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a b s t r a c t

Segmentation is a characteristic feature of the vertebrate body plan. The prevailing para-
digm explaining its origin is the ‘clock and wave-front’ model, which assumes that the
interaction of a molecular oscillator (clock) with a traveling gradient of morphogens (wave)
pre-defines spatial periodicity. While many genes potentially responsible for these pro-
cesses have been identified, the precise role of molecular oscillations and the mechanism
leading to physical separation of the somites remain elusive. In this paper we argue that
the periodicity along the embryonic body axis anticipating somitogenesis is controlled
by mechanical rather than bio-chemical signaling. Using a prototypical model we show
that regular patterning can result from a mechanical instability induced by differential
strains developing between the segmenting mesoderm and the surrounding tissues. The
main ingredients of the model are the assumptions that cell–cell adhesions soften when
overstretched, and that there is an internal length scale defining the cohesive properties
of the mesoderm. The proposed mechanism generates a robust number of segments with-
out dependence on genetic oscillations.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Segmentation, the repetitive division of the body axis in modular units, is a ubiquitous motif in biology (Bhat & Newman,
2009; Cooke, 1988, Ten Tusscher, 2013). In vertebrates, segmentation is established early in embryogenesis by the formation
of somites, blocks of tissue that bud off periodically from the anterior part of the pre-somitic mesoderm (PSM). Somites are
transient structures that eventually give rise to a variety of tissues, including the spine, skeletal muscles, and the dorsal skin
(Brent & Tabin, 2002; Christ, Huang, & Scaal, 2007). Unveiling the mechanism of somite formation is one of the major chal-
lenges in developmental biology (Bénazéraf & Pourquié, 2013; Dias, de Almeida, Belmonte, Glazier, & Stern, 2014; Herrgen
et al., 2010; Hester, Belmonte, Gens, Clendenon, & Glazier, 2011; Pourquié, 1999, 2011; Stern & Vasiliauskas, 1999).

The process by which the somites are formed can be viewed as a subdivision of an initially continuous cylinder into a row
of separate blocks. Segmentation appears as a sequential self-slicing and an adequate theory of somite formation must pro-
vide an explanation for the physical process of cell clustering and cleavage. These mechanical phenomena are driven by
internally generated active tractions. Externally driven processes of this type are ubiquitous in non-animate Nature with
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formation of cracks in drying mud and stress induced fracturing of coating films as some of the most well known examples
(Hutchinson & Suo, 1992).

The prevailing paradigm for vertebrate segmentation, does not address the issue of cleavage and mechanical separation is
viewed as of secondary importance. It is believed that the principal role is played by a cellular oscillator which interacts with
a traveling wave of morphogens and in this way produces a periodic biochemical pattern (Baker & Schnell, 2009; Cooke &
Zeeman, 1976, Meinhardt, 2008; Murray, Maini, & Baker, 2011; Rué & Garcia-Ojalvo, 2013). The underlying biochemical
mechanism, known as the ‘clock and wave-front’ model (see Fig. 1), has been substantiated by the identification of both:
genes that oscillate (Li, Fenger, Niehrs, & Pollet, 2003; Palmeirim, Henrique, Ish-Horowicz, & Pourquié, 1997; Schröter
et al., 2012), and diffusion gradients of morphogens that propagate along the body axis (Dubrulle & Pourquié, 2002;
Kicheva, Bollenbach, Wartlick, Jülicher, & Gonzalez-Gaitan, 2012). The long range synchronization issue for independent
genetic oscillators has also been addressed and various components have been integrated into a comprehensive network
model (Baker, Schnell, & Maini, 2008; Goldbeter & Pourquié, 2008; Hester et al., 2011). Even though the ‘clock and wave-
front’ model does not specify how the finite blocks of cells undergo synchronized consolidation into somites, it is supported
by the observations that mutations to some of the proposed genetic candidates alter the period of somitogenesis and affect
the total number of somites in the body (Harima et al., 2013; Herrgen et al., 2010; Kim et al., 2011; Schröter et al., 2012).

The ambiguity, however, remains because it has not been yet possible to smoothly and predictably tune the period of the
proposed pacemakers. More importantly, the ‘clock and wave-front’ mechanism appears to be incompatible with some
experimental observations (Kondo, 2014). In particular, it does not explain why despite a nearly twofold fluctuation in
the overall size of the presomitic mesoderm during embryonic development, a relatively constant number of somitomeres
is found in tandem sequences: these observations suggest that without any changes in the temporal periodicity, the spatial
scale of somites can be affected by the size of the PSM (Tam, Meier, & Jacobson, 1982). It is also alerting that the ‘clock and
wave-front’ mechanism does not rely on the concommitency of somitogenesis and the elongation of the body axis (Gomez
et al., 2008).

In this paper we discuss an alternative hypothesis that somitogenesis is largely driven by the mechanical stresses induced
by growth and active contraction (cf. Beloussov, 2001). We developed a simple model showing how the emerging periodicity
can result from mechanical self-organization. Our model suggests that the hypothetical segmentation clock invoked in the
‘clock and wave-front’ mechanism may have spatial rather than temporal nature.

The paper is organized as follows. In Section 2 we review the experimental evidence showing that mechanical signaling
plays an important role during vertebrate segmentation. Various theoretical approaches to the mechanical modelling of mor-
phogenetic instabilities are discussed in Section 3. Our mathematical model is formulated in Section 4, where we also review
the related work in non-biological setting. The linear problem capturing the pre-patterning stage of the somitogenesis pro-
cess is discussed in Section 5. Some remarks about the actual separation of somites are collected in Section 6. Finally, our
conclusions and some future perspectives are presented in Section 7.

2. Mechanical signaling

A general limitation of the ‘clock and wave-front’ mechanism is that it focuses exclusively on genes and biochemical path-
ways, thereby neglecting the mechanical stresses in the growing embryo. It is well known, however, that cells can extract as
much information from the mechanical cues as they do from diffusing factors (Mammoto & Ingber, 2010; Schwarz & Safran,
2013). It would be then rather natural for the embryo to employ mechanical forces as long-range communication means to
guide morphogenesis and to trigger the appropriate response of the genome (Beloussov, 2012; Davidson et al., 2010). This
Fig. 1. Convenional picture of the vertebral segmentation in a chicken embryo. Bottom: Physical image of somites (black blocks) sequentially budding off
from the PSM. The growing notochord is shown by the black line and by the dot in the cross section A-A. Within the non-differentiated PSM the incipient
periodic pattern can be readily identified with somitomeres appearing as white blocks. Top: Schematics of the ‘clock and wave-front’ mechanism. Cells at
the growing tail produce FGF8 and WNT3a signaling which keep them in a non-differentiated state. Retinoic acid, produced by the newly formed somites,
facilitates differentiation into epithelial cells. This morphogenetic profile is traveling from head to tail with a constant speed while the genetic oscillation
clock at the moving differentiation front sets the boundaries of the somites.
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line of reasoning goes back to the pioneering work of A. Harris, who was the first to show convincingly that spatial morpho-
genetic patterns may be created by mechanical rather than chemical signaling (Harris, Stopak, & Wild, 1981; Harris, Stopak,
& Warner, 1984; Stopak & Harris, 1982).

Harris and collaborators studied active contraction of fibroblasts suspended in a gel which was physically restrained by
the attachment to a glass substrate. The overall contraction of the gel was therefore mechanically prevented and it was
shown that the ensuing tensile instability gives rise to a regular geometric pattern. The authors concluded that tensile forces
exerted by the fibroblasts caused stretching, tearing and eventual fragmentation of the initially homogeneous gel into a
series of compacted clumps. Since the final segmented structure did not require any bio-chemical pre-patterning, Harris later
argued in a series of papers (Harris, 1987, 1994, 1984, 2005) that mechanical instabilities can serve the morphological
function which is conventionally attributed to diffusible morphogens (Meinhardt, 1982).

In other words, Harris conjectured that inhomogeneities induced by mechanical instabilities can provide cells with
‘positional information’ (Wolpert, 1971), thus allowing stress to play the role of the morphogen. In relation to somite
segmentation, Harris suggested that a self-propagating mechanical instability may be responsible for the proliferation of
the patterned domains and conjectured that somitogenesis is mechanically analogous to the aggregation of fibroblasts.

Similar ideas have been expressed by J. Bard who argued that chick somites form because pre-somitic cells exert mechan-
ical forces on one another (Bard & Lauder, 1974; Bard, 1988). He showed that tractions lead to the aggregation of uniformly
distributed cells only if the adhesion to the substratum is sufficiently strong which is analogous to the insistence of Harris on
the importance of the deformational constraints. Bard emphasized that mechanical forces can propagate much faster and
more robustly than diffusional gradients and that mechanical instabilities can yield the actual structures instead of just
‘blueprints’ capable of guiding the subsequent formation. In particular, he conjectured that the ‘traction mechanism’ can
explain the ability of stirred mesoderm to produce normal somites (Menkes & Sandor, 1977) and the formation of multiple
rows of somites in wide mesenchyme (Stern & Bellairs, 1984).

The ideas of Harris and Bard have been supported by the experimental observations that fibronectin is essential for somi-
togenesis (George, Georges-Labouesse, Patel-King, Rayburn, & Hynes, 1993), that cell adhesion molecules (CAMs) are formed
well before somitogenesis (Duband et al., 1987) and that integrins responsible for the physical connection of the cells to the
fibronectin matrix of the PSM are crucial for the segmentation process to actually take place (Dray et al., 2013; Girós, Grgur,
Gossler, & Costell, 2011).

This mechanical perspective sheds a new light on molecular studies aimed at alteration of specific gene activities. For
instance, the most natural target of such studies is Notch which is a critical component of the mouse somitogenesis because
in its absence segmentation stops (Ferjentsik et al., 2009; Gibb, Maroto, & Dale, 2010). Notch signaling, however, also has a
mechanical signature, more specifically, this gene can be linked to the adhesion forces between cells through the expression
of Delta ligands (Ahimou, Mok, Bardot, & Wesley, 2004) and it plays an important role in cellular condensation (Fujimaki,
Toyama, & Hozumi, 2006). One can then argue that mutations, believed to be affecting the ‘clock’ mechanism, may in fact
be modifying the mechanical properties of the system by influencing the formation of cadherins and by affecting the adher-
ence properties of the cells.

The experimental observations and the theoretical considerations presented above provide support for the hypothesis
that long-range mechanical stresses play a decisive role in the generation of somitogenetic patterns. This role may be more
important than previously believed because the alternative diffusional perspective can be criticized for not providing suffi-
ciently robust mechanism (Wolpert, 2011). Moreover, it has been repeatedly mentioned that mechanics can regulate pat-
terning with length scales exceeding those that can be generated by diffusion alone (Mansurov, Stein, & Beloussov, 2012).
An important argument is also that mechanical processes not only pattern and but also shape (Howard, Grill, & Bois, 2011).

The hypothesis about the essential role of mechanics in somitogenesis and in other similar developmental processes such
as condensation of feather germs in birds, is in full agreement with the fact that the pattern formation in all these cases is an
outcome of a constrained growth which subjects tissues to mechanical forces. As we have already mentioned, forces can be
also generated by contracting cells (Harris et al., 1981) and can appear as a result of osmosis (Beloussov, 2008). Since the
ensuing mechanical interactions produce a feedback on cell behavior (Beloussov, 2013) they may also affect the tasks con-
ventionally attributed to bio-chemical morphogenes (Nelson et al., 2005; Pourquié, 2011).

As we argue in this paper, an important insight into the mechanical origin of somitogenesis arrives from the observation
that segmentation has a precursor: as the somitogenesis front arrives, mesenchymal cells within the PSM appear to be
already arranged inhomogeneously forming modulation clusters. These clusters are known either as somitomeres
(Gossler & Tam, 2002; Meier, 1979, 1984) or as ‘determined segments’ (Bénazéraf & Pourquié, 2013; Hester et al., 2011).
We show that such pre-aggregation can be explained by a destabilizing (positive) feedback of a purely mechanical origin.
A particular advantage of the proposed mechanism is that the ensuing patterns are parametrically robust which makes
the underlying mechanical signaling biologically relevant. We also discuss a possible scenario how the initial pre-pattening
can evolve into the fully separation of somites.

3. Instabilities caused by stresses

Theoretical studies of the role of stresses in morphogenesis have been domineered by the ‘‘mechanical school’’ (Urdy,
2012) which replaced the chemical pre-pattern models (Cooke & Zeeman, 1976; Turing, 1952) by cell aggregation models
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(Murray, Oster, & Harris, 1983; Murray, 2003; Odell, Oster, Alberch, & Burnside, 1981; Vaughan, Baker, Kay, & Maini, 2013).
It pioneered the point of view that chemical patterning and morphogenesis form a single process. The proposed modeling
methodology was based on the idea of a combined chemo-mechanical instability. More specifically, it implied stress
induced chemotaxis where actively generated mechanical forces play the role of a chemo-attractor and chemical pattern
is laid down simultaneously with the cell aggregation. The chemo-mechanical approach, however, was never directly
applied to somitogenesis where advection–diffusion processes appear to be secondary to stress induced separation of cell
aggregates.

More recently diffusion-free buckling due to different growth rates in mechanically coupled tissues has been actively
explored as an even more radical mechanism of ‘morphogenesis without morphogenes’ (Osborn, 1993). It was realized that
compressive instabilities play a crucial role in a broad range of morphogenetic phenomena from the folding of leaves to the
wrinkling of guts (Liang & Mahadevan, 2009; Mirabet, Das, Boudaoud, & Hamant, 2011; Milani, Braybrook, & Boudaoud,
2013; Nakayama et al., 2012; Savin et al., 2011). In somitogenesis context, however, the buckling approach is hardly relevant
because stresses in the growing PSM are mostly tensile.

Other types of mechanical signaling in developmental patterning have been considered as well (Wyczalkowski, Chen,
Filas, Varner, & Taber, 2012). In particular, the morphogenetic role of surface forces and adhesive preferences has been
repeatedly emphasized (Foty, Pfleger, Forgacs, & Steinberg, 1996; Steinberg, 1970; Thompson, 1963). The idea that surface
tension plays an important role in the formation of somites was proposed rather early (Waddington & Deuchar, 1953), how-
ever, more recently it has been dismissed (Grima & Schnell, 2007). The formation of mesodermal somites was also linked
with (columnar) polarization of cells in the axial mesoderm (Belintsev, Beloussov, & Zaraisky, 1987) and in the proposed
reaction–diffusion type model long-range mechanical interactions were modelled as an influence of the ‘whole’ upon the
state of an individual cell. A related model of the mechanical feedback based on the ‘hyper-restoration’ hypothesis
(Beloussov, 2013) was proposed in Taber (2009).

In this paper we argue that somitogenesis is an outcome of a strain localization instability which, to our knowledge, has
not been explored before in the morphogenetic context. Following the original insights of Harris, Bard and Beloussov, we
develop a diffusion-free model which is conceptually close to the buckling approach. However, while buckling originates
from the geometrical nonlinearity of the elasticity equations and requires compressive loading (Grabovsky &
Truskinovsky, 2007), we link the fragmentation of the PSM with the physical nonlinearity, which originates from material
softening and reveals itself in tension (Rice, 1976).

Tensile stresses in tissues are ubiquitous (Bainer & Weaver, 2013; Kritikou, 2008) and the role of such stresses in the
development of somites is directly supported by experiments showing that the explanted PSM can form molecularly-defined
segments and that these segments progress further to become somites only when the surface ectoderm is left in place
(Correia & Conlon, 2000; Palmeirim, Dubrulle, Henrique, Ish-Horowicz, & Pourquié, 1998). In another observation of this type
cells from the PSM, placed ectopically on the area opaca, also formed somites, albeit without anterior and posterior polar-
ization (Dias et al., 2014). Tension in these experiments is generated by direct contraction of PSM which was constrained
by elastic coupling to the background. As in experiments of Harris and Bard, such coupling provided by the fibronectin
(Rifes et al., 2007; Rifes & Thorsteinsdóttir, 2012) was found to be crucial for the segmentation to take place: it was shown
that the pattern disappears when either fibronectin (Georges-Labouesse, George, Rayburn, & Hynes, 1996) or integrins (Dray
et al., 2013) are lacking. The fundamental relation of segmentation to tension is also clear from the fact that somitogenesis
terminates exactly when the elongation of the body axis stops (Bénazéraf & Pourquié, 2013).

So far, there have been no direct experimental evidence that PSM is of ‘softening nature’, which means that force demin-
ishes with elongation, making the corresponding elastic modulus negative. However, softening behavior under tension has
been established for other tissues of similar nature including embryonic epithelia (Wiebe & Brodland, 2005), aggregates of
cancer cells (Gonzalez-Rodriguez et al., 2013) and collagen fiber-embedded gels (Gentleman et al., 2003). Measurements
have also shown that intercellular attachment forces, which are mainly due to cadherins, start to diminish upon elongation
beyond several micrometers (Benoit & Gaub, 2002; Puech, Poole, Knebel, & Muller, 2006). This behavior is compatible with
the fundamental physics of molecular forces and with the behavior of capillary bridges. Most importantly, softening behavior
has been observed in a physiological range for cellular deformations during embryonic growth (Wilson, Oster, & Keller,
1989).

It has been also noticed that (softening-induced) multicellular collective cleavage plays a key role in tissue separation and
in segregation of a continuous tissue into different units (Duband et al., 1987). Some related experimental results showing
the possibility of brittle failure for gels, including the protein ones, were reported in Leocmach, Perge, Divoux, and
Manneville (2014), Liguore and Mora (2013) and Ronsin, Caroli, and Baumberger (2011). It is also appropriate to mention
here the observations showing the increased strength of fibroblast traction in response to unloading associated with trauma
or explantation. The positive feedback produced by such softening reveals an autocatalytic, anti-diffusive mechanism which
serves to close the wound and bring torn tissue back together (Harris, 1987).

The most well-known manifestations of softening in solid mechanics are strain localization, loss of cohesion and material
fracture. Periodic failure of reinforced concrete and multi-cracking associated with surface drying show that if the stretched
material is sufficiently constrained, the strain localization zones appear in regular patterns (Sluys & DeBorst, 1996; Thouless,
Li, Douville, & Takayama, 2011). The scale of these patterns, observed in a broad range of physical systems from cohesive
granular materials (Alarcón et al., 2010) to crocodile skin (Milinkovitch et al., 2013), is determined by the cohesive properties
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of the material and the geometry of the specimen (Bourdin, Marigo, Maurini, & Sicsic, 2014; Corson, Henry, & Adda-Bedia,
2010).

As in the case of stretching of reinforced concrete, the structure that undergoes segmentation during vertebrate morpho-
genesis (PSM) is elastically constrained by the surrounding tissues: neural tube, the lateral mesoderm, the notochord, the
ectoderm and the endoderm, see Bellairs (1979) and Fig. 1. The tension leading to segmentation may be caused either by
the elongating notochord (Adams, Keller, & Koehl, 1990; Grotmol et al., 2006) or by differential strains due to active conden-
sation of the cells within the mesoderm (Bénazéraf et al., 2010). Yet another source of stress may be the embryonic straining
due to area opaca, the ring of cells that stretch the embryo along the membrane of the yolk sack (New, 1959). In all these
situations the elastic constraint is crucial and its loss inhibits the formation of somites (Dray et al., 2013; George et al.,
1993; Girós et al., 2011).

4. The model

To explore the implied analogy between somitogenesis and periodic cracking we propose a toy model. Its general goal is
to provide a prototypical description of the softening-induced periodic patterning in a mechanical system subjected to tensile
stresses. Our more specific goal is to show that the anticipated breaking of translational symmetry can be induced by con-
strained growth in a setting appropriate for vertebrate segmentation.

In the interests of analytical transparency we model the PSM as a thin elastic rod undergoing longitudinal deformation,
see the schematic setup shown in Fig. 2. We assume that the rod is attached (constrained) through linear shear (leaf) springs
to a rigid foundation subjected to finite strain e0.

Pre-straining characterized by the parameter e0 represents a distributed loading device mimicking differential growth.
The springs in turn mimic interconnecting fibronectin matrix; their stiffness depends on the effective thickness of this matrix
and we denote the corresponding length scale by k1. This parameter characterizes the constraint which makes the separation
of the PSM along a singular ‘crack’ energetically unfavorable. The dimensionless elastic energy density associated with such
an ‘on-site’ interaction can be written as
Fig. 2.
which
represe

Fig. 3.
force. T
f1ðuÞ ¼
1

2k2
1

ðu� e0xÞ2: ð1Þ
Here uðxÞ is the longitudinal displacement and the loading appears as a set of distributed body forces.
To exhibit tensile instability, the material of the bar must be of the softening type, which in our setting means that beyond

certain stretch, the axial force starts to diminish with elongation. Therefore we assume that the elastic energy density of the
bar f ðeÞ, where eðxÞ ¼ u0ðxÞ is the longitudinal strain, is a convex function at small levels of stretching e < e� and that it
A schematic illustration of the elements constituting the prototypical model. The layer in the middle, representing the PSM, is a nonlinear elastic bar
may deform inhomogeneously. The two layers above and below represent the homogeneously growing surrounding tissues. The shear springs,
nting the interconnecting fibronectin, provide the linear elastic coupling. The arrows show the overall tension (pre-stress).
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becomes concave for e > e�, see Fig. 3. The concave part represents the softening branch along which the cohesive properties
progressively deteriorate.

Softening materials subjected to tensile loading are known to exhibit infinite localization of strain (shear banding, brittle
fracture). To ensure that the resulting pattern has a finite scale one must add an energy term penalizing infinite localization.
Such penalization necessarily brings with it an internal ‘coherence’ length which defines the scale where deformation can be
considered as uniform.

In substances like hydrogels or wetted colloidal crystals the coherency length is determined by capillary interactions
(Gallego-Gómez, Morales-Flórez, Blanco, de la Rosa-Fox, & López, 2012; Kawai, Nitta, & Nishinari, 2008). For growing tissues,
the coherence length can be obtained from observations of stable surface-controlled cellular arrangements of a finite size
(Dias et al., 2014; Stern & Bellairs, 1984). The value of coherence length may also depend on the internal architecture of
the cell packing.

The simplest way to account for non-locality induced by the presence of a coherence length is through a gradient term in
the energy density. Following the approach, originally due to van-der-Waals (Rowlinson & Widom, 1982), we assume that
the dimensionless energy density of the bar has the form
f2ðe; e0Þ ¼ f ðeÞ þ k2
2

2
e02; ð2Þ
where the internal parameter k2 has a dimension of length, the prime denotes spatial derivative and the potential f ðeÞ is
shown in Fig. 3. The simplifying assumption that the internal length k2 does not depend on e is justifiable in view of our focus
on the linear stability problem.

If we now add the energy densities f1ðuÞ and f2ðu0;u00Þ, we obtain the energy functional
EðuÞ ¼
Z l

�l

k2
2

2
u002 þ f ðu0Þ þ 1

2k2
1

ðu� e0xÞ2dx: ð3Þ
Here 2l is the length of the pre-stressed subdomain of the PSM. This region is expected to be smaller than the whole PSM, and
parameter l may also depend on time.

To avoid a special treatment of the boundary layers we choose the boundary conditions to be compatible with the pre-
strain and assume that (see Fig. 2)
uð�lÞ ¼ �e0l; uðlÞ ¼ e0l: ð4Þ
To complement (4) we adopt the ‘natural’ (clamping) boundary conditions on the higher displacement gradients
u00ð�lÞ ¼ 0; u00ðlÞ ¼ 0: ð5Þ
These conditions are obviously rather arbitrary given the complexity of the surface interaction (Charlotte & Truskinovsky,
2008) and their sole advantage is that they are the simplest possible.

To find the configuration where all mechanical forces are balanced, we need to solve the Euler–Lagrange equation
dE=du ¼ 0, where dE=du is the variational derivative. We obtain
�k2
2u

0000 þ @2f ðu0Þu00 � 1
k2

1

ðu� e0xÞ ¼ 0: ð6Þ
Here the notation @2f is used as a shortcut for a second derivative. The experience with similar problems in the theory of
phase transitions (Truskinovsky & Zanzotto, 1996) suggests that Eq. (6) may have a large number of nontrivial inhomoge-
neous solutions in addition to the trivial homogeneous solution with u ¼ e0x .

In order to decide which of these solutions are stable without specifying dynamics we make an assumption that the elas-
tic energy functional (3) is (locally) minimized at each value of the prestress e0. While the idea of the energy minimization
has been previously used in the studies of morphogenesis (Steinberg, 2007), it has also encountered strong opposition
because some of the forces involved in active functioning of living matter are not conservative (Harris, 1987). Without ques-
tioning the importance of these general objections, we stress that in our model the PSM and the surrounding tissues are trea-
ted as passive elastic materials. The activity in our model originates exclusively from the variation of the prestress e0

representing differential growth of the surrounding tissues to which the PSM is elastically attached.
Notice, that we are in a situation rather similar to the one encountered in the studies of a single adherent cell adapting its

shape and orientation to the given background. It is broadly believed that such cells attempt to minimize the energy invested
into straining of the environment and that they can actually reach the energy minimizing shape (Bischofs & Schwarz, 2003;
Schwarz & Safran, 2013; Vianay et al., 2010). Despite the precarious nature of such a simplified interpretation of the behavior
of the growing embryo, we adopt in this paper the same approach and associate the patterning of the PSM with the drive of
the cell aggregates to minimize the elastic energy induced by differential growth.

To select among potentially numerous local minima of the energy (metastable states) different strategies can be pro-
posed. Probably the least realistic assumption is that the energy is minimized globally at each value of the pre-strain e0.
It is more reasonable to assume that the dynamics is described by the simplest gradient flow m _u ¼ �dE=du and to focus
on the limit m! 0 reflecting the idea of a quasistatic driving (through e0). Since we are mostly interested in pre-patterning
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and the exchange of stability between homogeneous and inhomogeneous states, the selection issue will not be pursued in
full detail.

It is clear that the pre-patterning is initiated by the increase of the differential strain e0 beyond a certain threshold and the
task is to express the critical value of e0 and the corresponding wavelength k of the emerging pattern as functions of the non-
dimensional parameters k1=l; k2=l. The quantitative solution of this problem depends on the precise form of the function f ðu0Þ,
however, since we are interested in the qualitative behavior, we shall work with a softening potential of a generic form, see
Fig. 3.

An important feature of our problem is that it involves competing interactions. Indeed, we observe that the term in the
energy containing the function f ðu0Þ is minimized at configurations with infinitely localized strain (Truskinovsky, 1996).
Instead, the (quadratic in u) term describing elastic foundation favors homogeneous deformation. In other words, our material
‘prefers’ to break with a single fully developed crack, while the elastic constraint ‘drives’ the system towards the formation of an
infinite number of infinitesimal cracks. The ‘gradient term’ in the energy (introducing cohesive length) smoothes the strain
field without fully de-localizing strain gradients. To summarize, the formation of a pattern with a particular length scale (which
depends on k1=l; k2=l) can be viewed as a resolution of a conflict between the tendencies toward localization and spreading.

The ensuing mathematical problem is conceptually similar to the problem of finding finite scale microstructures associ-
ated with martensitic phase transitions in constrained samples (Truskinovsky & Zanzotto, 1996; Vainchtein, Healey, Rosakis,
& Truskinovsky, 1998; Vainchtein, Healey, & Rosakis, 1999). In this type of problems the parametric dependence of the
energy minimizing configurations may be rather complex and dynamical studies have shown the existence of propagating
fronts which separate growing segmented domains from metastable unsegmented domains (Belintsev et al., 1987; Ren &
Truskinovsky, 2000; Vainchtein, 1999). It was also shown that by introducing irreversibility in the same framework one
can generate complex hierarchical patterns resembling the ones observed in living Nature (Corson et al., 2010; Laguna,
Bohn, & Jagla, 2008). Another relevant previous work concerns the patterns formed by irreversibly growing cracks in coating
layers. The statistical features of these patterns have been thoroughly analyzed in the lattice setting, where discreteness
played the same regularizing role as our gradient term (Handge, Leterrier, Rochat, Sokolov, & Blumen, 2000; Hornig,
Sokolov, & Blumen, 1996; Meakin, 1986; Morgenstern, Sokolov, & Blumen, 1993). More recently, some hierarchical fracture
patterns observed in experiment were reproduced numerically with an amazing precision by using the 3D phase field for-
mulation with rate independent dissipation (Bourdin et al., 2014).

Our approach to pre-patterning during somitogenesis shares some common features with all this previous work. It is con-
ceptually closer to the phase transition models modulo the replacement of a double-well Landau–Ginzburg type potential,
by a convex-concave potential describing softenting material. The unconstrained equilibria in the ensuing model exhibit
only isolated cracks (Triantafyllidis & Aifantis, 1986; Triantafyllidis & Bardenhagen, 1993) and our goal is to account for
the constraint responsible for multiple cracking. Another goal is to study in some detail the finite size effects.

5. Pre-patterning

It is easy to see that the trivial homogeneous state is locally stable for sufficiently small e0 and in this section we study the
dependence of the critical value e0 ¼ ecrit , marking the loss of stability, on the parameters k1=l; k2=l. To this end we need to
solve the linearized equation
�k2
2v

0000 þ @2f ðe0Þv 00 �
1
k2

1

v ¼ 0 ð7Þ
with the boundary conditions
v 00ð�lÞ ¼ v 00ðlÞ ¼ vð�lÞ ¼ vðlÞ ¼ 0: ð8Þ
The linear boundary value problem (7) and (8) has nontrivial solutions exhibiting periodic modulations
vnðxÞ ¼ sinðnpxÞ
if and only if the following condition is satisfied (cf. Vainchtein et al., 1999)
k2

l

� �2

ðnpÞ4 þ @2f ðe0ÞðnpÞ2 �
l
k1

� �2

¼ 0: ð9Þ
This equation can be solved explicitly and in Fig. 4 we show a (linearly interpolated) set of pairs ðe0;n ¼ l=kÞ satisfying Eq. (9)
for a realistic choice of parameters k1=l; k2=l. The polygonal set presented in Fig. 4 indicates the domain where the homoge-
neous state is unstable.

Observe, that for the given value of the pre-strain e0 the number of potential pre-somites is bounded both from above and
from below. The critical value of strain
ecrit ¼ ecritðk1=l; k2=lÞ
can be defined as the smallest solution of Eq. (9) with n restricted to be an integer. The integer n associated with ecrit will be
denoted by
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ncrit ¼ ncritðk1=l; k2=lÞ:
In Fig. 5 we illustrate the dependence of ecrit on the parameters k1=l; k2=l. Notice that at fixed k1=l the curve ecritðk1=lÞ
shown in Fig. 5 can be viewed as a stability boundary separating homogeneous and segmented states. One can see that
for e0 < e�, i.e. outside of the domain of softening, the homogeneous configuration is always stable. The boundary of the sta-
bility domain is not smooth because of the corners where the number of the pre-somites ncrit , constituting the incipient pat-
tern, changes abruptly. We observe that each pattern, characterized by a fixed number of pre-somites, persists over a finite
range of pre-stresses.

It is interesting that inside these ‘robustness intervals’ the critical wavelength kcrit , defining the size of the incipient somi-
tomeres, depends linearly on the length of the pre-stressed region of the PSM. Such dependence on l is compatible with the
fundamental ‘size invariance’ principle stating that larger cell aggregates generate proportionally larger structures (Wolpert,
1969). In the somitogenesis context the ‘size invariance’ idea is also in agreement with the observations of that larger PSMs
produce larger somites (Tam et al., 1982).

The dependence of the wave length of the incipient periodic pattern on l disappears for sufficiently large samples. In the
‘thermodynamic’ limit k1=l! 0; k2=l! 0 the number of somitomeres increases indefinitely and the size of the robust para-
metric intervals tends to zero. To find the asymptotic formula for kcrit in this limit we first rewrite Eq. (9) in the form
ðnpÞ2 ¼ l
k2
�@2f ðe0Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@2f ðe0Þ2 � 4

k2

k1

� �2
s0

@
1
A: ð10Þ
If we now neglect the fact that n is an integer, we obtain that the critical strain ecrit is the smallest value of e0 making the
expression under the square root equal to zero. Therefore in the limit l�

ffiffiffiffiffiffiffiffiffiffi
k1k2
p

we obtain
@2f ðecritÞ � �2
k2

k1
: ð11Þ
Stability diagram in the space of parameters for f ðeÞ ¼ e�2 � 2e�1. Shadowed regions correspond to the regimes where the homogeneous state is
e. Small integer numbers show the values of ncrit . The dashed lines, that are alsmost indistiguishable from the solid lines except for k2=l ¼ 310�2,
e approximate solutions obtained from Eq. (11).
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This asymptotics is illustrated in Fig. 5 by the dashed lines.
Finally, by substituting Eq. (11) back into Eq. (10) we obtain the Turing type asymptotic expression for the critical

wavelength
Fig. 6.
asympt
kcrit �
ffiffiffiffiffiffiffiffiffiffi
k1k2

p
: ð12Þ
To illustrate the asymptotics (12) we show in Fig. 6 the dependence of the function kcrit=l on k1=l at different values of k2=l.
The ‘staircase’ structure of the function ncritðk1=l; k2=lÞ suggests that due to finite size effect the number of somitomeres in

the pre-segmented PSM is a robust function of both the geometrical and the constitutive parameters. It reflects the ‘locking’
of the periodic patterns and demonstrates stability of the proposed morphogenetic mechanism. The parameter indepen-
dence of the number of segments is, of course, an expected property of a system evolved through evolutionary selection
process.

Notice also that the size of the individual somitomeres depends discontinuously on the geometrical parameters (thick-
ness, length). Since in the process of the evolution of the embryo the geometry is changing with time, the parameters l
and k1 are likely to vary as well. This gradual parameter drift may explain why the size of the somites changes from anterior
to posterior (Tam et al., 1982). Given that the changes in the PSM geometry cannot affect the segmentation clock, such obser-
vations would be difficult to reconcile with the ‘clock and wave-front’ mechanism.

6. Developed somites

While the main focus of this paper is on the pre-patterning mechanism, it is instructive to illustrate the fact that an appro-
priate dynamic extension of the model allows one to trace the segmentation process all the way till the physical separation
of individual somites.

One potential outcome of a dynamical model is presented in Fig. 7 where we show the strain profile associated with the
global minimum of the energy (found numerically) and compare it with the incipient periodic profile at the same value of e0

(corresponding to the instability point A introduced in Fig. 4).
The localized peaks of the positive strain shown in Fig. 7 correspond to smoothed cracks while the spatially extended

domains of negative strain correspond to aggregated somites. For determinacy, we selected parameters in such a way that
the global minimizer of the energy contains only one (and a half) fully developed somite; the position of this somite is not
symmetric due to our ‘natural’ boundary conditions. It is clear that by an appropriate change of parameters one can easily
generate configurations with an arbitrary number of somites.

Observe next that the number of segments selected by the linear stability analysis survives in the nonlinear (post-buck-
ling) regime. The unspecified dynamic process leading from the unstable pre-pattern to the globally stable configuration
involves sharpening of the boundaries between the segments. The developing localization of strain is limited only by the
magnitude of the cohesive length. The fact that the bifurcating pattern and the global minimizer share the same number
of segments, is an indication that the proposed mechanism is robust not only in the pre-patterning stage but also in the
regime of final separation.

To show that the global minimizer presented in Fig. 7 is not the only metastable configuration, we compare in Fig. 8 the
equilibrium branch bifurcating at e0 ¼ ecrit and delivering (after a turning point) the global minimum to the energy (branch I),
with another equilibrium branch bifurcating at larger pre-stress e0 > ecrit (branch II). More specifically, we juxtapose the
energies and the stresses for the patterns with n ¼ 3 (bifurcating at point A with ecrit ¼ 1:5274) and with n ¼ 4 (bifurcating
at point B with ecrit ¼ 1:5303); see Fig. 9 for the definition of points A;B.

The blow up around the bifurcation points in Fig. 8 is shown in Fig. 9. As we see, in both cases the bifurcations are sub-
critical and therefore the incipient patterns are unstable. The instability cannot be resolved quasi-statically and therefore a
dynamic development is unavoidable. It will lead either to the global minimum of the energy (back to the branch I) or to one
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of the local minima illustrated here by the branch II. In the former case the number of segments remains the same from the
pre-patterning stage to the final separation stage, while in the latter case the number of segments necessarily changes.

The natural question whether the over-damped, gradient flow type dynamics allows the system to reach the global min-
imum of the energy remains outside the scope of this paper. In fact, one has to be careful in extending the purely mechanical
model towards the stage where the somatic cleft is formed. It is clear that the ultimate separation of somites may involve
secondary, non mechanical mechanisms (Henry, Hall, Burr Hille, Solnica-Krezel, & Cooper, 2000; Kulesa & Fraser, 2002;
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Mosaliganti, Noche, Xiong, Swinburne, & Megason, 2012). While these mechanisms, implying chemical and biological adjust-
ment (spatially-periodic expression of genes, periodically-spaced production of growth factors), are expected to be triggered
by the strain inhomogeneity studied in this paper, our current understanding of their nature is incomplete. The purely
mechanical model ignores a plethora of nonmechanical signaling events accompanying the initial instability and has to
be complemented appropriately in order to be able to generate specific experimentally testable predictions.

7. Conclusions

Vertebral segmentation is a periodic process in space and time. It is generally assumed that periodicity is controlled by a
molecular ‘clock’ which regulates temporally synchronized gene expression. Periodicity in space then emerges as a projec-
tion of the temporal periodicity performed by a steadily moving wave. In this paper we argue that the primary periodicity
may be of spatial rather than temporal origin and that the required synchronization may be due to mechanical rather than
biochemical signaling.

We utilize a known fact that mechanical instabilities can lead to the development of stress inhomogeneities in spatially
distant material points and we interpret the observed segmentally-expressed genes as a readout of tissue mechanics. Our
model suggests that the observed spatially inhomogeneous expression of genes is not necessarily the primary phenomenon.
We show the possibility that it can be induced by a mechanical instability which is then a process anticipating the final seg-
mentation phenomenon.

The goal of our oversimplified model was not to develop a comprehensive description of somitogenesis, but rather to
demonstrate the very feasibility that a uniformly pre-stressed PSM can become globally periodic through a tension-induced
instability. Our model is based on the assumptions that are well established in the literature, such as the important role of
differential elongation during somitogenesis, the elastic constraint of the PSM due to the surrounding tissues and the strain
softening nature of the cellular clusters. We have shown that the model readily generates spatial pre-patterning and that the
underlying morphogenetic mechanism is robust.

The proposed mechanical perspective on the origin of somitogenesis is, however, incomplete because the temporal devel-
opment through sequential formation of somites is not captured by the static model. Although there exist an experimental
demonstration that somite segmentation can occur simultaneously instead of sequentially (Lipton & Jacobson, 1974), the
normal development clearly requires a mechanism generating a propagating wave.

A conventional option would be to view the development of somites as an interaction of an exterior wave of morphogens
with a mechanically induced spatially periodic pattern. An alternative possibility is that mechanics is also responsible for the
propagation of the periodic pattern. It was previously shown in the phase transformation framework that if a model of this
type is equipped with appropriate dynamics, it can generate propagating fronts that separate segmented and unsegmented
configurations (Belintsev et al., 1987; Ren & Truskinovsky, 2000; Vainchtein, 1999); in the fracture setting segmentation
fronts have been studied in Bourdin, Francfort, and Marigo (2009). If similar dynamic mechanism operates during somito-
genesis the propagating front of the advancing mechanical instability can replace the front of diffusing morphogen. This
would mean that not only the ‘clock’ but also the ‘wave’ in the ‘clock and wave-front’ mechanism has a mechanical origin.

To test these hypothesis and to fully understand the implications of our prototypical model, it is necessary to refine the
simplified mechanical description by accounting for realistic geometry, adequate constitutive behavior and by incorporating
dynamics. However, the qualitative predictions of the model can be tested already now. In particular, it would be of interest
to study systematically to what extend the scale and the speed of the somitogenesis can be affected by the superimposed
stretching or by the modification of the mechanical constraints. First experimental results of this type, showing the effect
of the externally imposed thermal and mechanical loading on the outcome of a morhogenetic process, fully support the
mechanical perspective (Kornikova, Troshina, Kremnyov, & Beloussov, 2010; Primmett, Norris, Carlson, Keynes, & Stern,
1989).
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