we highlight the
dependence of & = O™ and Om f = QM f on M. We show that the limit of the
functions 6 as M — oo is the phase function of f when the only not vanishing
coefficient is m 1, and correspondingly for QM £ (z).

Indeed, the following estimates hold

n+2mM+ % et AE2mM -1

SmdtamoM " " T AmdxamoM "

so that we can define two piecewise-constant functions by setting

N

+
n

A

0 if z <5 0 if z <55
") =Mt ) ifzeGh,.5H and M) = {0M(sy) ifze Go,.57]
1 if 55 <z 1 if 5, <z,

obtaining that 0™ (z) < M (z) < g™ (2). The claim follows noting that

0 if z < 2’;
: oM o 14+2m 2m 14+2m
im0 (@) = 2m (2 12m — 1) i [ <2< /1P
1 if [/ 2m <

2my ’
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A (t=1)

2t(z—1)+1

(1=0)

z

Fig. 13. Example of convex-affine non-convex potentials

and the same for 6" (z). Correspondingly

2 2my
2 ifz = ]+2m|
: M _ 2 14+2my 2my 142m;
M1—1>r51—oo 0 f(Z) - —2m1(z - ZZ\/ 2my + 1) if v l+2ml \/ 2my
1 f 1+2m1 < z

2m;

(see Fig. 12). In particular, we note that
lim  OY f(2) = (fom) ™ (@) — 2m12* = O £ (),
M—+o0

wherem’ = {m,0,...}.

Example 4.8. (Convex-affine potentials as perturbations of truncated potentials) We
consider the functions £7 introduced in (3.18) in the non-convex case 0 < 7 < 1,
as pictured in Fig. 13, with nearest and next-to-nearest neighbour interactions; that
is, with M = 2. To simplify the computations, we fix m; = % and my = %.
The computation of Q€7 (z) involves the values Qm£° (0, z) in the three locking
states 8 = 0, 6; = % and 6, = 1; more precisely, it is sufficient to consider

Oml7(0,2) =£%(z) forz < 1, Oml* (1, z) = £%(z) for z > 1 and

Qg%_>_lz+ﬁ;+i;ﬁ;ﬁ
m ,Z—SZ 32 6

Oml™(0,2) ifz < s
ri(z) — 32 ifsé’Jr SzSs
Oml™(2) = { Omt* (3, 2) ifs]” <z <Pt
ri(z) = 32% ifs] T Sz s)T
Oml™(1,2) ifz > s)~
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=
T

1

A\
AAN|

st sy s;tosy T s oSy s S,

Fig. 14. Om{" and corresponding phase functions for increasing values of t € (0, 1)

where r{ (z) is the common tangent (in sé +and slr ") to the parabolas Qméf 0, 2)
and ’Q\mﬁf(%, z), and correspondingly rJ (z) is the common tangent (in S1r,+ and
s, ) to the parabolas Oml? (%, 2) and Om?7 (1, 2).

In Fig. 14 we represent Qmt* for two different values of z, also showing
the three energies @mET(O, z) when 6 € {0, % 1}, and the corresponding phase
function 6. The value of t in (b) is larger than that in (a). Note in particular that
if T — 1 then s2f’ - sg * — 0; that is, the locking state 6 = % progressively
disappears, and we recover the convex case (see Example 3.19), while for t = 0
we recover the case of the truncated quadratic potential with M = 2.

4.2.2. Double-Well Bi-quadratic Potential Let f: R — Rbedefinedby f(z) =
(1 —|z])?, and let A = [0, +00). By explicitly computing the functions PM-" (see
“Appendix B”’), we obtain for O, f (z) the formula

(1+2)> if z < s

rMon(z) — 2(my 4+ my M?)z? if s+ SzS5,
Omf(2) = 2 46,1 —6,) .. _

z +2(1—29,,)z+1—1”+—2m" if sy <z<sF

(1—-12)2 if 5,, < z,

where

s = st my) = 2Ly 2muM
" " 14+2m; — (A 4+2m) +2my +2myM?)

and ™" is the interpolating affine function given in Remark 4.2.

Remark 4.9. (Asymptotic analysis as M — +00) As in Remark 4.7, we highlight
the dependence on M by writing 6(z) = 0™ (z) and O, £ (z) = OM f(z). We show
that also in this case the limit of ¥ (z) as M — oo is the phase function of f
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—(l—l—‘2m1)71 (l—i-‘Zml)f1
Fig. 15. The function z QMf(z) for different values of M and the limit function

when the only not vanishing coefficient is m1, and correspondingly for O™ f(z).
Indeed, since the distribution of s,j and s, is uniform, we can directly deduce that

. 1
(()1 2my)z+1 e s | T
. M _ +2mp)z+l . 1
Jm 6% () = RSl el S
. 1
1 if z > TFom; -
Correspondingly
. 1
(1+ Z)z ) if z § “T2m,
. M _ 2 my : 1
Jim OYf(@) =1 =2m® + o i 12 S
. 1
(1 — Z)2 if 7= T+2m,

(see Fig.15). Again, we note that Mlim QMf(z) = Ow f(z), where m' =
—+00
{m1,0,...}.

4.2.3. Analysisof O, f(6,z) Examining (4.8), which gives the values of Oy, f (6, z)
as interpolations between neighbouring locking states, we note that Oy, f is given
by different formulas in different regions of the plane (6, z). We briefly examine
some feature of this dependence in the simplest meaningful case M = 2 (see also
Fig. 10(a) and Fig. 15 for a comparison).

In Figs. 16 (truncated quadratic potential) and 17 (double-well potential), we
highlight zones with qualitatively different behaviour. In the bottom part we repre-
sent such zones in the domain of the function [0, 1] x R as coloured zones. In the
same pictures, the graphs of 6 — QO f (6, z) are shown for some values of z with
corresponding colouring. Note that for any fixed z the function 6 +— O, f (6, z) is
differentiable everywhere (including the points where there is a change of the ana-
Iytical expression), except for the point corresponding to the locking state 0 = %,
where the left and right derivative are not equal.

For the reader’s convenience, in the case of double-well potential we include an
explicit formula which is particularly simple thanks to the symmetry of O, f (0, 2)
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Onf(0.2) Onf(0.2) 0 f10.2)
'

O/ (0.2,) o Lo N

Onf(0.2)

oz 0

z=z;

Fig. 16. Analysis of 6 — QOm f (0, z) for different values of z in the truncated quadratic
case

-3/4 -1/2 —1/4 0 1/4 172 3/4

Fig. 17. The function 6 — Qm f (0, z) for different values of z (double-well potential)

with respect to (%, 0). We fixm| = %, my = %, obtaining

4041 ifz<6-1
O (6. ) — 2 +o ifo—1<z< 8t
e 22020 -Dz+6>-§+1 if 5 < <28
b2 241 if 241 < 7,
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Fig. 18. Representation of constancy sets of 6 in the z—é plane (M = 4)

4.2.4. Dependence on the Scale Parameter o  As in Remark 2.39, we introduce
a dependence of the concentrated kernel m on the parameter o by setting m§ = =1
— mu

and m§, = 2L, for which we have

Jim Ome f(z) = f(2) and _lim Owe f(2) = f"()  (4.14)

for any f.

In the case of the truncated quadratic function f defined by (4.10) and an-
alyzed in Section4.2.1, the first limit can be also checked directly noticing that
s;F(m§,mG) — 1 as % — +oo for any n, where s, (-, -) is defined in (4.12).
Note that if 6 € (0, 1) then Qo f(0,z) — +00 as % — 0T. Moreover, for any
0 € (0, 1) and for any z,

. o+ E0 if<g
oAy Qe F8,2) = Q0 f 0, 2) = ie T itize.
In Fig. 18 we picture in the z-% plane the zones where 0(z) = 6, for some n €
{0, ..., M} and those where 6(z) is affine for fixed o (in the case M = 4). The
latter are pictured in gray, and are bounded by blue and red curves, corresponding
to the lower and upper values of z, respectively (see also the right-hand side picture
in Fig. 21). This use of coloring will be repeated in the next figures.

As for the double-well potential, if the coefficient m| does not vanish, then we

re-obtain the first limit in (4.14) by noting that

. + o o _ : — o o _
Ull)rg+sn (m{,mjy,) —Ull)rr()l+sn (m7,m%y) =0, (4.15)
where s, and s, are defined in (B.4).

In Fig. 19 we picture in the z—é plane the zones where 0(z) = 6, for some
n € {0, ..., M} and those where 6(z) is affine for fixed o (in grey) for M = 4.
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-1 0 1
Fig. 19. Representation of constancy sets of 6 in the z-é plane (M = 4)

limcrﬂ() Qm"f(z)

-1 1
Fig. 20. The limit of Qo f for o — 0 inthe case my =0

Remark 4.10. If m; = 0, Remark 2.39 does not apply. Taking the limit foro — 07,
in this case we obtain

lirg+ s (m§,m$y) =z,, and lirrol+ s, (m{,my) =zp—1,  (4.16)
g—> o—

where we set

2n+1—M
=T
The limit function is then given by
(1+42)? if z < 20
lim Qe f(2) =1 (4 (1 - 26,))% if 241 £ 2 < 2
(1-2)? if zy =z,

or, equivalently,

. . 2 .
1 o = 1-—26 = 6 .
lim, Ome f(2) ogrggM{(Z_H )"} OénrlllélM{me( s 2)}
Note that in this case the limit differs from f but coincides with the minimum
among P (z) — 2m py M?z? (see Fig. 20), whose convexification still equals f**.
In Fig. 21 we picture in the z—é—plane the zones where 6(z) = 6, for some
n € {0, ..., M} and those where 0 (z) is affine for fixed o (in grey).
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3/4
1/2
1/4

\
N

g g
So S S3 Sy

-1 0
Fig. 21. Representation of 6 in the z—% plane for M = 4 (case m1 = 0)

5. Relaxation with Exponential-Kernel Penalization

The case of concentrated kernels studied in the previous section allowed us
to highlight some properties of Qn, f, in particular we were able to characterize
the locking states using explicit formulas. Now, we analyze the effect of the su-
perposition of spatially distributed long-range interactions, which bring additional
complexity to the structure of O, f.

In Section5.1 we sketch a method for obtaining bounds for a general kernel
m via higher-dimensional embeddings. This method is optimal in the case when
the non-local term ) _; jmii—ji(ui — uj)2 depending on the given kernel m can
be obtained by integrating out the variable v from the simplest additive energy
depending on two variables u and v; thatis, a ), (v; — vi_)2+b i — v;)2.
To have this, we note that the kernel m must be exponential. Hence, the study
of general exponential kernels will constitute the main goal of this section. The
idea of rewriting the problems defining Om f as additive problems in terms of
an auxiliary variable has been already used implicitly in the case of concentrated
kernels. Indeed, in that case we introduced coarse-grained energies depending only
on M-neighbour interactions u; 4 — u; through the functions pM.n

5.1. Higher-Dimensional Embeddings for General m

In this section we discuss the possibility of simplifying the quadratic penalty
term in Definition 2.3 for an arbitrary kernel m by introducing auxiliary variables.
This will be later applied to the exponential kernel defined in (5.12). The idea is to
view the long-range interactions parameterized by an arbitrary m as a projection of
short-range interactions operating in a higher-dimensional space. In other words,
we now suppose that the kernels m can be viewed as the Green’s functions of
some higher-dimensional local problems. Note however that the locality of the
corresponding higher-dimensional problem can be expected only for kernels m with
sufficiently fast rate of decay. To highlight the ideas, we discuss in detail only the
simplest class of projections, where the dimension of the extended configurational
space is doubled. As a result, the nonlocal scalar problem is transformed into a
local vector problem.
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For each fixed k € N, we define a quadratic form depending on two variables
as follows. Let Abea (k+ 1) x (k+ 1) matrix and let s € R be a scalar parameter.
We set

HY[A, s1(u, v) = 2s(Av, v) + 2s(u — v, u — v), (5.1)

where u, v: {0, ...,k} — Z and (-, -) denotes the scalar product in RFF1.
The following result restates the definition of O, f as a minimum problem
involving a quadratic form of type (5.1).

Theorem 5.1. (Higher-dimensional equivalent formulation) Let m satisfy (2.4) and
be such that the function n — m,, is not increasing for n large enough. Then, there
exista (k+ 1) x (k + 1)-dimensional matrix Afn and a scalar sy such that, setting
Hl],‘[1 = Hk[Afn, sm] in (5.1), the following equality holds

k
Onf(0) = lim_ % min | ; P = i) + By v) v € Atk )

(5.2)
forall f: R — [0, +00) satisfying growth conditions (2.5) and (2.6).

The proof of Theorem 5.1 is based on Lemma 5.2 which implies that asymp-
totically the quadratic part of the energies in the definition of @m f can be viewed
as projections of functions of the form (5.1).

To shorten the notation, we introduce the quadratic function

k
TGy =" myj(ui —uj)?, (5.3)
i,j=0
definedonu: {0, ...,k} — Z.

To quantify the relation between JX and the corresponding HE, we introduce
a notion of L? norm for u: {0, ..., k} — Z by setting

k
1
lullf = p ‘§ lj(u,-)%
1=

which coincides with the L% norm of the piecewise-constant function u: (0, 1) —
R defined by i (t) = u; in (%%].

Lemma 5.2. (Projection of the quadratic part of the energies) Let m satisfy (2.4)
and be such that the function n +— m, is not increasing for n large enough. Let Jrll‘1
be as in (5.3). Then, there exist a (k + 1) x (k + 1)-dimensional matrix A{‘n and a
scalar sy such that

min{HX (4, v) s v: (0, ...k} — R} = JE ) + [[u|)? 0(%) (5.4)

forallu: {0, ..., k} — R, where Hl”; is defined in Theorem 5.1.
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Proof. We introduce the (k + 1) x (k + 1) matrix M,]; = (m;;) given by m;; =
m)i—j,i, j =0, ..., k. Note that the functional Jlf, is independent of the choice of
my, so that we can choose the value of m arbitrarily. We assume that this value is
such that the matrix M is invertible.

As a first step, we write the functional JI’;, up to an infinitesimal term, as the
sum of a suitable quadratic form depending on the whole series of m,, and a residual
boundary term. By Lemma A.1 (see “Appendix A”), up to a change of variables
with L = 1 and ¢ = 1/k, we can suppose that u is constant in [0, k*] and in
[k — k%, k] with a fixed o € (%, 1), where § is the decay parameter of m given
by (2.4). Up to translations, we can assume ug = 0 and hence u; = 0 for i < k.
Setting

+00 k
sm:m0+22mn and sfnzzmij,
n=1 j=0

we get

+00 +00
i
Sm — Sm = — E m, — E my,

n=i+1 n=k—i+1
so that, using the decay condition m,, = o(n ’5), we obtain

k
1 .
J,],‘,(u) = 285m <u - —M],;u, u> +2 Z(s,’n — sm) (u)?
Sm i=0

k
1
= 25m <u - —Mpu, u> — 2m(up)” + Y (i) o(k' =)
m i=0
1
= 25m <u — S—M,’;u, u> — 2 (up)* + |ull} o(k>~F),
m

where tm = Y 20 nm,. Note that 2 — af < —1 since a > %

. . . o . —1 .
The matrix Afn will be obtained by modifying the matrix sy, (MI];I) — I, which
gives a minimum for Hl/,‘[1 inv = %Mﬁ,u, so as to take into account the boundary
Sm

contribution. This is done by changing the values (A% )| and (A )i in such a
way that they compensate the boundary terms. We set

cm O ...... 0
01 0 ...... | S -+ 10
AN =l (MR =1, with ey = —
S 010 () " 2w+ sm+mo
...... 0 0 cm
(5.5)
We can write
_ 2tmS -1
Ak (MR o Smm Mk
sm (M) 2tm+sm+mo(eo®eo+ek®ek)( m)
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and we prove that the minimum of HI';(u, v) coincides, up to an infinitesimal term,

with JK (). This minimum is attained for v*™" given by
mg
pkomin (Afn + D7y = iM,lilu + Zt—muk k=1 (5.6)
Sm Sm(Sm + mo) aE
mo

Then, recalling the decay assumption on m,, we get
HE (u, v ™) = 25, <u — plomin, u>
= 25m <u - —M w, u) = 2(u) tm + lue | Vkllu e o(k=F)

= 25m <u - —Mk u, u> 20up) tm + [l 0kz™F),  (5.7)

concluding the proof of (5.4) since o > % O

Remark 5.3. Let u* be constant on [0, k%] and [k — k¥, k]. Then the corresponding
given by (5.6) satisfies |v16 min —u0| + |vl,§ min —uk| = o(k2=4B) l|lu¥||%. Hence

it can be modified so as to obtain 7% equal to #¥ in 0 and k and [v}"™" — v¥| =

vk,mln

o(k%""ﬂ)nuk ||lx for all i. By (5.7) we can estimate
Hp (4, 5)  Hy, (u, ™) + [ [F o(k' 7).

If ||uk ¢ are equibounded, then the last term is o 1y since @ > 3. Note that we
q k

™| W

may also construct 7% so thatﬁl’.‘ = ug fori < k% and vl’.k = ui ifi >k— k% with
/
o < a.

Proof of Theorem 5.1. We write

Omf() = lim %mm{Zf(ul—u, D+ @ ue Ak ). 538)

i=1

Let u* denote a minimizer of the problem above, and note that [|u*|; are equi-
bounded in view of the growth conditionon f(z)+m z2. Note that thanks to Lemma
A.1 we may suppose that the function u¥ is constant on [0, k%] and [k — k¥, k].
Then, applying Lemma 5.2 and Remark 5.3, we obtain the desired result. O

In general, the advantage of the rewriting in Theorem 5.1 is not clear. However,
thanks to the two-variable formulation, we can obtain some general lower bound
in suitable hypotheses. In the next section, we will see that for exponential kernels
functionals HI’]‘[l can be rewritten as nearest-neighbour energies, which will allow
to make these bounds sharp.
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Remark 5.4. (Lower bounds with additive vector energies) Suppose that there exists
C > 0 such that for all v € A(k; 7)

k
(AR, v) = C Y (Wi = vim)” + VI 0Dk oo (5.9)
i=1

Then, by (5.2), we can bound Qm f (z) from below with limits of scaled minimum
problems for energies of the form

k k k
D Fi—uic) +25mC Y (i —vic1)® + 25m Y (i — ;)

i=1 i=1 i=1

We will see in the next section that this holds with some particular choices of the
kernel m; namely, the exponential kernels.

In view of Remark 5.4, we now focus on bounds for problems involving energies
of the form

k k k
E@,v;[0,kD) =) flui —uim)+a) (i —vie)> +b ) _(wi —v)?

i=1 i=1 i=1

witha, b > 0.
We suppose that there exist z* and 7 such that f is convex for z < z* and
f(z) = nforz > z* Forany N > 1 we define

N N N
gn(z) = % (min {; fui—ui—1)+a Z(Ui —vi_p)? +bZ(ui —v)?

i=1 i=1
vo=0,vy =Nz, uj —uj—y < 7" fori > 2} +1n), (5.10)

where we limit the interactions v; — v; only to nearest neighbours, and we allow
u; —uj—1 > z* only for i = 1. Note that if N = 1 then g|(z) = az> + 1.

We also set goo(z) = f(2) + az? with domain z < z*, which corresponds to
minimal states with u; — u;_; < z* forall i.

Proposition 5.5. (Lower bound with nearest-neighbour energies) We have

1 ok
lim —min{E(u, v; [0,k]) s ug —ug = v —vg = kz}z (inng(z)) .
k—+oo k N

(5.11)
Proof. The proof is obtained giving a lower bound for the minima
| k k
% min [Zl foui —ui) +a Z(Ui —vi_p)?
1=

i=1

k
+b Y (i — i) g —ug = v — vo =kz},
i=1
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where

£(0) = fl) ifz<z*
ni&) = if z > z*.

Consider a minimizer u for such problem. If u; — u;—; < z* for all i then by the
convexity of f this minimum equals the value go(z). If otherwise u; — u;—1 > z*
for some 7, note that we can always suppose that this holds for i = 1, by splitting
the discrete interval {0, ..., k} into subsets {ikjf1 R ikj}, j=1,...,r,in which
u;j —uj—1 > z* only fori = ik_,~_1 + 1, we obtain a lower estimate with

r

Z& (zj)
k gNj J

j=1

U . —Uk . . .
where N; = kj—k; jandz; = JN—’I so that we have the convex combination
J
r N/
g sz =2Zz.
j=1

From this estimate (5.11) follows. O

We will prove general properties of the functions gy in Section 5.3, which will
allow us to describe the structure of their convex envelope and their optimality in
computing O, f.

5.2. Reduction to a Local Problem for the Exponential Kernel
We now introduce some notation for the exponential kernels. We define
m=m’ = {m)}={e 7"}, (5.12)

where o > 0 is a given constant. Highlighting the dependence on the parameter o,
we set

k k
~ 1 .
0o f(@) = lim - inf [ 12:1 i —ui)+ Y e T — ) u e Ak z)],

i,j=0
(5.13)
and introduce the corresponding m? -transform of f
~ ~ 2¢7°(14¢79)
Qo f(2) = Qo f(2) — amz® = Qo f(2) = ————, 52" (5.14)

(1—e)3
Let F denote the non-local functionals

Flash=e Y f(—)+e 3 efa\ifﬂ(“i;'lj)z,

ieZx(I) i,j€Le(I)
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(5.15)

with exponential kernel m, = e=", where Z,(I) = {i € Z : ¢i € I}, T}(I) =
{i € Z:¢i,e(i—1) € I} and the function u belongs to A, (1) = {u: eZ.(I) — R}
as defined in (2.2). Following the general approach formulated in Section 5.1, given
a, b > 0 we define the local two-variable energies

Ec(u,v;I)=¢ Z f(M> +;—l Z (i — vi—1)?

&
ieTx(I) ieTx(I)
b
+= D i —v)’ (5.16)
&
i€Tx(I)

for u,v € Ag(I). We will prove an asymptotic equivalence result between F_
and E.; more precisely, that the I'-limits of the two sequences are the same for
a suitable choice of a = a, and b = b,. The I'-limit of E, is computed with
respect to the convergence u®, v — u defined as the convergence in L2(I) of the
piecewise-constant extensions of #* and v® to the function u € H'(I). The result
is obtained, in the spirit of Section5.1, by explicitly integrating out the variable v.

Theorem 5.6. (Asymptotic equivalence) Let

2(1+e e ° 2(1+e79)
Ay = Amoe = ———————— =
o (1 —e0)3 (1 —e)
and set EJ = E; as defined in (5.16) with a = a, and b = b,. Then the sequence
EZ T'-converges to the same I'-limit as the sequence F7.

. bg , (5.17)

Remark 5.7. (Asymptotic behaviour controlled by o) We can interpret the extremal
regimes of strong and weak additivity in terms of the parameters of the two-
parameter energies (5.16). Let a,, by be given by (5.17). As 0 — 0 we have
both a, — 400 and b, — +00, with an increasing strength of the effect of
the term involving the distance of u# from the affine function zi. Conversely, when
o — +oowehavea, — 0, and the role of this distance term gradually diminishes.

Remark 5.8. (Equivalence with arbitrary coefficients) The equivalence result in
Theorem 5.6 can be extended to arbitrary pairs a,b > 0 up to considering the
non-local functionals with kernel m, = ge™?"; that is, the functionals given by

U — Ui_ .. u: —u; 2
Feowh=e Y f(lTll)HQ 3 e—a\z—u<%) ,
i,i—1eZ(I) i,jeLe(I)

with the choices
2

1 [b b
_ — > ginh~! (_\/j) d = =———— (518
o Ua,b Sin 2 a an Y Qa'b 4a Sinh(O'a,b) ( )

Indeed, with this definition we get

a 2(1 + e Cab)e=COab d b 2(1 4 e~ %ab) )
= =da, an [ ,
Qa,b (1 - e_o'a.b)3 4 Qa,b 1 J— e_ga,b o
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so that we can apply Theorem 5.6 obtaining the equivalence between éFgg’" and

éEg. The corresponding (trivial) generalization of Q. f in (5.14) can be obtained
by defining

k
~ 1
Qo,0f(2) :kEToo zinf {; flui —ui—y)

k
o Y e Wi —up?iue Al p. (5.19)
i,j=0

and setting Qs f(2) = Q\o,gf(z) — 4,072, with ag as in (5.17).

The proof of Theorem 5.6 is based on the following lemma, which allows to
integrate out the variable v by applying the general result of Lemma 5.2 to the case
of exponential kernels:

Lemma5.9. Let L > 0 and k. = L%J. We fix a € (0,1) and set n, = |(ko)*].
Let F{ be given by (5.15) and E be given by (5.16) with a,, by as in (5.17) and
I = [0 L). Then, ifu® € A = Ac([0, L)) satisfies u; = ug fori < ne, uf = u,is
fori >k, — ng, we have

min{EZ (u®, v; [0, L]): v € A*@®)) = FZ @3 [0, L] + 1”125 0(1)emso
(5.20)

where .Aﬁ(ug) ={ve A tvo=v1 =uy, vg, = Vg1 = uis}.

Proof. Foru,v € A, we set

He(u, v) = Z(vl S s Z(u,- —v)?

i=1

= EJ(u,v; [0, L]) — aZf(u,- — i)

i=1

ke ke
Je(u) = é > el —u)? = F v [0, L]) — & Y f (i — ui).

i,j=0 i=1

Up to translations, we can assume u, = 0 (and hence u; = 0 fori < Le™*). We
introduce the (ke + 1) x (ke + 1) matrix MZ = (m;;) given by m;; = m‘l i =
el i, j=0,...,ke. Note that m$ = =" satisfies m% = o(n~F) for any B
and in particular for 8 > % In order to apply Lemma 5.2, we compute S5 = Smo

and the matrix A; = Aﬁi given by formula (5.5), obtaining

1 —0
So = m{ +2Z +e and A° =DE(MS™' -1, (5.21)

—O'
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where DY is the (kg +1) x (ke + 1) diagonal matrix with diagonal {1+¢77, 55, ...,
So, 1 +e77}. Moreover, in this case we can compute the inverse of the matrix MZ,
which is the tridiagonal (k. + 1) x (kg + 1) matrix given by

1 —e ¢ 0 o 0
1 —e 0 1 4e 20 ¢ © 0 ... 0
(Mi)_l = o2 0 —e % 14e2 ¢ 0
—e
0 ... ... 0 —e 1

(5.22)

Now, to each u € A, we associate the corresponding function defined on
{0,...,k} by i — u(ei); with a slight abuse of notation, we still denote this
function by u. Setting

2 2
HE (u,v) = %(Af,v, v) + %(u —v,u — )
foru,v: {0, ..., k*} — R, we can then apply Lemma 5.2 with k = k?, obtaining
min{Hé‘s @, v): v:{0,..., k) = R} = J.(u®) + ||u8||iz o(1)e_o. (5.23)

We conclude by proving that, up to an infinitesimal term, the minimum of H(]ﬁg @°, -)
on A, coincides with the minimum of H,(u?, -) on Aif. Indeed, given u, v € A,
we can write

H (u,v) = === Z (A2 — 0))* + 22 Z Z(AS),, v;
i,j=0 i=0 \j=0
254 ke
=N i —v)
& i
k
2(1+e %)e 7 & 2(1 +e7%)
= e _e0)p ;(Ui — i)+ ol —e0) Z(Mz — )
= He(u, v), (5.24)

since Z];‘: o(A%)ij = 0 for any i by (5.21) and (5.22). This formula in particular
implies

k
e’ £
(Afv,v) = d—eco) Z(Ui —vi%
i=1

that is, estimate (5.9) with C = ﬁ, which in this case is an equality.

Finally, recalling Remark 5.3 we obtain
min{H* @, v) 1 v: {0, ..., k) — R} = min{H.(u®, v) : v € A (u®))
72 010

and the claim follows by (5.23). O
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Proof of Theorem 5.6. Upper estimate. Let F° (u; [0, L]) be the I'-limit of the se-
quence FJ.Letu € L%(0, L) be such that F° (u; [0, L]) < 400 and let u¢ € A,
be a recovery sequence for the I'-limit F° (u; [0, L]). Let 1° be the sequence given
by Lemma A.1 and v®™" be obtained by minimization of the minimum problem
in (5.20) with u® = 4°. Recalling Lemma 5.9, we get

lim sup EY (u°, &M 10, L)) < lim sup FZ (u®, [0, L])

e—0 e—0

< limsup F7 (u; [0, L]).

e—0
This gives the upper estimate for the I'-limit of E7 .

Lower estimate. Let u € H'(0, L) and let u®, v* converge to u in LZ(O, L) and be
such that sup E (u®, v%; [0, L]) £ S < +o00. Let i®, 0° be the sequences given by
Lemma A.1(B). Hence

ligrl)i(r)lf EZ@°,0% (0, L)) < ligrl)igf EZ (u®,v®; (0, L)). (5.25)
Applying Lemma 5.9 we obtain
liggf EJ (u®,v%; [0, L]) > liirLigf EJ (1, v&MIN(G): [0, L)
> liirLigf FZ@®; 10, L)).
This concludes the proof. O

By the results in Section 5.1 we can use the equivalence above to give a useful
characterization of Q, f.

Remark 5.10. (Representation of @U f in terms of local functionals) Formula (5.2)
in Theorem 5.1 and equality (5.24) prove the following formula for the function

0o f defined in (5.13):
~ 1
05 f(z) = lim — min{E] (u,v; [0, N]) : up =vo =0, uy = vy = Nz},
N—+o0o N
(5.26)
where Ef is defined by (5.16) with ¢ = 1 and a = a5, b = b, satisfying (5.17).

Remark 5.11. (Representation of the constrained relaxation in terms of local func-
tionals) Formula (5.26) can be extended to constrained problems; namely, we have

@gf(g, Z) = %{lgllrolg é min {E‘l’(u, v; [0, kq]) s u,v € A(kg; z),u € V(kq; S)},
5.27)

where, in accordance with the notation above, Qa f (6, z) denotes the constrained
relaxation Q\mg f(0,2),and V(kq; g) is the set of admissible constrained functions
defined in (3.2). Indeed, we note that Theorem 5.1 also holds for constrained re-
laxation, since we can apply Lemma 5.2 to u satisfying a volume constraint (see
Lemma 3.3).
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Remark 5.12. (Non-exponential kernels) For a general kernel m the matrix M* =
(m; j)f.‘ =0 is a symmetric Toeplitz matrix. Under decay conditions on m, we can

apply the arguments in Section 5.1. However, since (M*)~! now is not of the form
(5.22) (for some insight on the problem of the inversion of a general symmetric
Toeplitz matrix we refer, e.g., to [18]), the resulting functional Hsk does not depend
on nearest neighbours only and the argument showing the optimality of the bounds
can not be completed as above. However, for particular classes of kernels m the
resulting functionals Hsk may be still amenable to analysis, even if they involve
next-to-nearest-neighbour interactions and beyond. The analytical transparency of
such functionals will then allow one to extract useful information on the form of
the corresponding @m f.

5.3. Truncated Convex Potential

In this section we show some properties of Qg f and of the corresponding phase
function 0 if f is a general truncated convex function; that is,

fo) ifz <z*
f@Q=1% . . . (5.28)
f@*) ifz > 77,
where z* > 0 and f R — [OL +00) is strictly convex and such that f 0) = 0.
Note that we can suppose that f satisfies the growth condition

f@ =z —c

in [0, +00) for some ¢y, ¢y > 0. Using the notation of Section3, we set A =
[z*, +00).

Remark 5.13. (More general f) Note that the condition f (0) = Ocan be substituted
by the hypothesis that f has a minimum point zmin < z*, since affine changes of
variables are compatible with the definition of O, f by Remark 2.25.

5.3.1. Characterization of @0 f in Terms of Periodic Arrangements Given
the local form of the problem (5.26) formulated in terms of the two-variable func-
tional EY (u, v; [0, N]), the relaxed energy Q, f can be obtained by optimizing the
location of ‘broken bonds’; that is, of indices i such that u; — u;_; € A, similarly
to what done in the case of concentrated kernels. The fact that these bonds can be
always considered as either isolated or organized in a ‘broken island’ makes the
structure of oscillations (microstructure) compatible with the lattice. This makes
the problem analytically tractable.

Note first that on the complement of the broken bonds the energy coincides
with its ‘convex part’, defined as follows: given a, b > 0, for a bounded interval /
and u, v € A, (I) we introduce the functional E, given by

Ewvin=c Y f(=—=)+2 % (vi—vi_1)2+§ 3w — v,

ieTs(I) ieTs(I) ieZ.(I)
(5.29)
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where werecall that 7} = {i € Z : ¢i, (i — 1) € I}. Note that, since these energies
will be used to compute minimum problems with Dirichlet boundary conditions,
we consider the last term of the sum in the whole Z,(I) = {i € Z : ¢i € I}.

In view of Section5.1, for all N > 2 we can write the functions gy introduced
in (5.10) with 7 replaced by f(z*) as

a,b - * . 2 I
gy () = gn(@ = L (f ) +min{avi + Ei(u, v; [1, ND) : vy = Nz}).
(5.30)

They represent the minimal energy of an array of N bonds, of which the first one
is broken, with given average gradient. By uniformity of notation, we also set

g1 = f(2) +az® and gu(2) = f(2) +az’. (5.31)
Ifa = a, and b = b, are given by (5.17), then we set
g% =gn(@ and EJ(u v 1) = Ee(u,v; D).

Note that, by using u; = v; = zi as test function in the definition of g%, (z), we get
lim ¢%5(2) < f(z) +ayz°.
Jim g% < F@) +a

In the next proposition, based on the analysis of the distribution of broken
bonds in minimizers, we show that Q, f(2), considered as the infimum of the
corresponding constrained functions, can be described by only using the values
0= % which will be proved to be the locking states. The full description of this
structure will be given in Proposition 5.23, after a delicate analysis of the general
properties of gy.

Proposition 5.14. (Characterization of @U f in terms of periodic arrangements)
Fixed o > 0, let a = ay and b = b, be given by (5.17). If f is a truncated convex
potential as in (5.28), then

0. /@) = ( jnf (s5) (2. (5.32)

Remark 5.15. Note that, recalling Remark 5.8, Proposition 5.14 holds forany a, b >
(l with gx;b in place of g%, and a in place of a,, up to substituting Q, f with
Qo400 s defined in (5.19), with o, 5 and @, 5 given by (5.18).

Proof of Proposition 5.14. The lower bound is a consequence of Proposition 5.5.
To conclude the proof we show that 0, f(2) < (inf,en{gy 1™ (z). Since O, f is
convex, it is sufficient to prove that Qa f(@) < infren{g? (2)}.

Wefix§ > 0.Forz € Rthereexists7 € Nsuchthat g7 (z) < inf,cn{gy (2)}+8.
If n = 1, then we can take as test functions u, v given by u; = v; = iz. For any
N > 1 we get

LB (w1 10.NT) € B9 G, v [0, N = F =g
ﬁ ](uvvs[v ]):ﬁ I(M,U,[, ])—f(Z)-l—agZ —g](Z)
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Fig. 22. Shape of a minimizer of (5.33) in a ‘broken island’

and the result follows by taking the limit for N — +o00. Otherwise, let u,v €
Ai([1, n]) be such that v; = nz and
F&) +aovi + E{ @, v [1,7]) = 7 g7 (2).
We extend u and v in 0 by setting uog = nz — uy and vo = 0. It follows that
EY @, v:10,7]) < EY @, ; [1,7]) + be @ — 01)* + ao V1 + f ()
~ _ _ -2 ~

S EV @, [1,7n]) +ach” + f(25)

=787 (2).
Forany N > 1 we choose u” and v as test functions in [0, 7N] defined by setting

ulN equal to (j — Dnz+u;—(j—nzineach [(j — Dn, jn), j € {l,..., N — 1} and
in [(N — 1), Nn] and correspondingly viN . We get

1 _ 1 o .
— BT @ 050, AND = == NET @, 7; [0, ) < g7(2) < inf (g7 (2)} +9.
Letting N — 400 the claim follows by the representation formula for QU S given
in (5.26). O

Remark 5.16. (Simplification of the minimal configurations) Givenu € A; ([0, N]),
we say that i € {1,..., N} belongs to B(u) (the set of broken indices of u) if
wp —uj_ > z*.

For future reference we show that the solutions of

min { E{ (u, v; [0, N]): vo=0, vy =Nz, #B(u) = n} (5.33)

can be regrouped and rearranged. Let (u, v) solve (5.33). Note that in the union
of the non-isolated ‘broken intervals’ we can assume that u# and v are affine and
equal. More precisely, the convexity of the square and a translation argument allow
to prove that there exists zo such thatifi +k + 1 € B(u) fork € {0, ..., k}, with
k > 1 then

(i +k) = v(i) +zok for k=0,...,...k+1
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Fig. 23. Construction of (u, v) with isolated broken bonds

(BB BB BB B, 1B 1By 1B

n, n n, n,

Fig. 24. Distribution of broken bonds

vi+k) =ul+k) for k=1,....k

(see Fig.22). As a second step, we show that if (u, v) solves (5.33) we can assume
that there is at most one ‘broken zone’ for u# with length greater than 1. To this
end, we extend u# and v by periodicity by setting u(N + j) = u(j) + Nz and
u(—j)=u(N — j)— Nzfor j =1,..., N, and correspondingly for v.

Now we show that the minimum is attained at (z, v) such thatif i € B(u), then
i—1¢Bw)andi+1 ¢ B(u),or j € B(u) forall j € {i +1,..., N}. To show
this, we suppose that ig, ig + 1, ip + k and iop + k + 1 belong to B(u) for some
ip>1,k>2andig+k < N,whileig+ j+1¢&Bu)forje{l,...,k—2}.

We modify # and v by setting for j =0, ...,k — 1

u(ip+ j) =u(io+j+1) —z0 and v@ip+ j) =v(o+j+1) —20
(see Fig.23). With this definition
EY (i, 05 [0, N]) = EY (u, v; [0, N]).

Thanks to the periodic extension of u# and v, this proves that in minimum
problem (5.33) we can assume that there exist ng, ny, ..., n, € N with n; > 1 for
anyl € {l,....r},r +no=n(N,z) and no = N — Y _;_, n;, such that

J
i € B(u) forall i €{1,...,np} and Zm—i—leB(u)forall jef{l,....r}
=1
(5.34)

(see Fig.24).

This reduces the problem of the computation of the minimum value (5.33)
to the solution of the minimum problem on each (translated) island [0, n;], j €
{1,...,r},

min | £ u, v; 10,751 : v0=0, v, =2, Blw) = (1)}
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and in the broken island [0, ng], where
min { E7 (u, v; [0, 0] : v0=0, vy =200, #B(w) =no} = nogi(z0), (5.35)

with suitable boundary conditions z; satisfying Z;‘:o njzj =Nz.
Since EY (u, v; [0,n—1]) = E‘f (u, v; [0, n—11) — by (ug —vo)? if #B(u) = 0,
forn > 1 and z € R we have

min [E]’(u, v; [0, n]) : v9=0, v,=nz, B(u) = {1}}

> min{min {Ef(u v;[l,n]):vy =w,v, = nz} —i—ang + f(z*)}

weR

=ng, (2).

5.3.2. General Properties of the Periodic Bounds gy In order to relate the
constrained relaxation @0 f(0,2) to g% (z) and to characterize the locking states of
f, we analyze the properties of g7, (z) in dependence on both N and z. Note that in
the following results we may consider general values of a, b > 0 and not limit to
dg, by, s0 that the results of this section hold for a general gy as defined in (5.10).

Proposition 5.17. (Convexity of gn) The functions gn are uniformly strictly con-
vex. More precisely, we have

/

L@+ 3ev@) = an (55 1a(B2E) (5.36)

forall 7,7 € Rand N € N.

Proof. If u, v and u’, v’ are minimizers for gy (z) and gy (z') we can use the func-
tions %(u +u'), %(v +v’) as test functions for gN(%(z + 7). Using the convexity
of f and the quadraticity of the other terms; more precisely, that for all i we have
(after setting vg = 0)

, a
a(ui —vi—1)? +a, —vl_)* = 2 (i ) = Wi + vi_))?
a
5 (@ = vie) = (] = vl )%

we get

1 1 z+7
EgN(Z) + EgN(Z/) > gN( )

> an((25) +a(5n S (o — 0 - o)
i=l1

2 2
_ (z+z’>+a(z—z/>2
= &N ) ) s

as desired. O
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Remark 5.18. From the previous proposition we deduce that g3, (z) > 2a atall z

where gy is twice differentiable. In particular, we obtain that gn (z) > f(%*) +az?
forall N > 1.

Remark 5.19. (Symmetry of solutions) The solutions u, v of the minimum problem

N N
min { Z fui —ui—y) +a Z(vi —vip)?

i=2 i=2
N
+b Z(ui — vi)2 Tv] = vl, N = UN} (5.37)
i=1
are symmetric with respect to the centre of the interval, in the sense that
Vjt] —Vj = UN—j+] — UN—j,  Ujp] —Uj =un—jy] —un—j (5.38)
for 1 £ j £ N — 1. Furthermore, if N = 2M + 1 is odd then

N1
vV +v
VML = UM = (5.39)

while, if N = 2M is even then

vl +oy  upsr +uy oY 40! (5.40)

2 - 2 2 '

Indeed, first note that we may state the boundary condition equivalently as

vy —v; =V = oV — oyl Then, condition (5.38) is a direct consequence of the
strict convexity of the energy and is obtained using

— Vi — UN41—i — Ui —UN41—

V=, W= —

> (5.41)

as test functions. To check, e.g., (5.39), note that from (5.38)

M M
Up1 =1+ Z(Uj+l —vj) =v+ Z(UN—j—H —UN—j)
Jj=1 j=1
N—1
=vi+ Y Uk —v) = vy — o1+,

from which the first equality in (5.39) follows. To check the second one, note that
from (5.38) we obtain v; + vopr42—i — 2Vp+1 = u; + Uopyp+2—i — 2upr4+1 = 0 for
all i, from which

1 & | &
v Zui =umil. Z Vi = UMl (5.42)
i=1 i=1
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?

Fig. 25. Construction of the test function v

Now, considering in place of u; the function
vl oV
2

as test functions, the only change in the problem in (5.37) is in the last sum, for
which, using (5.42) and the already proved equality in (5.39) for v, we have

uj =uj + —UM+1,

2

N vl 4oV
> @i —v)? Z(uz —v)* - ( - MM+1) ;
i=1

which contradicts the minimality of u, v if the second equality in (5.39) does not
hold. The proof of (5.40) follows the same line with minor modifications.

Proposition 5.20. (Convexity properties with respect to N with given parity) For
all N1, N> > 1 such that N1 4+ N3 is even and N1 # N, for all 71, 7o € R\{0} we
have

Ny

Ni + N

Ni+N>
2

gn, (z1) + gn,(z2) > gn(2), (5.43)

N>
N1+ N
Nizi+Nozo

where N = and z = NN In particular, we have the convexity

property in N

N1+ N,
gn,(2) > gn(z), where N = % and z # 0.

(5.44)

M (@) + —2
M M
N+ NSV T NN,

Proof. We consider the case of N1 and N, odd, the case of N1 and N, even following

the same line with minor modifications. Let «!, v! be minimizers for g Ny (z1) and
let u2, v? be minimizers for gy, (z2). We define , D by setting

if1 <i <Mt

v = 1 oo Ni+l
vl.2+1v271v, + 3 (Niz1 + Nazo)  ifi > =5,
2

if1 <i <Mt

Ui = 1 e _ Nt
ui2+N2’N1 + 3 (Niz1 + Nazo)  ifi > =5
7

(see Fig. 25). Thanks to Remark 5.19 this is a good definition, Uy, +1),2 = %, +1)/2
andwehavevy = % (N1z1+N222), so that these are test functions for gy (z). Again,
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by the symmetry properties of v! and v? in Remark 5.19 we obtain (5.43). Note the
strict inequality, which is proved by noting that v;, u; do not satisfy the properties
of minimizers in Remark 5.19. O

From Proposition 5.20 we deduce a general convexity property which holds also
if N1 and N; have different parity. Note that this implies that broken bonds will be
equidistributed up to oscillations of a unit, due to incommensurability phenomena.

Corollary 5.21. (Convexity properties with respect to arbitrary N) Let k, N > 2
be integers, and wy, wo € R\{0}. Then

(N + k) gn+r(wi) + Ngn(wo) > (N +k — Dgntr—1(wi—1) + (N + 1)gn+1(wr)
(5.45)

for some wi—1, wy such that (N + 1)w1 + (N +k — Dwg—; = Nwo+ (N +k)w.
Moreover wi—1, wy belong to the interval with endpoints wo and wy.

Proof. Let (wy, ..., wx—3) be the solution of the linear system given by the equa-
tions

(N+hmwp+N+h—=2)wp2=2(N+h— 1wy

forh =2, ..., k. We can repeat the application of (5.43) to each pair Ny = N +h,
Ny =N+h—-2withh =2,...,k, by fixing at each step z; = wy,, 22 = wp—2,
obtaining

(N +Kk)gntr(wr) — (N +k — Dgnpk—1(wi—1)
(N+k—Dgnik—1(wg—1) — (N +k —2)gnx—2(wr—2)
(N 4+ Dgnt+1(wr) — Ngn (wo).

The last part of the claim follows by induction. O

Now we can show an ordering property of the functions gx which allows to
describe the structure of Q, f in terms of the locking states.

Remark 5.22. If we define the auxiliary functions gy (z) = gn(z) — % then we
have gy (z) < gn+1(z) forall N > 1 and z > 0. This is proved by induction using
Proposition 5.20 with Ny = N — 1, N, = N + 1 and z1 = zp = z, after noting
that for N = 1 the inequality g|(z) < g2(z) is implied by Proposition 5.17 since
%1(2) = az’.

5.3.3. Characterization of Locking States The convexity properties of gy (z)
allow to characterize the locking states of the function f and to give a description

of Qs f(2).

Theorem 5.23. (Locking states of Q f) Let f be as in (5.28) and let m = e™".
Then the set of locking states of Qs f is given by

{%:NGNNzlﬁH%
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Proof. Step 1. We prove by induction the monotonicity of the sequence gy (z) for
z large enough. By Proposition 5.20 we obtain that if gn(z) > gn—1(2) then

N -1 @) N+1 ()>N—1 @ N +1 @) @
+ — + > )
N 8N (Z N EN+1Z) = N EN-1Z N EN+1Z 8N (Z
hence,
N +1 — N +1
1——) = .
N gn+1(2) > < ) gn(2) N gn(2)

Hence, iterating this argument, we get that the sequence k +— g (z) is notdecreasing
for k > N — 1 and strictly increasing for k > N.
Step 2. Now we show that for z large enough then g2(z) > g1(z). By the growth
hypothesis f(z) > €172 — ¢y we get

f@)

1
5~ 5 T,min {Cl (2 —up)* +a@Rz—v))* +a)?

+b(uy — 2z)2 +b(u; — 1}1)2 TuUp,uUp, v € R}.

82(2) >

By computing the minimum, we obtain

gz(z)zf(_m_c_2+l(w

27 — )2 2)
A
with

a(4cy 4+ 2b) + 2bc,
v = .
a(4cy + 2b) + bcy ¢

Hence for z large enough

f& o ( bei(a(der +2b) + bcl)) 2
2 2 (a(4cy + 2b) + bey)?

> f(Z%) +a? = g1(2).

g2(z) >

From this property and Remark 5.18 we deduce that there exists a unique z; such
that g»>(z1) = g1(z1), and hence g;(z) = miny gy (z) in [z, +00) by Step 1.
Step 3. By Step 1 we know that gy (z1) > g2(z1) = g1(z1) forall N > 3. Let
[z2, z1] be the maximal interval containing z; where g2(z) = miny>1 gn(z) =
miny>2 gn(z). Since in particular g3 > g» in the interval (z2, z1] by Remark 5.22,
we have gy > g4 > g3 forall N > 4 in the closed interval [z2, z1] always by Step
1. This implies that g3(z2) = g2(z2). Moreover, note that g4(z2) > g2(z2), since
otherwise we would have g3(z2) < g2(z2) by (5.44) with z = z5, Ny = 2 and
Ny, = 4.

Step 4. We define z3 = max{z : g4(z) < min{g3(z), g2(2), g1(z)}. This is well
defined since g4(0) < min{g3(0), g2(0), £1(0)} and we have z3 < z3. Note that in
(z4, z3) we have min{gn(z) : z € N} € {g2(2), g3(2)}. We then define iteratively
Zn = max{z : gy+1(z) < min{gx(z) : kK < n}. Again, this is a good definition and
Zn < Zn—1. In (zn, Zp—1) we have that min{gy(z) : N € N} € {g,(2), ga—1(2)}-
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gval2) gnlz)  gyail2)

z

Zy-1 N Zn-1

Fig. 26. Pictorial description of Theorem 5.23 for a single choice of o (shape of @0 f and
6, not to scale)

1/2

1/3

1/4
1/5
1/6

Zy z, z, 7 z

i

Fig. 27. Relative behaviour of g%, and the final resulting 6

Indeed, by Corollary 5.21 if gx(z) = g¢(z) at some z then |k — €] < 1. Since
min{gn (za-1) : N € N} = gn(z,—1) and we cannot have g,(z) = gn41(2) if
z € (Zn, Zn—1), the claim follows.

Step 5. Inequality (5.44) shows that the graph of gy lies below the graph of the
convex envelope of the minimum between gy_1 and gy in an open interval. By
Proposition 5.14 this proves that % is a locking state. O

In order to highlight the dependence on o, for any o > 0 and forany N > 1, in
the sequel zy (o) will denote the corresponding value z given by Theorem 5.23.
Moreover, for any o we set zo(o) = +00.

Remark 5.24. (shape of Q. f(z) and 0(z)) The graph of the function Q f (z) pos-
sesses infinitely many concave parabolic arcs, corresponding to the intervals where
@a f(z) is affine, which accumulates in z,(0) = infy zy(c) > 0. Correspond-
ingly, the phase function 6(z) is affine, interpolating between consecutive values
1/N (see Fig. 27).

Summarizing, the behaviour of the penalized energy Q. f(z) in terms of the
macroscopic gradient z has the following features:
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o (‘unfractured zone’) for z < 7, (o) optimal sequences take into account only
the convex part of f;i.e., there are no broken bonds;

o (‘completely microfractured zone’) there exists 7*(o) = sy (o) > z1(0) such
that for z > z*(o) (that is, in I (o) = [2*(0), +00)) the part of the energy
involving the function f is identically f (z*); i.e., we have broken bonds for all
values of the index i;

e (increasingly segmented behavior of the relaxed energy) for values of the macro-
scopic gradient between Z, (o) and 7* (o) the energy Q, f behaves as a super-
position of infinitely many ‘damaged materials’ indexed by the parameter N
representing the microscopic optimal spacing of broken bonds. For the values
Z where QJ f(2) is affine, optimal sequences mix the damaged materials pa-
rameterized by N and N — 1. The point 7, (o) is an accumulation point for the
different behaviors as N — +oo.

Remark 5.25. (limit behaviours of the damaged zones) By Proposition 2.38, high-
lighting the dependence on the parameter o, we deduce that

1) lirn0 Zx(0) = linb Z7"(0) = z*, corresponding to the extreme non-additivity
Case, ‘H

(i) lim Zy(oc) =0and lim Z*(o) = +o00, corresponding to full additivity.
o—+00 o—>+00

Remark 5.26. (Generic non differentiability) Note the generic non differentiability
of Q. f(6, z) with respect to 0 at the locking states. This is due to the different
definitions of this function in left and right neighbourhoods of each locking state %

Indeed, the definition of Q, f(0,2) uses g3,(2), g%, (2) in a left neighbourhood
and g%,_,(z), g%/ (2) in a right neighbourhood of 6 = %, respectively, in analogy
with the case of concentrated kernels, as seen in Section4 (see Remark 4.5).

5.4. Properties of Optimal Microstructures

In the previous section we showed that 6 of the form % with N € N are locking
states. We now show that such values correspond to energy wells, and characterize

all 0y £(0, ).

5.4.1. Microstructures as Interpolations of Energy Meta-Wells The following
proposition reinterprets g%, as the energy of periodic minimizers for 6y = 1/N:

Proposition 5.27. (g%, as an energy meta-well) Let g%, be defined as in (5.30) with

a = ag and b = by satisfying (5.17). The following equality holds for any N € N
and 7 € R:

QDQ’,f(%, z) =gy (@)

where ®N f is defined in (3.21) with A = [z*, +00), f-1 = f.o fi=f@oif
z € A and +00 otherwise, and m, = e~ °".
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Proof. We first observe that @ £ (&, 2) = RN f (s, 2) where sy = (1, =1, —1,
...,—1)and I/Q\rﬁf is defined in (3.20) with

N N
F*(u,s; [0, N]) = Z Jsi(ui —ui—1) + Z Ze_ali_jl(ui —uj)’.

i=1 i=1 jeZ

By extending s, by N-periodicity, we have

~ 1
RY f(sy2) 5 min{F*(u, s ; [0, N1) : u; — zi N-periodic}

1
lim mmin{F#(u,gN; [0, kN]) : u; — zi N-periodic}

k— 400

kN
. | ~ -
kl}TOO Ty o F@Hk + ;_1 lz—z FUNG-1)+ — UNG—1)4I—1)

kN kN
+ag Z(Ui —vi1)* + by Z(u,' —vi)? s u; — zi, v; — zi N-periodic { ,

i=1 i=1

the last equality being a consequence of (5.4), the equivalence result of Lemma 5.9
and the characterization of the minima given by (5.6), which ensures that also the
minimizing v can be chosen periodic. Hence by the periodicity we get

@ﬁf(%,z) = %min{f(z*) +§:f(ui —ui—1)

i=2
N N
tag Y (i —vim)® +be Yy (i — i)
i=1 i=1

u;j —zi,v; — 2l N-periodic}.

Finally, noting that we can remove the periodicity condition on u# and that we can
rewrite the condition on v as a boundary condition, we get the claim. 0O

Let Iy = In(0) = {z € R : Q5 f(2) = g%(2)}. Note that Remark 5.11
implies that Q. f (0, -) can be described in terms of the convex combination of the
functions g%, (z). In particular, by the convexity of g3 (z) with respect to N, we
have

0r/(5:7) = 5@ (5.46)

in the whole R.

We are now in a position to characterize @0 f (8, -) as an interpolation between
consecutive energy meta-wells (corresponding to the locking states), as in Lemma
4.4 for the concentrated kernels.
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Proposition 5.28. (Interpolation between energy wells) Given o > 0, suppose that
a = a, and b = by are as in (5.17). Then, for any 0 € Q N (0, 1) and for any
z € R the following equality holds:

0o £(6.2) = min [1(0)g5, () + (1 = 1O)8R, 11 ) : 1O) + (1 =1 ©) =z},
(5.47)

where
Ny = GJ and (0) = NQ(Q(N(.) +1)— 1). (5.48)

Proof. We divide the proof in two steps.

Step 1: 0 = % In this case, the claim becomes (5.46) for all z € R. We note that
for each N the formula is proved for z € Iy. Moreover, for arbitrary z it can be
further simplified as follows. Let k € N be fixed and let («, v) be a minimizer in
(5.27) with p = 1 and ¢ = N. Since ’Q\gf(%, z) can be expressed as in (5.27), it
is sufficient to show that for all k

1
mE‘f(u, v; [0, kNT) > g% (2).

It is not restrictive to suppose that u; — ug > z*. By grouping the interactions, we
estimate

k

EY (u, v; [0,kNT) = D " N;gf (z))
j=1

where 21;21 N; = kN and 21;21 N;jz;j = kNz. By Proposition 5.20, we infer that
all even N are equal to some N, and the corresponding z; coincide with some ze,
and the same holds for odd N; with N, and corresponding z; with z,, so that there
exist integers k. and k, such that

E‘f (u,v; [0, kN]) > keNeg%e(Ze) + koNog%O(Zo)
where
keNe + koNo = kN and keNeze + koNozo = kNz.

Since u € V(kN, %), we also have ke + ko = k. By (5.45) we deduce that | N, —
No| = 1, and this is only possible if either k. or k, vanishes, from which we
conclude.

Step 2:general case. We fix § = £ with p and g coprime integers satisfying
1 < p < gq.Letk € Nbe fixed and let («, v) be a minimizer in (5.27). By grouping
the interactions as in the case 0 = %, thanks to (5.45) we obtain that there exists
N e N such that

ki +ky =kp, kN +k(N+1)=kq (5.49)
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for some k1, k» € N, and
ET (u,v: [0,kq]) = kiNgR (2" + ka(N + 1)gR, (")

where 7/, 7 satisfy ky Nz’ + ko (N + 1)z = kqz. Since (5.49) implies % >N >

4 1, we deduce that N = Np is the unique integer solution of the equation (with
1 =k(p(Ng+1)—¢q) > 0and k» = k(q — pNy) > 0). Hence

7 (u, v; [0, kq]) > ki Nog}, () + ka(Ng + gl 1 ). (5.50)
Noting that
ki N, ky(Ng + 1
79 _ 1) and M:l-t(@),
kq kg

since Qfg (0, z) can be expressed as in (5.27) we obtain, by using (5.50),
0, f(6,z) > min {z(e)gge @)+ 0 =108, 1) 1) + (1 — 1) = z}.
The opposite inequality follows by the equality g% (z) = 0 f (%, z) proved
in the case 6 = % and by the convexity of Qg f(6, 2). Indeed, noting that

t(@® 11—
o 1-10) _,
Ng Ng +1

bl

for all pairs (z/, z”) such that £(6)z’ + (1 — ¢(6))z” = z, we have

10)g%, () + (1= 10))8%, 41"

o) 1 / ) 1 Z
=100 f(5-7) + 1 =100 f (777
~ 1@ 1-—1(0) , ”
= 0o f (G + gy 1O + (=100

> 0, f(6.2)

as desired. O

5.4.2. A Canonical Optimal Microstructure Uniform at All Scales The de-
scription of Qa f that we have obtained in terms of g$; highlights a number of
equivalent minimizers. However, in this class we can define a set of canonical
ground states. These states are characterized by the corresponding distribution of
spins, or, equivalently, the distribution of broken bonds. Similar sets have indepen-
dently appeared in the study of related dynamical systems [9,79].

In order to describe this optimal distribution of broken bonds, for a given 6 €
[0, 1] we define the set of integers

AO) =k eZ: kO] # [(k+ 1o ]}

A characteristic property of the set A(0) is its ‘uniformity at all scales’; that is, the
property that for each M € N each interval of length M contains either | M6 ] or
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LM6] + 1 elements of A(6). The set A(6) can be described as the most uniformly
distributed among sets with such property (up to translations). Note, for instance,
that if N;H <0 < % then the difference between two consecutive elements of A(6)
is either N or N + 1. The set A(0) is periodic if and only if 6 is rational; otherwise
it follows a pattern reminiscent of quasiperiodic functions (see e.g. [16,74]).

The following proposition states that in the computation of @0 f(z) we can
consider the corresponding minimum problems only on functions # whose broken
sites coincide with A(6(z)):

Proposition 5.29. (Optimality of A(6)) Let f be as in (5.28). Then, for any o > 0
and z € R, the following equality holds:

~ 1
0o f(2) = liminf — min{EY (u, v; [0, k]) :
k—>+o00 k
keA0(z))
vo=0,v =zk,u; —ui—1 > 7" i € A(B(2)}.

Proof. For each N, we can suppose that the set where Qa f(2) = g (z)isaclosed
interval I, which we let Iy = [sy, sjv']. Note that the intervals are ordered as in
Fig. 26; that is, sy, | < s}

Letz e (s;\,r Iy sn). Then, writing

z=tsy+ (1 —0Dsy,, (5.51)
we have that

Q0 f(2) = r1(2) = 18X (sy) + (1 — g% (55, ))- (5.52)

Recalling the definition of the phase function Q (z) (see Definition 3.6) and the fact
that 6(z) is affine in each open interval where Q f is affine, as stated in Proposition
3.10, we deduce

~ ~ 1 1
Qo f(2) = Q0 f(0(2),2) and () =1+ (1 — I)N—H,

where the link between z, ¢ and N is given by (5.51). Hence, using the local repre-
sentation given by (5.27), for all k € A(6(z)) we can split the minimum

min{E{ (u, v; [0,k]) : vo =0, vg = zk, u; —uj—1 > 2" < i € A(0(2))}
into the sum of the minima

Mj = min{E(u, v; [ij—1,i;]) vi;_, =0,vi; = ({j —ij-1)zj,

Ui —uj—1 =25 & i=ij},

where A(0(z)) N[0, k] = {io, i1, ..., 1y} WithO =iy < --- < i, =k,and z; are
such that Z’;kzl (ij — ij—l)Zj = kz.
Furthermore, noting that M; = (i —i j_1)gfj i (z;), we obtain by convexity
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Fig. 28. Representation of two periodic minimizers

1
zmin{El(u, v; [0,k]) :vo =0, vk = zk,u; —ui—1 > 7" & i € A(0(2))}

1 & 1 & ~ ~
> D (=gl @) = 2> 0 =106 f(2) 2 0o f ().
j=1 j=1
(5.53)

Conversely, fixed k € A(0(z)), let Iy = {j < ny - ij —ij—1 = N} and
Inpr=1{jSnptij—ijg :N—{—l}andszesuchthat

N#Inzg + (N + D#Iyniizf = kz

and z;, — sy, z,j — S;H as k — 4-o00. Then, using the minimizers of g%(z,:)
and of g% | (z,':) to test the minimum problem in (5.53), we get the upper bound

N#Zn g% (zp) + (N + DHIn 118541 (2.
Taking the limit as k — +o00, by (5.52) we obtain the claim. O

Remark 5.30. (optimality of A(f) for the constrained relaxation) The same proof
shows that for any 6

—~ 1
0, (0, 2) = liminf — min{EY (u, v; [0, k]) :
k—+o0 k
keAO)
vo=0,v =zk,u; —u;—1 > 7" &ic A}

For the sake of illustration, in Fig. 28 we represent two periodic minimizers
(the black dots representing broken bonds) for & = 2/5. In the first case we have a
15-periodic minimizers, the second array is the ‘canonical’ one, alternating broken
bonds at distance two and three.

Remark 5.31. (The M-th neighbour case) In the case of M-th only interactions, we
focus first on 6 = 6; = %, with k € {0, ..., M}, that is, on locking states, or,
equivalently, on energy wells. The construction in Proposition 4.4 shows that all
periodic spin configurations with period a submultiple of M compatible with 6,
correspond to optimal laminates. Indeed, the only requirement on minimizers is
that for all intervals of length M we have an equal number of spins of either type
(which is trivially true). Note in particular that we may choose minimizers with
ui —uj—1 > 7" exactly fori € A() since this set is M-periodic. Now if 6 is not
of the form k/M, we do not have periodic optimal minimizers. This is in contrast
to the exponential case, where we do have periodic minimizers for all 6 € Q.
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Fig. 29. Representation of two periodic minimizers

In Fig. 29 we represent two 5-periodic minimizers (the black dots representing
the elongations larger than z*) for M = 5 and & = 2/5. The second array is the
‘canonical’ one, alternating broken bonds at distance two and three.

We note that in some of our examples illustrating periodic minimizers with
‘global’ properties, the canonical periodic microstructures, epitomizing a general-
ized Cauchy—Born (GCB) states, are unique. This is true, for instance, in the case of
the exponential kernel m. Instead, for concentrated kernels we may have more than
one minimal (GCB-type) microstructure. Note also that in the case of exponential
kernels, outside the special regimes where the minimizers are periodic, we can mix
GCB states and, since different GCB states do not interact, the mixing process is
bringing arbitrariness. In particular, GCB states could be mixed canonically, even
though in the examples of interest in this paper this does not bring any advantages.
However, this is not the general case and when different GCB states interact, their
mixtures can become suboptimal, as in the case of concentrated kernels. We ar-
gue that in such ‘strongly non-additive’ cases the non-periodic GCB states with
the properties of our canonical microstructures can become the preferred ones if
interaction happens at all scales (which is not the case for concentrated kernels).

5.5. Explicit Constructions

In this section we explicitly compute Q. f in a meaningful case, using the
general results of the previous section. This also allows us to treat some classes of
energies more general than truncated potentials.

5.5.1. The Novak-Truskinovsky Model Let f be the truncated quadratic po-
tential defined as in (5.28) with f(z) = z?; that is,

z2 ifz=/n
n ifz>.1n

with n > 0 fixed. By using the computations in [84] and the results of this section,
we obtain an explicit formula for g%, (z), and hence Q; f (z).

f@) = (5.54)

Remark 5.32. (Explicit computation of minima) Let E| be defined as in (5.29) with
fl) = z2and a, b > 0. Then, by the computations in [84, Sec. 3] we get

N2a(a+1)
Na + tanh((N 4 1)¢) coth(¢) — 1

¢ = Zsinh_l(%,/@). (5.55)

min{E (u, v; [0, N]) : vg = 0, vy = N} =

where



Arch. Rational Mech. Anal. (2023) 247:107 Page 93 of 113 107

By using (5.30), we obtain

gn(@) = e + - (5.56)
N
where
N 1
ey = a@a+1) (5.57)

Na + tanh(N¢) coth(¢)
and ¢ as in (5.55).

Since we are interested in the analysis of Q. f, if a = a, and b = b, satisfy
(5.17) we write g%, ¢, and ¢, in place of gy, cy and ¢, respectively. The interval

where Q(,f(z) = g% (z) is given by Iy (o) = [sy, SzJ\;]’ where

n [N
W) = \/N(N DG\ e T ST +(:o58)
- - n N4l '
= = f 1.
Sy =Sy (@) /(NH)N(C;’VH—C‘,’V)\/ o TN

Hence,
— (28]
1 d
o) = lim_ sy \/ (g + Deoth(cy)
2 b 1
o) =5y = \/’7( a9 + bolas + 1)), (5.59)
agbs
Note that 7, (o) > ./a,n. Concluding, we have
22 if z £ Z4(0)
8% () —agz® ifsy <z < st forsome N > 2
Qs f(2) = { 5N N IEN (5.60)
ryg1(@) —agz® if sy, =z S sy for some N
n if z > 7%(0),

where g, (z) is the common tangent to g3, | (z) and g3, (2).
The phase function 6 corresponding to this example is pictured in Fig. 30, where
the grey zones between pair of curves denote the pairs in the z—% plane in which 6

is affine for fixed o between consecutive value of the form %

5.5.2. Interpolation Between Varying Degrees of Non Convexity In this set-
ting it is also of interest to consider a broader class of non convex convex-affine
functions f which includes the convex-constant functions as particular cases. More
specifically, consider the functions Z} defined by

- f @) if z < z*
C(2) = 5.61
7@ f@E+1f @)z —2z%) ifz>7z* (5.61)
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1/2

1/3
1/4

SN

Fig. 30. Representation of 6 in the z-é plane and a cross section at fixed o

with 0 < < 1. In this way we construct an interpolation between the constrained
relaxation of the truncated-convex potential and of the convex potential which is
obtained if beyond z* we smoothly extend f in an affine way. Accordingly, in
(5.61) we have the truncated-convex potential as above at Tt = 0, while at T = 1
the function £ ; is convex.

We can write E}(z) = ®"(2) + I'"(z), where

() = f@@) +1f )z -2
and

f@ —tf'@)z—-2% ifz<z*

dT(2) =
@) £z if 7> 7%,

The function @7 is a truncated convex potential to which we can apply the results
above, while, by Remark 2.25(iii) we have

Qoly = Q6 (P +T7) = Q6 (®7) + T

We can carry on this computation for the quadratic-affine functions £° defined
in (3.18); that is, £% with f(z) = z% and z* = /1. Note that we can equivalently

rewrite £7(z) = 5’(1) + F’(z), where Ff(z) =277 —7%and

(z—1)% ifz<1

®(w={ﬂ—ﬂzﬁz>L

which can be seen as a translation by 7 of the function W' given by

7 ifz<1—1
(1-1)2 ifz>1—1.

Vi(z) = {
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The latter is exactly of the form considered in Example 5.5.1 with n = n* =
(1 — 7)2. Its constrained relaxation is then described in (5.60), and we eventually
have

Qo7 (2) = (Qo V) (z — T) + 217 — 7.

Note that by (5.59) the endpoints of the interval where the corresponding 6(z) is
not O or 1 are

— da
Zer(0) =7+ (1 —”\/m and
770)=t+(1— T)\/Zag ot 1)’

as by

with a5, by, {» as in Example 5.5.1. Note that Z, ;(c) < 1 < z%7(0), and
lim Zy (o) = lim 77 (o) = 1.
T—>1- T—1-

6. Asymptotically Equivalent Continuum Models

The goal of the relaxation of the discrete problems discussed in this paper was to
obtain ahomogenized continuum model. We have seen that generically the presence
of nonlocal interactions prevents even the simplest non-convex 1D problem from
being fully characterized by a bulk continuum energy. It follows from our analysis
that the exceptions, when the ‘local’ description also has ‘global’ features and the
generalized Cauchy—Born rule is applicable, are extremely rare. Then the question
arises regarding the very nature of the continuum model which could be considered
as asymptotically equivalent to a discrete model carrying both non-convexity and
incompatibility induced by nonlocal interactions. In this section we present an
explicit example showing that the answer to this question may be nontrivial. While
our analysis here will not be exhaustive, it points towards a new class of hybrid
discrete-continuum variational problems which may be of a considerable interest
per se.

In the interest of analytical transparency we focus on the specific homogeniza-
tion problem for energies E, with the truncated quadratic potential f given by
(5.54); that is, the NT model analyzed in Example 5.5.1. Our goal will be to find a
continuum analog of this problem allowing one to approximate both the minimal
energy and the optimal microstructure. More specifically we search for the con-
tinuum problem which will be asymptotically I"-equivalent to E, in the sense of
[34]. In other words, the challenge is to construct a quasi-continuum problem still
carrying some elements of the ‘lost’ discreteness of the original problem.

To show that the task of constructing such a problem is nontrivial we first present
a naive approach to ‘continualization’ in this setting which has been proposed
phenomenologically and studied extensively in applications [12]. We show the
shortcomings of such an approach and then correct it to match the exact solution
of the discrete problem presented in Section5.5.
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6.1. Naive Construction

We recall that the original problem is defined on a bounded interval / and in-
volves two functions u, v € A, (1). We can write the corresponding energy function
in the form of a sum

Ec(u,v: 1) = E;(u; I) 4+ EZ*(u,v; I) (6.1)
where
i —
Efu:D=¢ Y f(%) (6.2)
i€Zx(I)

withZ) ={i€Z:¢ei,e(i —1) € I} and

EX*(u,v; I) =§ PRL —vi_1)2+i—’ > =), 6.3)

i€Tx(I) ieZ. (I

Assuming now that [ is a bounded interval and ¢ > 0, we can construct for each of
the entries in the sum (6.1), viewed independently, the asymptotically I"-equivalent
functionals, defined, respectively, for u € SBV(I) and v € H I(I). This equiva-
lence can be interpreted as a uniform (with respect to boundary data) approximation
up to order ¢ of problems with fixed boundary data for E} and E}* by the corre-
sponding problems for some functionals G} and G}*, respectively.

A natural choice for such independently equivalent functionals (see [34] for
details) is

Giu; 1) = /1 y (') dt + ne#Su), (6.4)

and
G(u,v; 1) = /1 (oz(v’)2 + ,B(ug;v)2> dt (6.5)
for suitable o, 8, y, n > 0. We recall that here u is a piecewise-Sobolev function

with jump set denoted by S(u). Given (6.4) and (6.5) it seems natural to assume
that the functional

Ge(u,v: ) = / (y(u’)2 +aW)? + ﬁ(”g;”)z) dt + ns#Su)  (6.6)
1

represents the desired (quasi) continuum analog of the original problem.
We recall the convergence result proved in [24].

Remark 6.1. (asymptotic behaviour of the energies G.) The I'-limit of G, with
respect to the convergence ug, v — v in L2(I) is given by

Ghom(v) = /1 hom (V) dt.
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e z

Fig. 31. Comparison between the graph of the function gnom (below) and that of O f after
subtraction of the quadratic part

The integrand ghom is characterized as

ghom (2) = inf {3527 + %} ©.7)
where
a+y)es
As = % and ? = M. (6.8)
22 + L tanh(%) ay

The function gnom (z) is strictly convex, and the following properties hold:

() ghom (2) = (o + )2% in [0, 2], where z, = |/ 2210

(1) ghom(z) ~ az?+C7* P asz — 400, where C > 0 depends only on«, 8, y, 1.

6.2. Lattice Induced Interdependence of E}(u; I) and Ef*(u, v; I)

Now we show that using the above approach, we obtain the discontinuous
function u which provides only formal approximations for the ‘jump sets’ of the
original discrete problems.

Remark 6.2. (Non-equivalent scaling behavior) Note first that the critical value Z,
in the NT discrete model, defined in (5.59), is different from the corresponding
critical value in the continuum problem discussed above. Indeed, if we choose
y = 1 as in the discrete case, in order for the discrete and continuous energies
to be equivalent up to Z, we need to ‘correct’ the continuum fracture energy by
substituting 1 with an effective fracture toughness ﬁ with ¢ given by (5.55).
However, such a correction will not extend the equality of the energy functions
beyond the threshold. In particular, note the different scaling behavior of the two

models as z diverges, see Fig.31.

It is clear that the proposed lattice-independent approximation of E¥(u; I') and
E¥*(u, v; I) fails because in general separate uniform approximations of minima
for two functionals does not provide a uniform approximation for the minimum of
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the sum. More specifically, in our case functionals G} favor the onset of (at most)
one jump point of u, while functionals G}*, not involving jump sets, allow for an
unbounded number of jumps. While in the correspondingly tailored regimes we can
have good separate approximations, the sum of the two energies in E, optimizes
the number and location of jumps accounting for the lattice induced interaction
between E; (u; I) and E}*(u, v; I) and therefore in a different way than G, which
does not account for such lattice induced interaction.

Note that while in the discrete case we have interaction constrained by the
lattice discreteness, in the naive continuum problem such interaction is lattice-
unconstrained, which allows in principle for a richer class of microstructures. That
is why we can obtain in this way at most a lower bound.

6.3. A Lattice-Compatible Construction

As we have seen above, the limit of the energies defined in (6.4) when ¢ — 0
has different properties from those of its discrete counterpart and the failure of
this approach is related to the discrete-to-continuum transition-induced loss of the
constraint on the location of the jumps.

To construct the asymptotically equivalent [34] continuum theory the approach
should be more subtle because the corresponding relaxation procedure should in-
volve a delicate interplay between continuum limit and discrete energy minimiza-
tion, which are tightly coupled.

Indeed, as we have seen above decoupling discrete-to-continuum transition
from the relaxation of a non-convex energy gives rise to a quantitatively and quali-
tatively incorrect asymptotic behavior. Apparently the discrete-to-continuum limit
and the incompatibility-constrained non-convex minimization do not commute and
by performing the former independently of the latter we at best underestimate the
relaxed energy. In other words, by neglecting the discrete constraint we may be
able to construct lower bounds (using the naive approximation). We do not system-
atically analyze this issue here.

To get an insight on how to fix the problem, it is instructive to compare (6.7)
with formulas (5.56) and (5.57). Note, in particular, that in the latter the parameter
N is discrete while in the former the parameter S is continuous. This highlights
that the discreteness, fundamental in the construction of the m-relaxation in the
original problem, is underestimated in the computation of ghom. In other words,
the internal physical scale and the lattice scale tend to zero simultaneously but the
value of their ratio is not remembered in the limit.

With this remark in mind, we now look for a modification of the ‘naive’ con-
tinuum energies which corrects the non-equivalent behavior, while maintaining
the relevant features associated with the discreteness in the original functional E.
Since the energies defined in (6.4) cannot be equivalent to E, mainly because of
the discrete location of the jump points, it is natural to add the constraint that the
jump set S(u) be contained in eZ.

As we show below, this simple modification is indeed sufficient to obtain equiv-
alence. Here we imply that the energies depending on three parameters «,  and
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y (instead of a, b and 1, respectively), can be tuned appropriately to construct the
correct limiting energy.

More specifically, for any ¢ > 0 we define foru € SBV(I) andv € H L(I) the
functional

Ge(u,v; I) if S Z
G?(u,v;n:{ v ) S < e 6.9)
+00 otherwise.

By the general homogenization theorem [24, Th. 3] we get the following I'-
convergence result:

Proposition 6.3. The sequence GEZ(u, v; I) I'-converges with respect to the con-

vergence ug, Vg — U Iin L2(1) to

Ghom() = fl Shom (V) dt (6.10)
where

¢ (z)= lim linf{GZ(u v; (0, N)):
hom No+oo N P
u(0) =v(0) =0, u(N) =v(N) = Nz}. (6.11)

The proof of Proposition 6.3 can be obtained by following the steps of the
proof of [24, Theorem 3]. Indeed, in the blow-up procedure the jump set S(u,) is
not modified, and the lim inf inequality follows. Concerning the upper estimate, by
density we can consider a piecewise-affine target function v such that S(v') C Q;
then, the construction of the recovery sequence can be done by following the same
steps as in the proof of [24, Theorem 3], and the scaling argument gives u, such
that S(u.) C €Z. Note that the function g%om is convex.

Now we will show that the sequence GEZ(u, v; I) has the same I"-limit as the
discrete sequence E, for a suitable choice of the parameters «, 8, y. We define

g(N,2) = %min{él(u, v: (0, N)): u,ve H'(0,N), v(0) =0, v(N) = Nz},
(6.12)

where, in analogy with (5.29), we denote by G the (non scaled) functional given
by

61(14, v; 1) = / ()/(L/)2 + ot(v/)2 + B(u — v)2> dt.
I

By solving the Euler—Lagrange equations for G| and minimizing on the boundary
values of u, it follows that

g(N,2) = Anz? (6.13)

with A defined in (6.8). Note that the (unique) solution (uy, vy ) of the minimum
problem defining g (N, z) satisfies the symmetry property u(%) = v(%) = %z.
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Proposition 6.4. For any z € R the following equality holds:
8hom (2) = (Al,lg;] {KNZ + ND ' (6.14)

Proof. We fix z € Rand N € N; let (uy, vy) be the solution of the minimum
problem defining ¥/ (N, z). We define uy € SBV (0, 2N) by setting

. 2uy(BY) — Nz if t € (0, N)
= A
un(t) {2uN(%)+Nz if + € (N,2N) (©6.15)
and correspondingly oy € H'(0,2N). Since uN(%) = vN(%) = %Z, then

S(uy) = {N}, uny(0) = vy(0) = 0 and iy (2N) = vy(2N) = 2Nz; by con-
struction

1 - 1 -
33 G1GN, Oy (0,2N)) = =Gy, vy: (0, N) = ANZE

Let k € N. We define i in (0, 2k N) by setting
u(t) =un(@t —2jN)+2jNz in Q2jN,2(j+DN), j=0,....k—1

and in the same way we define v. By construction, S(z) C Nand #S(u) =k — 1;
hence, since the boundary conditions for # and v hold, we have

n Lo~ nk—1) n
AN+ = —— G, 5 (0,2kN)) + 15— 2
NZ +N TN 1@, v; ( )+ N +kN
_ b G%(ii, 5, (0, 2kN)) + —=
2N kN
1 (i
> mmf{Gl (u, v: (0, 2kN)) :
0
0) = v(0) = 0, u(kN) = v(kN) = 2kNz| + -,
u(0) = v(0) = 0, u(kN) = v(kN) = 2Nz} + =

and, by taking the limit as k — +o0,

n
)\NZ2 + N > g%om(z).

Hence, since thOm is convex,
inf {A 2+ — }) > 2).
(NeN NZF N Z &hom ()

Next we need to prove the opposite inequality. Let u € SBV(0, N) and v €
H'(0, N) be such that the boundary conditions #(0) = v(0) = 0,u(N) = v(N) =
Nz hold and S(u) C N. We denote the jump points of u by N;,i = 1, ...k, with
Nij < Njyiforanyi =1,...,k — 1. Setting No = 0 and Ny4| = N, we define

v(N;) —v(N;—1)

ni

ni=N;—N;_1 and z; =
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fori =1,...k+ 1. We then have
1 -
— G, v; (Nio1, ND) = g(ni, 20) = Ang 2}
1

for any i, so that

SGFw 0N = Y 4 B = S 4
i=l i=1
> %Einf {A z.2+ﬁ}
T = N neN " g
Since Zf;l ni = N and Zi:ll nijzi = Nz, an application of Carathéodory’s

Theorem gives
1 7 . 2 n *k
S GT v 0N = (inf [+ 1))

Taking the inf over the admissible functions and the limit for N — 400 we get
the inequality

7 . 2 n %
fhon(@ = (jnf [2os” + )
concluding the proof. O

Now, if we choose

ala+1) _ da(a + l)g“3 coth(¢) _ (a + 1)¢ coth(¢)

T+ ¢ coth(¢)’  (a+ccoth(¢)? a + ¢ coth(?)
(6.16)

it follows that w = 2¢, where ¢ is defined in (5.55), and for any N the following
equality holds

_ N(a + Da

" aN + tanh(N?¢) coth(¢)

AN =CN

We can then state the following equivalence result, whose proof follows from the
equivalence between E, and F; (Theorem 5.6 and Remark 5.8) and the results
above:

Theorem 6.5. (Equivalence with the Novak-Truskinovsky model) Choosing the
coefficients as in (6.16), the sequence G? defined in (6.9) I'-converges with respect
to the L*-convergence to the same T-limit of the sequence of discrete functionals
E. in the truncated quadratic case.

We reiterate that in general, the above result can be viewed as a cautionary tale,
showing that relaxation and homogenization (discrete-to-continuum limit) do not
always commute.
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7. Conclusions

In this paper, we systematically explored the possibility of using some auxiliary
‘local’ considerations to obtain minimizers with ‘global’ features for nonlocal vari-
ational boundary-value problems on lattices. Having in mind some known cases
when asymptotically (i.e. in continuum limit) such boundary-value problems ex-
hibit periodic minimizers, we associated the possibility of ‘local’ description with
applicability of the GCB rule and posed the question of the pertinence of such a
rule for a generic variational problem in our class. It is clear that the GCB rule is
not applicable in general, for instance, it clearly fails in the case of minimization
with concentrations, appearing in non-coercive problems of fracture mechanics.
Here we extended the known class of non-GCB problems by incorporating into the
analysis some general non-convex energy densities with quadratic growth.

More specifically, we used the simplest examples of functionals with quadrat-
ically penalized non-convexity, we demonstrated various facets of frustration and
incompatibility in one-dimensional discrete variational problems computed on an
increasing and diverging number of nodes. In the chosen class of non-convex lat-
tice problems with energy density f, linear long-range interactions were introduced
through an infinite matrix m. We studied relaxation of such problems with given
boundary conditions on intervals with a large number of nodes. This operation can
be interpreted as a discrete-to-continuum m-transform of the function f and we
studied the dependence of such a transform on the parameter z describing boundary
conditions.

We addressed the question whether the minimizers for a given functional are
close to functions with ‘global’ properties, for instance, to periodic functions, where
closeness can be understood as having the same energy up to an asymptotically
negligible quantity as the number of nodes diverges. The answer is in general
negative, for example, this is not true in the case of minimizers describing transitions
between two energy wells, when the parameter z lies in some intervals. Still, we
were able to identify interesting cases when the knowledge of the minimizers,
that are asymptotically of a ‘global’ form, are sufficient to determine the whole
m-transform of the function f through some form of convexification.

Outside our general considerations, we mostly focused on potentials f with a
bi-convex form; i.e., which have a convex restriction to two complementary phase
sets. For boundary-value problems involving such potentials and prescribed z it is
natural to define phase functions 6(z). We have shown that of particular interest
are values of 6 for which the set {z : 6(z) = 0} contains a non-degenerate interval
(locking states). We studied the main properties of both, the functions 6(z) and of
locking states, and showed that for some combinations of f and m the minimizers
representing the locking states are periodic and hence of a ‘global’ (or GCB) nature
in the sense that they determine the whole m-transform of the function f. We also
showed that the optimal periodic minimizers whose structure may depend delicately
on f and m are not necessarily unique. Among different optimal minimizers we
identified universal periodic microstructures, which exist for all values of 6 and have
fascinating analogs in the theory of dynamical systems (see [9] and a mechanical
analog in [84]).
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The concept of m-transform, introduced in this paper for the first time, was
shown to be rather rich. The complexity of the ensuing transformations suggests
that even in scalar one-dimensional problems, the interplay of long-range interac-
tions, non-convexity and discreteness can be highly nontrivial. We presented several
examples where the m-transform of a given non-convex function could be either
computed explicitly or narrowly bounded. Some of the obtained m-transforms were
shown to be singular exhibiting the ‘devilish’ features with locking on some but
not all rational microstructures.

The analytical accessibility of the m-transforms in the presented examples, as
well as the associated non-uniqueness of the optimal micro-structures, hint towards
a certain degeneracy of the chosen problems. We can associate such a degeneracy
with the absence of ‘strong’ geometrical frustration representing some fundamental
incommensurability between the non-convexity, the long range interactions and
the discreteness. It is clear that more complex optimal minimizing sequences, not
reducible to periodic states or combinations of periodic states, can be expected in
cases when such incommensurability is present.

The ‘strong’ frustration of this type may be driven, for instance, by the com-
peting interactions inside the kernel m, for instance, by the combination of ferro-
magnetic and antiferromagnetic interactions acting on incommensurate scales. The
frustration can be also ‘strong’ even in the apparently simple case when different
scales are ‘favored’ by antiferromagnetic interaction involving the first and the third
nearest neighbors. ‘Strong’ frustration may also be brought by the structure of the
non-convex function f carrying the ‘characteristic strain’ which is incompatible
with the strain emerging through the interplay between the loading and the long-
range interaction kernel, see for instance [84] where a ‘complete devil staircase’
emerges in a problem involving a non-degenerate bi-quadratic potential and an
exponential kernel.

In a separate paper we will show that the presence of ‘strong’ frustration may
eliminate the degeneracy and bring the uniqueness to the problem of finding the
optimal microstructure. More generally, our preliminary analysis of problems with
‘strong’ frustration reveals an even deeper link between lattice variational prob-
lem and the discrete nonlinear mappings where the analog of constructing the
m-transform turns out to be the problem of classifying all quasi-periodic trajecto-
ries.
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A. Appendix: Variations of Boundary Data

In this appendix we state and prove some technical results which allow the mod-
ification of boundary values of test functions for the minimum problems used in
various characterization of O, f. In particular, these results allow to assume that
test functions be constant close to the endpoints of the domain.

Let m = {m,}, be such that m, > O for any n, and there exists 7 such that
my, is not increasing for n > n. Moreover, we assume the decay condition m, =
o(n_ﬂ),HJroo for some 8 > 2.

Let F, be defined as in (2.8); that is,

Fanh= Y ef("=) 4 Y ey (M

ei,e(i—1)el ei,ejel

)2
for I interval and u € A, (I).

Lemma A.1. Let L > 0 and N, = L%J Leta € (%, 1). Assume that u € L*(0, L)
and u® € A, = A, (0, L) be such that (the piecewise-affine extension of) the
sequence u® converges tou in L*(0, L), and sup, (Fe (@®; [0, L) + ||u® ||iz) =S<
+00. Then, there exists u® € A, converging to u such that

() a =g fori < e % 0 = ﬁﬁve fori > Ny — ™%

(i1) Fe(@%; [0, L)) < F.(u®; [0, L]) + r(g), where the remainder r depends only
on S and f(0), andr(e) - Oase — 0.

Proof. We choose a’ € (0, 1 — «) and define A, = & and M, = [e*T¥' -1 — 1
For ¢ small enough we divide (0, A¢] and [L — A, L) in M + 1 intervals by setting

Ik—( kXg (k+1))»a:|
e \M. +1" M.+1 1
k+ 1 kX
Jgk=|:L—( + )S’ _ &
M, +1 M, +1

), kelo, ... M.}

Since

M,
1 &
: Z Z myi—j (U — u§)2 < Fe(u® [0,L]) <8,

k=lgicrk ejerk!



Arch. Rational Mech. Anal. (2023) 247:107 Page 105 of 113 107

then there exists k, € {1, ..., M.} such that
é o my el —uf) < Mis (A.1)
cielke gjerle !
The same argument allows to find k& € {1, ..., M.} such that the same inequality
holds for ¢i € ]Ek;r,ej € Jsk;r*l. Setting j. = min{j : &j € If;} and jI =
max{j :¢ej € Jgk;}, we define u° by setting
uj,; ifi <j-
i = yuy o Sisjl (A2)

ut, ifi > ji
Jd

Since j > Le™® and jm < N, — Le™, then ° satisfies claim (i). Moreover,
u® — wuase — 0. To prove this, for simplicity we suppose that m,, is not increasing
for n > 1. Then,

eZ(u —if)’ —sZ(u —M172<8ZJ8 Z(u — Ui’

i=1 j=i+1

S ,_ S
é _82(.]5 )2 é _)"gv
mi mi

; LL/¢e] ~EN2 S 2 ;
and correspondingly & Zi:jj (uf —uf)* < ke Setting, ng = |_8(M 15/, since
2 2
2 2 2
E mii—j|(up —uf)” = gmnglluelle < PUUTR] w7,

li—jl=ne
and recalling (A.1), we obtain
ne E. C C
Fe(@®; [0, L]) = Fe(u®; [0, L]) + 24, £(0) + 2 +

8

where C denotes a constant depending only on sup, Fe(u®; [0, L]) and sup, ||u®|| 2.
Setting

r(t) = 2£ () + CtF2 4 cpl—oe
we conclude the proof since m, = on~Pyand o > % O

Leta, b > 0. We define the functional E, (u, v; I) by setting

Ewun= Y (M)

ei,e(i—i)el
a Vi — Vi1 2 b 2
5 e(——) g 2w =) (A3)
ei,e(i—i)el eiel

for I interval and u, v € A.(I).
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Lemma A.2. Let L > Oand N, = L%J.Leta € (%, 1). Assume that u®, v¢ € A, be
such that (the piecewise-affine extensions of) u® and v¢ converge to u in L*(0, L)
and sup,(E:(u®; [0, L]) + ||u€||i2) = § < +oo. Then there exist u®,v¢ € A,
converging to u such that

N\ NE — NE _ HE 2 - &€ _ NE _ € : —a.
() af = 0f = ag fori < &%, i = 0f =iy _fori = N, —e™%

(ii) E¢ (@, v%; [0, L]) < Ec(u®, v%; [0, L]) +r(g), where the remainder r depends
onlyon S and f(0), andr(e) — 0 ase — O.

Proof. We choose X, and M, as in the proof of Lemma A.1, and divide (0, A.] and
[L —Xg, L) in M, + 1 intervals, denoted by / f and Jsk respectively, as above. Then,

there exist k, and h, in {1, ..., M.} such that
! & & 2 & 2\ < S
2¢ Z (af —vi_ )" + b —v))?) < L (A4)

sierkeughe

Setting j. =min{j : &j € Iff} and jF =max{j:¢j € Jghg}, we define

ub_ ifi < jo ut_ ifi < j-
& &
~g & . - . PN ~E & . . . .4
u; = u; ifjo <i<j and 07 =3v; ifj; <i<j;
uj_Jr ifi > jf ut, ifi > j,
€ €

so that #° and 9° converge to u in L2, and satisfy (i). Recalling (A.4), we get in
particular that

a .
_(va

N a a
Sy =TS S — v )T S~ )T S

Je +1 Je & Je Je - ME

where C denotes a positive constant depending only on a, b and S. The same bound
holds for 2%('3;; - ﬁj’jfl)z' Hence

Eg(itg, 0 [0, L]) < 2he f(0) + E¢(u®,v%; (0, L))

i ~E _ nE 2 i e ne 2
e Wi ~ V)T 5 W =0 )
.. 2
S 20 f(0) + Ec(u®, v*; [0, L]) + —,

M
concluding the proof as above. O

Remark A.3. In the hypotheses of Lemma A.2, if there exists @ € (0, 1) such that

uf = ug fori < &7 and u? = ft?ve fori > N, — &% for some o > 0, then

1
the function v° can be chosen such that it coincides with u® for i < =" and for

. P/ .
i >N, —¢ % witha” < a.
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2(1-90,) 20,
* 1+2m, 1+2m,

PM,n+1(Z>

PM’"(Z)

vl\l

T -
Sn Sn +1
Fig. 32. Envelope of two consecutive functions PM-"(z)

B. Appendix: Formulas for P¥-" in the Concentrated Case

In this appendix we include some explicit computations of the functions PM-"
defined in (3.1), which are the energies of the locking states §; in the concentrated
case. The formulas of these functions have been used in Sections4.2.1 and 4.2.2 to
highlight the structure of Qp, f(z) in the truncated-parabolic and double-well case,
respectively. Here, we include the corresponding computations.

Truncated-parabolic case. Let f be given by (4.10). In view of (4.3), the domains
of PM-0 and PM-M are {z < 1} and {z > 1}, respectively. We recall that here

PMO() = 22 4 2(my +myM*)zZ? and PMM(z) =14 20m) + myM?)Z*.

Forn=1,..., M — 1, we can also write
2myp + 1 . _
L (2 = 0,2z — ) + 2my M?? ifz <7
—Yn
2 2 1
pracy = fg, + 2O LD o M2 TS < <T
5 2my + 6,
m .
I+ L= 12 46,2z = ) +2myM?3 if 2> T},
n
(B.1)
where
2m; + 6, 2m + 6,
n_z# and T;:’_Z#'
2my + 1 2my

Note that while the formula defining P*-" changes formatz = 7, andz = T,
the computation of the common tangent points of PM-"* and PM-"+1 inyolves only
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the central formula in (B.1). Consequently, the points s;" and s, in Theorem 4.1
are

.4 2my + 6, myQ2my + 1) +myM?(2my + 60,41)
s, =8, (my,my) =
V2mi(2myp + 1) mi2my + 1) +myM?2Q2m; +6,)
s = s (mymay) = 2O my(2my + 1) +my M?(2my + 0,—1)
n T M e @m v D)\ miQmy + 1) + my M2Q2my + 6,)
(B.2)

In Fig. 32 we illustrate the envelope of two consecutive functions PM-"(z), bridging
energies of consecutive locking states with an affine function.
Finally, since s;7 > 7, and 5, < T, we have the formula

2 if z < sy
M.n _ 23,2 e+ <, < o
rMz) = 2(my +myM)z" if s Sz s,

Omf(2)=12mi(1—-6,) , e (B.3)
it LT iy Sz 5]
1 if s, <z,
where r™-" is the affine function

2z —sf
M) = Pty ¢ 25
M(sn_i_1 —57)

Bi-quadratic double-well case. Let f be given by f(z) = (1 — 1zD2. By using
(4.3) the domains of PM:0 and PM-M are {z < 0} and {z > 0}, respectively, where
PYO2) = (14 2)* +2(m1 + myM*)z? and
PMM(z) = (1 — 2)% +20m1 + my M?)Z>.

Forn=1,.... M —1

1+2
( 1+ ;nl +2mMM2>z2+2z+l ifz<T,
—Yn
-0
U = § (1427 +20m +my M) =40, (s + 5 =) T Sz T
1
1+2
(2 o M) 2+ 1 itz > T,

n

where in this case the points 7,,” and 7, where the formula changes are given by

,__Z(I_Qn) and T+_ 29n
T 14 2my T4 2my
Consequently,
oy mag) = 5+ — 2myM N 20, — 1
" "+ 2m) (L4 2my +2myM?) 14 2my B.4)
2my M 20, —1

S O = 8= = O Y (U 2y & 2mMD) 14 2y
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Since 5,7 > T, and s, < T,", we obtain

(1+2)2 if z < s
M (@) = 20my + my M?)2? if 57 <z < s,
(z) = 460,(1 —6,) .
Omf z2+2(1—29,1)z+1—1”(+—2n“”) ifs- <z<st
(1-2)7 if s;, < z,
where rM-" is the affine function

10.

11.

12.

13.

14.

15.

16.

M1+ 2(my 4+ myM?))
2
(P (s ) = P s @ = 5.

rM,n(Z) — PM’n(S;:_)“‘
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