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Abstract

Tetanized muscle myofibrils are often modeled as one-dimensional chains where springs represent half-sarcomeres (HS).
The force—length relation for individual HSs (isometric tetanus) is known to have a ‘descending limb’, a segment with an
apparently negative stiffness. Despite the potential mechanical instability on the descending limb, the isometric tetanus is
usually interpreted as describing an dffine deformation. At the same time, active stretching during tetanus around the des-
cending limb is known to produce non-dffine sarcomere patterns. In view of this paradox, the question whether the
mechanical behavior of a myofibril can be interpreted as a response of a single contractile unit has been a subject of con-
siderable controversy over the last 50 years. In this paper we question the claim that the isometric tetanus describes
homogeneous configurations of the HS chain. To distinguish between the multitudes of non-affine equilibrium states avail-
able to this mechanical system, we propose to use the concept of a stored mechanical energy. While the notion of energy
is natural from a mechanical point of view, physiologists have resisted it so far on the grounds that the contractile ele-
ments are active. We discuss how this objection can be overcome and show that the appropriately defined stored energy
of a tetanized myofibril with N contractile units has exponentially many local minima. We then argue that the ruggedness
of the ensuing energy landscape is responsible for the experimentally observed history dependence and hysteresis in the
mechanical response of a tetanized muscle near the descending limb. A nonlocal extension of the chain model, account-
ing for surrounding tissues, shows that both the ground states and the marginally stable states are fine mixtures of short
and long HSs. These mixtures are homogeneous at the macro-scale and inhomogeneous at the micro-scale and we show
that the negative overall slope of the step-wise tetanus can coexist with a positive instantaneous stiffness. A salient fea-
ture of the nonlocal model is that the variation of the degree of non-uniformity with elongation follows a complete devil’s
staircase.
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l. Introduction

Although the general physiological and biochemical outlines of how the contractile mechanism of skele-
tal muscles operates are established, some fundamental details of mechanical nature remain to be
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clarified. In this paper we address a still controversial issue of muscle stability on the ‘descending limb’
of the force—length curve describing fully tetanized muscles [1-5].

We recall that a single muscle fiber is a three-dimensional network of linearly aligned and passively
interlinked strings called myofibrils. An individual myofibril is a crystal-like system of repeating struc-
tural units (sarcomeres) each consisting of two mirrored force-generating subunits (half sarcomeres
[HS]), see Figure 1. The active contraction inside individual HSs results from the relative sliding of myo-
sin and actin myofilaments. The myofilaments interact through multiple myosin cross-bridges that pro-
trude laterally from myosin and bind actin. In the nonequilibrium environment, the preferred locations
of the attachment sites shift away from their equilibrium positions and stochastic binding stretches the
elastic elements inside the cross-bridges producing a macroscopic force [6].

The maximal active force generated by a muscle in a hard (isometric) device depends on the number
of pulling cross-bridge heads (motors), which is in turn controlled by the myofilament overlap. The over-
lap can be modified by the passive pre-stretch A/ and a large number of experimental studies were
devoted to the measurement of the dependence of the maximum force on the pre-stretch £ (A/) known as
the isometric tetanus curve [7-11]. The isometric tetanus has been traditionally interpreted as a descrip-
tion of the affine deformation representing a direct readout of the geometrical arrangement at the micro-
scale. In particular, it has been realized that a stretch beyond a certain limit would necessarily decrease
the filament overlap and therefore the active component of 7 (A/) must contain a segment with a negative
stiffness. While such active negative stiffness is partially compensated by the positive stiffness of parallel
passive cross-linkers [12], for some skeletal muscles the total force—length relation F(A/) still has a range
where the force decreases with elongation [13]. The resulting descending limb is illustrated in Figure 2.

A conventional interpretation of the isometric tetanus is based on the assumption that in a uniformly
activated myofibril all HSs are operating identically. This assumption is analogous to what is known in
solid mechanics as the Cauchy—Born (affinity) hypothesis. The potential instability of the Cauchy—Born
(affine) configurations on the descending limb was first realized by Hill [14] and various aspects of this
instability have been discussed extensively in the last 50 years, see [15-19] and the references cited therein.

Half sarcomere

Actin

Myosin Sarcomere

Figure I. Schematic representation of a myofibril. Actin filaments are shown by thin lines and myosin filaments by thick lines with
protruding cross-bridges. Passive parallel elements are shown as springs.
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Figure 2. Schematic representation of the isometric tetanus curve for frog striated muscle. Active component is shown by a
dashed line and passive component by a solid line. The descending limb is marked for the active force component only.
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In continuum mechanics it has been also long understood that a softening material will necessarily expe-
rience (localization) instability [20, 21]. In terms of the observed quantities such instability would mean
that on the descending limb any initial imperfection would cause a single myosin filament to be pulled
away from the center of the activated HSs [22-27].

Some experiments seem to be indeed consistent with non-uniformity of different cross-linkers spacing
and with random displacements of the thick filaments away from the centers of the sarcomeres [10, 28-
31]. Notice that the non-affine HS length distribution can be sometimes disguised as increased disorder
or skewing [32-34]. The softening-induced localization instability hypothesis is also compatible with the
fact that progressive increase of the range of dispersion in HS lengths, associated with a slow rise of force
during tetanus (creep phase), is observed mostly around the descending limb [24, 35-37].

An apparently related feature of the muscle response on the descending limb is the non-uniqueness of
the isometric tension, which was shown to depend on the pathway through which the elongation is
reached [38-49]. For instance, experiments demonstrate that when a muscle fiber is activated at a fixed
length and then suddenly stretched while active, the tension first rises and then falls without reaching
the value that the muscle generates when stimulated isometrically (residual force enhancement). Similar
phenomena have been also observed during sudden shortening of the active muscle fibers. Thus, if a sti-
mulated muscle is allowed to shorten to the prescribed length it develops less tension than during direct
tetanization at the final length. It has been argued that the nonuniform (nonaffine) HS behavior plays a
major role in such memory behavior [50]. For instance, the residual force enhancement is usually
explained by the fact that asymmetric length changes within the two neighboring HSs result in greater
myofilament overlap in one half of the sarcomere. The HSs with increased filament overlap are then
able to produce a greater force than during affine deformation while weaker HSs are stabilized by the
parallel passive elements.

Several affine mechanisms of residual force enhancement have been proposed as well, including those
that involve the recruitment of additional force-generating elements [51-55] and those relying on the
stiffening of the ‘passive’ parallel elastic elements (mostly titin molecules) as they reach the ‘active’ states
of their own [56-60]. However, apparently none of these alternative explanations can account for the
observed history dependence on the quantitative level [50, 61, 62].

The development of a nonaffine deformation on the descending limb have been thoroughly studied
in the dynamic setting where it is usually assumed that an active element (tetanized HS) is a softening
nonlinear elastic spring bundled with a dashpot characterized by a realistic (Hill-Katz) force—velocity
relation [9, 26, 42, 63-65]. The dynamic models were shown to be compatible with the residual force
enhancement after stretch and the associated deficit of tension after shortening, even though a variety
of numerical tests demonstrated that around the descending limb the HS configuration becomes nonu-
niform at the time scale which is unrealistically long. The simulations, however, left unanswered the
question about the fundamental origin of the multi-validness of the muscle response around the descend-
ing limb. Similarly, it remains unclear how the microscopic inhomogeneity (non-affinity) of the HS con-
figuration can hide behind a largely homogenous response at the macro-level.

In an attempt to answer these questions we use the simplest representation of a muscle myofibril
as a one-dimensional discrete chain with N ‘softening’ contractile units each reinforced by a parallel
linear element. By following a similar study of the behavior of shape memory alloys [66] we show
that an isometrically activated myofibril, viewed as mechanical system, has an exponentially large
(in N) number of configurations with equilibrated forces. To distinguish between various nonaffine
equilibrium states available to such a prototypical myofibril, we propose to use a notion of stored
mechanical energy. While this notion is essential in mechanics, physiologists have so far resisted
energetic interpretations of the mechanical equilibrium on the grounds that the contractile elements
are active, mentioning correctly that the energy flows through them rather than being stored. We dis-
cuss how this objection can be overcome and show that the relevant energy should be attributed to
the passive mechanical structures inside individual HSs. These structures are loaded both internally,
by molecular motors, and externally, by applied forces and their mechanical energy can be readily
computed. Finally we check that the dynamics induced by the conventional Hill-Katz kinetic model
implies a local minimization of the so defined energy.

Our analysis of the chain model shows that the energy landscape of a tetanized myofibril is rugged.
The possibility of a variety of evolutionary paths in such a landscape creates a potential for history
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dependence and explains the mysteries of the ‘permanent extra tension’ and of the ‘permanent deficit of
tension’ observed on the descending limb. We demonstrate that in the continuum limit the domain of
metastability on the force—length plane is represented by a dense set of stable branches corresponding to
states with a fixed degree of inhomogeneity and that the negative overall (apparent) slope of the force—
length relation can be viewed as a combination of an infinite number of infinitesimal micro-steps with
positive slopes. In the spirit of Allinger et al. [16] we claim that this ‘coexistence’ of the negative aver-
aged stiffness with the positive instantaneous stiffness is the main factor responsible for the stable perfor-
mance of the muscle fiber on the descending limb.

While the price of stability on the descending limb is the limited microscopic non-uniformity in the
distribution of HS lengths, the locally non Cauchy-Born (non-affine) behavior may be still compatible
with the uniformity in average at the scale of the whole myofibril [34]. To emphasize this point we pro-
pose a mechanism ensuring that the macroscopic configuration is a maximally fine mixture of long and
short HSs. This mechanism involves long-range mechanical signaling between individual HSs via the
surrounding elastic medium and we show that it brings into the model competing interactions with
incommensurate length scales [67]. The resulting ground states are homogeneous at the macro-scale and
inhomogeneous at the micro-scale, which explains why the nonaffine nature of the tetanized configura-
tions on the descending limb is so difficult to capture in the experiment. An intriguing feature of the
proposed nonlocal extension of the chain model of a myofibril is that the variation of the degree of non-
uniformity with elongation follows a complete devil’s staircase.

The rest of the paper is divided into two main sections. In Section 2 we study the conventional /local
model of a muscle myofibril and in Section 3 we analyze a nonlocal generalization of this model. We
begin Section 2 by introducing the notion of a softening active spring and discuss the microscopic origin
of the descending limb in the response of an individual tetanized HS. Then we study the mechanical
behavior of a collection of HSs arranged in series and explore the multiplicity of the configurations
with equilibrated forces. The use of an energetic framework allows us to study stability of the configura-
tions and distinguish between locally and globally stables states. In Section 3 we introduce a nonlocal
version of the chain model allowing us to clarify the origin of the macroscopic homogeneity of the
microscopically nonaffine patterns around the descending limb. Section 4 contains our main conclu-
sions and mentions some open problems.

2. The local model

In this section we study the simplest mechanical representation of a muscle myofibril as a chain of N
identical sarcomeres. Since the thick filaments can move off the center of the sarcomere, it is natural to
view a single sarcomere as a pair of identical HSs, see Figure 1. Therefore, we substitute the original
chain by an equivalent one with N = 2n contractile units separated by massless nodes.

2.1. Mechanical description of a single HS

Suppose that u; is a displacement of the ith point separating two neighboring contractile units. Then
Al; =u; — u;_; is the elongation of the corresponding HS and we assume that it is characterized by a
force-length relation F(A/). Since the passive element is connected in parallel with the active compo-
nent, see Figure 2, we can write F'(Al) = F,(Al) + F,(Al), where F,(Al) is the passive force and F,(Al) is
the active force.

The passive force is almost absent in the (floppy) physiological range and its main function is to pro-
vide support in the case of the accidental overstretch beyond the acto-myosin overlap. Despite such
strong nonlinearity it will be convenient to begin by representing the passive element as a linear elastic
spring with the force-length relation of the form F,(Al) = E3Al/a. Here Ej is the elastic modulus and a
is the reference length. In what follows we neglect viscoelastic properties of the passive elements even
though their role in the heterogeneous dynamics of a myofibril may be substantial [23]. We also do not
take into account that the passive structural protein titin becomes stiffer upon activation due to calcium
binding or due to its own binding to actin which suggests that active stretch encounters a stiff passive
element even when passive stretch does not [60].
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The assumption that the active behavior of a tetanized HS can be modeled by a material constitutive
relation F,(Al) is already controversial. Indeed, active force is known to be generated by a complex
micro-machinery involving stochastically fluctuating components, continuous supply of energy and dis-
sipation (e.g. [68, 69]). The active force is ultimately produced by stretched internal springs that are
loaded endogenously by molecular motors. A task of recovery of the constitutive description of such ele-
ments from observations is complicated by the fact that experiments describe the collective behavior of
a number of HSs and the mechanical data are obtained through a very particular protocol involving
activation at a fixed length rather than continuous deformation.

By making an assumption that the function F,(Al) describes the constitutive response of a quasi-
elastic element we, first of all, implicitly assume that at the time scale of interest the microscopic
dynamical processes (ensuring active force generation) are instantancous and that the corresponding
microscopic degrees of freedom can be adiabatically eliminated [64]. The elimination of fast time scales
means significant simplification of the formalism, however, it also prevents one from capturing the
response of the system at fast loading rates. In particular, we lose, even if only at a scale of a single HS,
the instantaneous stiffness on the descending limb discussed in [15-19]. The adiabatic model of a HS
also misrepresents the potentially nonaffine microscopic dynamics of molecular motors at sub-HS level
which was recently shown to contribute to the residual force enhancement [27].

According to the sliding filament theory the tetanus curve must be compatible with the existence of
three different structural arrangements of myofilaments. First, it must account for the fact that on the
ascending limb a partial overlap of actin filaments from different families contributes to mutual ‘neutra-
lization’ of some of the active cross-bridges making them ‘non-force-bearing’. Since such a detrimental
actin overlap diminishes with stretching, the active force generated by the force-bearing cross-bridges
increases with A/ and in view of its geometric origin this augmentation of the force is almost linear. The
ascending limb ends with a plateau where the number of force bearing cross-bridges remains constant
while the actual binding sites are changing. At the scale of a single HS, the interval of A/ corresponding
to such a ‘reversible plasticity’ is rather short and can be neglected. Therefore, we assume that the
ascending limb is followed directly by the descending limb, where the diminishing overlap of actin and
myosin filaments leads to the gradual decrease of the number of the force bearing cross-bridges due to
what one can call a ‘reversible damage’. More specifically, we assume that since all bound cross-bridges
contribute equally to active force generation, and since stretching beyond the range of an optimal over-
lap leads to the loss of attachment, the active force decreases linearly with the number of remaining
pullers. The descending limb is expectedly followed by a zero-activity regime where there is no overlap
of actin and myosin filaments and the active force cannot be generated.

In view of this reasoning and in an attempt to simplify computations we adopt a highly schematic tri-
linear approximation for the active force—length relation

Al
E,— s AZSCH
a
— Al —
Fa(AZ) - —-E, J , <Al<612
a
0 , Al 2 as

where due to the continuity, E; = a,E;/(a; — a1). The overall force-length relation for a parallel bundle
of active and passive elements has then an up—down—up form characteristic of a material undergoing
structural transformation [66]. This is illustrated in Figure 3 where we use dimensionless variables
¢=Al/a; and f(¢) = aF (Al)/(E1a;); in view of the above analogy we refer to the three distinct branches
of the force—length relation f'(¢) as phases /, /1, and /1.

2.2. The mechanical behavior of a HS chain

Consider now the behavior of N individual HSs connected in series (see Figure 4). Suppose that the myo-
fibril is loaded isometrically so that the controlling parameter is the total strain &. To find the equilibrium
configurations available to this mechanical system we need to solve the force balance equations
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Figure 3. Non-dimensional force—strain relations for an active component (a), a passive elastic component (b) and for active and
passive component grouped into a parallel bundle (c). The dimensionless parameters are E=a,/(a; — a;) and Eg = E3 /E;.
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Figure 4. A muscle fiber modeled as a chain of HSs; each HS is a parallel bundle of an active contractile element and a passive
linear elastic element.

fle)=f, i=1,...N, (1)

where f represents the constant force in the fiber. These equations may have up to three different solu-
tions corresponding to three different phases

f f 1+ FE f
e = — f ,8111:f

=—— — (2)
1+ E, E—E, E-E, Eo

&y

Given that the model is invariant under permutations it is natural to arrange all solutions of (2) into
equivalence classes, labeled by the triples (k,/,m) specifying the number of springs in each of the phases.
In what follows we also use phase fractions x=k/N,y=1[/N,z=m/N. - -

For the phase configuration (k,/,m) the average strain is Ne=ke;(f) + ley (f) + mey (f). By inverting
this relation and using (2) we obtain for each phase configuration its own macroscopic force—strain
relation:

S@=E.(—¢),
where

(1 +E) 5 Eo(1 + Eo)

E—Ey, " z4+E(—¢)

*

To illustrate the multiplicity of the equilibrium states in this mechanical system, we present in
Figure 5 the case of two full sarcomeres in series (N = 4). Since in the realistic myofibril N ~ 10% it is
also of interest to study the continuum limit N — <. One can show that in this limit the equilibria fill

densely the domain bounded by the four lines: f=(1+Epe, f=Foe, f=fnax=1+Ey, and

f =fmin=Eo(1 +E)/E, see Figure 6.
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Figure 5. Mechanical response of the simplest myofibril containing two sarcomeres in series (N =4, E = 0.3, E; = 0.1): (a) the total
force f(2); (b) the active force f,(g) =f (g) — Egé. The numbers indicate phase configurations (k, |, m). Points A, B, C, D and E, F, G,
H indicate limits of stability. The global minima of the energy are shown with a bold line (path AE af37y), the metastable states with

solid lines, the unstable states with dashed lines.
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Figure 6. Mechanical behavior of a myofibril in the continuum limit: (a) the total force f (g); (b) the active force f,(2) =f (¢) — Eqé.
Parameters: E = |, Eg = 0.25. Global minimum of the energy is shown with a bold line (yABS). Points in the shaded domain
(v, @, B, 8) correspond to metastable configurations. Lines («, ) and (y, 8) correspond to marginally stable states.

From Figure 6 it is clear that due to the large number of micro-configurations with balanced forces,
the outcome of an experiment with a finite stretch applied to a pre-activated myofibril cannot be pre-
dicted from the force balance equations only. Instead, the response of a tetanized myofibril depends on
the particularities of the stochastic dynamics at the microscale. To avoid the microscale analysis, it is
often assumed that each HS is equipped with a macroscopic force—velocity relation describing a steady-
state shortening in isotonic tests [63, 70, 71]. This is equivalent to an assumption that we attach in paral-
lel to the bundle of active and passive units a damping element of a frictional type. Then, if /'is the exter-
nal force acting on a HS, we can write / =f'(g) + ¢ (e, §) where the second term on the right describes the
dissipative force. Instead of the actual Hill-Katz-type expression for this force we use in what follows a
much simpler linear approximation ¢(¢) = u~'é, where >0 is the mobility coefficient, which preserves
the main features of a more realistic kinetic model.

It is clear that the linear dynamics is fully compatible with the fact that the homogeneous states on
the two ascending limbs of the force—length relation f'(¢) are stable while the homogeneous states on the
descending limb are unstable. In Figure 7, we illustrate the final states reached from various initial
homogeneous (affine) configurations on the descending limb: the system eventually gets trapped in an
inhomogeneous (nonaffine) equilibrium configuration. From Figure 7, we see that, on the average, the
(apparent) slope of the resulting jagged force-length curve is negative.

2.3. Energy minimization as a selection criterion

We have seen that by using a gradient-flow-type dynamic extension of the equilibrium model we can
obtain a particular way of selecting among the multiplicity of the available equilibrium states. Such an
over-damped dynamics leads to the local energy minimization because the associated rate of dissipation
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Figure 7. Numerical simulations showing selected non-affine metastable states (jagged line) that are accessible from the
homogeneous configuration through the gradient flow dynamics ¢ (¢) = u™'é. Starting points in these dynamic experiments with the
fixed average strain ¢ were affine configurations on the descending limb (dashed line). The segment AB corresponds to the global
minimum of the energy. Parameters: E = 2, E, = 0.5.

N N
D(e, 8) = Z ey é)éi=p ! Z 812

i=1 i=1

is positive definite. The question arises whether the concept of energy is meaningful at all in the context
of active systems. We know that to generate active force the motors must receive and dissipate energy,
which implies that the energy flows through the system. This is obviously not the energy we need to
account for.

In search of the place where energy can be stored, we observe that each HS has its own passive
mechanical machinery loaded endogenously by molecular motors. In the state of tetanus some energy is
stored in these passive structures. To change the amount of this energy one needs to arrange a transition
from one active state to another. Suppose that in order to make a quasi-static elongation d/ along the
tetanus, the external force F' must perform a work Fdl =dW . It is natural to identify the function W (/)
with the energy stored in the passive machinery inside an individual HS. Observe that the elongation d/
may involve not only elastic deformation but also structural changes associated, for instance, with the
variation in the number of the attached cross-bridges.

If we now apply this line of reasoning to the ‘up—down—up’ isometric tetanus curve F(/) for a single
HS we obtain a double-well energy function W (/). By subtracting the quadratic contribution due to par-
allel linear elasticity we obtained the ‘actively stored’ energy function W,(/), which has the form of a
Lennard-Jones potential. The convex section of this potential is associated with the ‘ascending limb’.
Here the energy grows with stretch because initially neutralized, non-force-bearing cross-bridges get
recruited with an increased stretch (become ‘force-bearing’) and more of them contribute to the storage
of elastic energy by pulling on the internal elastic springs. When the length of a HS increases beyond
the inflection point of the tetanus curve (point of optimal overlap) the system enters the descending limb
where progressive ‘damage’ starts to develop. The associated sequential de-bonding of cross-bridges
diminishes the elastic contribution to the stored energy while increasing the contribution due to the sur-
face/cohesion energy associated with de-bonded cross-bridges. After all bonds have been broken, the
stored energy becomes fully cohesive and does not change any more while the generated force becomes
equal to zero.

If we now consider a chain of HSs with the total length fixed we can argue that in view of the dissipa-
tive kinetics the system will select a mechanical configuration where the energy invested by pullers in the
loading of passive sub-structures is locally minimized. On the descending limb this selection principle will
then ensure an optimal tradeoff between elasticity and damage. Note that such an interpretation of the
homeostasis in a muscle myofibril is in agreement with the conventional assumption that active contrac-
tile machinery inside a cell rearranges itself to minimize the elastic energy generated in the environment
[72, 73].
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If this interpretation is adopted, the problem of finding the energy minimum in isometric conditions
can be formulated as follows

L . 1
w(Ee)=  min ]VZ wig;) (3)
{8,‘,28,‘*]\[;} l:1
i=1
where
1+2E082 , SSI
wie) =4 —L(e—LEP 4 b2 LLE | oo LE (4)

E
$+ 1y 02 158

b

is the dimensionless double-well stored energy characterizing a single HS. The system of equilibrium
equations in this problem is exactly (1). To identify local minima of the energy we first rewrite the energy
as a function of N—1 variables [66]

N—-1 N—-1
Wiel, .nen_ 1) =N"1 [Zw(ei) +wNe = &) (5)
i=1 i=1

The equilibrium configuration ¢ (&), i=1,...,N—1 is a local minimum of the energy (5) if the Hessian
matrix of the second derivatives

L E\+Ey  Ey . Ey
°w —N-! Ey E,+Ey .. Ey (6)
88,‘86} R e . SO
EN EN EN_] +EN

is positive definite. Here, E,- =w"(¢), i=1,...,N and ¢, represent a solution of the equilibrium equations.
The necessary and sufficient conditions for the matrix (6) to be positive definite can be written in the

form 4,>0, j=1,...,N-1, where
E
l:l

are the principal minors of the matrix (6) , see [17]. Observe that if / = 0, all £;>0 and the matrix (6) is
posmve definite. In contrast, if / > 2 the configuration is unstable because one can always rearrange the
springs to have 4; = E| + Ey <0, see [16]. Finally, if / = 1, we can always assume that Ey_; <0. Then 4;
> (0 for i=1,..., N-2 and stability depends on the sign of AN_1 According to (7)

N—m—1 1 m )
= + = + =
E(er) E(er)  E(em)

Il E\

A1 = EE)N " Een) (Elem)" (

and since E(e) <0, the stability condition reads

N—-—m-—1 1 m
— — <0. 8
1+E E—E0+E() (>

This inequality has a simple geometrical interpretation: since the springs are connected in series the effec-
- N A
tive elastic modulus £, =f"(¢) of the whole chain can be expressed as E;1 =N"! Y ES I'and then accord-

i=1

ing to (8) configuration with / = 1 is stable if and only if £, < 0 (see [60]).
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Figure 8. Phase diagram in the parameter space (Eg, E). Three lines divide the first quadrant into four regions of qualitatively
different behavior: line Ey — E = 0 separating regimes | and II; line NEg — (N — |)E = 0 separating regimes Il and Il and line

NEo — (N — I)E+ | =0 separating regimes Il and IV. The typical force—length curves (sets of metastable branches) in each of the
four regimes are shown in the boxes.

By using (8) we can identify in the space (Ey,E) the areas with qualitatively deferent behavior, see
Figure 8. For instance, if £y > E the solution of the minimization problem (3) is trivial and the only
equilibrium configurations are the homogeneous (affine) ones (region I). When Ey <FE < %EO all equi-
librium branches with / = 1 are stable and solution remains unique even though the HS length distribu-
tion is no longer affine (region II). As E is increased at constant E,, branches with /=1 become
progressively unstable and the number of local minima corresponding to nonaffine configurations
increases (region III). At £ > E, % + ]ﬁ (region IV) all configurations containing HSs in phase /7 are
unstable and the energy landscape exhibits the richest variety of local minima. One can say that in the
domain £ > %Eo the energy surface is rugged and the hysteretic (memory) behavior can be expected.
Note that for sufficiently large N any myofibril with Ey< E is in region IV and the typical configuration
around the descending limb is nonaffine.

To find the global minimum of the energy we need to compare the energies of all metastable branches
at a given &. Based on the analysis of the local stability, we can reduce the class of competitors to just
two major groups (N —m, 0, m) and (N —m-1, 1, m). First, consider the case when all configurations with
[ = 1 are unstable (region IV). In order to find the global minimum of the energy one needs to choose
among the configurations (N — m, 0, m) with the equilibrium energies

L+E) o (E+Dm

&
2(1+ %) 2EN

©)

w(e, m) =

These branches are defined in the domains [¢,-, &/,|, where

 ER(E+D m\ m
=1+ —].5,=1+ —.
EEy+1) NE NE)

Introduce the points of intersection of the metastable branch w(e, m) with the branches w(e, m — 1) and

w(e,m+1)
. E =+
o o(E+1) 1+m 1 14 m ‘
m EEy+1) NE NE,

It is then straightforward to check that for ¢ € [¢,, )] C (¢4, &,] we have w(g, m) <w(g, m), for any
m # m, meaning that configuration (N — m, 0, m) is the global minimizer in this interval.
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Figure 9. Anticipated structure of the isometric force—length relation for a tetanized muscle fiber superimposed on the full set of
all metastable branches. Global minimizers and metastable states are illustrated for the chain with N = [0: (a) the total force and (b)
the active force. Absolute minima are shown by bold lines, metastable states by solid lines. Blue thick line (color on line) shows the
proposed interpretation of the isometric tetanus curve.

Next consider regions II and III containing metastable configurations with / = 1. Note that
each branch (N —m — 1, 1, m) connects the end points &, and &, ;- of the branches (N — m, 0, m) and
(N-m—1,0,m + 1). In the case when ¢, <&, 1+ (our Equation (8)), the configuration (N —m — 1, 1,
m) is the only local minimizer in the interval[g , &, 1-]. Outside these intervals all configurations with /
= 1 are unstable and the global minimum of the energy is achieved at the configurations (N — m, 0, m).

In the continuum limit N — oo the global minimum of the energy can be selected among the pieces of
parabolas w(g, m) given by (9) and we need to compute w(g) = inf w(e, z). If configuration is nonaffine
and 0 <z <1 we obtain z€[0. 1]

2 g\/Eo(l +E)(I+E)  E(l+E)
B E 2
This relation describes a straight line in the energy—strain plane furnishing a convexification of the origi-

nal nonconvex energy function w(g). The (Maxwell) force describing the ‘coexistence’ of long and short
HSs is then

- Eo(1+E))(1+E
w,@_ﬂa_\/ o(1 + Eo)( +E)

2.4. An interpretation of the isometric tetanus

We are now in the position to propose an interpretation of the observed macroscopic force—length rela-
tion for an isometrically activated myofibril (tetanus curve).

First of all we observe that the global energy minimization scenario contradicts observations because
the negative overall stiffness is incompatible with the convexification of the energy. Moreover, the global
minimization scenario predicts considerable amount of vastly over-stretched (popped) HSs that have
not been seen in experiments. We are then left with a conclusion that along the isometric tetanus at least
some of the active non-affine configurations correspond to /ocal rather than global minimum of the
stored energy. A realistic interpretation of the experimentally observed tetanus curve as a combination
of local and global minimization segments is presented in Figure 9.

In view of the quasi-elastic nature of the corresponding response, it is natural to associate the ascend-
ing limb of the tetanus curve at small levels of stretch with the homogeneous (affine) branch of the global
minimum path (segment AB in Figure 9). Around the point where the global minimum configuration
first starts being nonaffine (point B in Figure 9), it is conceivable that a constitutive trajectory remains
close to the global minimum path. Then, the isometric tetanus curve forms a plateau separating
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ascending and descending limbs (segment between points B and C in Figure 9). Such plateau is indeed
observed in experiments on myofibrils and is known to play an important physiological role ensuring
robustness of the active response. We can speculate that a limited mixing of ‘strong’ and ‘weak’ (popped)
HSs responsible for this plateau is confined close to the ends of a myofibril while remaining almost invi-
sible in the bulk of the sample.

To account for the descending limb, we must assume that as the length of the average HS increases
beyond the end of the plateau (point C in Figure 9), the tetanized myofibril fails to reach the global mini-
mum of the stored energy. To match observations we assume that beyond point C in Figure 9 the attain-
able metastable configurations are characterized by the value of the active force, which deviates from the
Maxwell value and becomes progressively closer to the value generated by the homogeneous configura-
tions as we approach the state of no overlap (point D). We have seen that the corresponding nonaffine
configurations can be reached dynamically as a result of the instability of a homogeneous state. One can
speculate that such almost affine metastable configurations may be favored due to the presence of some
additional mechanical signaling loops which take a form of inter-sarcomere stiffness [63] or next to near-
est neighbor interaction [74, 75]. As the point D in Figure 9 is reached, all cross-bridges are detached
and beyond this point the myofibril is supported exclusively by the passive parallel elastic elements (seg-
ment DE).

Note next that since all of the metastable nonaffine states involved in this construction have an
extended range of stability, the application of a sudden deformation will take the system away from the
so-defined isometric tetanus curve (curve BCD in Figure 9). It is then difficult to imagine that the iso-
metric relaxation following such an eccentric loading will allow the system to stabilize again exactly on
the curve BCD. The response predicted by this model is therefore consistent with the fact that the resi-
dual force enhancement was observed not only around the descending limb but also above the optimal
(physiological) plateau and even around the upper end of the ascending limb [76, 77]. It is also consis-
tent with the observations showing that the residual force enhancement after stretch is independent of
the velocity of the stretch, that it increases with the amplitude of the stretch and that it is most pro-
nounced along the descending limb. In summary, the model can serve as a plausible explanation of the
hysteresis and history-dependent response observed in tetanized muscles. It suggests that trapping in the
local minima of the stored energy is a probable origin of the multi-validness of the tension—length
relation.

One of the main conclusions of this analysis is that the nonuniqueness of the muscle response around
the descending limb is not a property of an individual HS but rather a collective property of the whole
myofibril. More specifically, a comparison of the force—length relation ABCDE in Figure 9 with the
force—length relation for a single HS suggests that the collective tetanus may be rather different from the
tetanus of an individual HS. The origin of this difference is the nonaffine nature of the response of the
myofibril which complicates the interpretation of the macroscopic force—length relations in terms of the
behavior of the elementary units: indeed, during collective relaxation of a multi-sarcomere system the
dynamic lengths of individual HSs can be neither controlled nor monitored [78]. Ultimately, the nonaf-
fine (non-Cauchy—Born) character of the deformation of the ‘muscle material’, presenting itself as a HS
inhomogeneity, is a consequence of the nonconvexity of the stored energy and an outcome of an optimi-
zation between the cost of stretching and the cost of damage.

3. A nonlocal extension of the model

The analysis presented in Section 2 reveals considerable degeneracy of the local model since all strain
configurations related by permutations are equivalent. In particular, the local model cannot distinguish
among energetically equivalent nonaffine arrangements of ‘strong’ and ‘weak” HSs. In this section, we
attempt to limit the degeneracy by introducing the long-range mechanical signaling between individual
HSs. The implied mechanical interactions mimic the presence of connecting/supportive tissues that pre-
vent the break up of the meshwork of myofilaments and keep the HSs in a relative register across the
myofibril.
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Figure 10. Schematic representation of the HS chain surrounded by connecting tissue.
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Figure I 1. The dimensionless energy—length (a) and the force—length (b) relations describing an individual contractile unit in the

nonlocal model.

3.1. The mechanism of long-range interactions

Consider two parallel elastically coupled chains shown in Figure 10. One of the chains, composed of
softening contractile elements describing individual HSs, is exactly the same as in the local model pre-
sented in Section 2. The other chain contains linear springs mimicking additional elastic interactions in
the myofibril of possibly non-one-dimensional nature. We assume that the coupling, provided by shear
(leaf) springs is linearly elastic. In dimensionless form the stored energy of the resulting mechanical sys-
tem reads

N
1 1
W(g, uyv, N) :N_1 ;w(u, — Ml;]) + EEJ_(H,‘ — V,‘)z + EEH(V’ — V,;])z. (10)

Here u; is the displacement of the ith node of the HS chain and v; is the displacement of the ith node in
the elastic background. The two new dimensionless parameters £, and E|| characterize the shear and the
Young moduli of the background. We choose the double-well potential #(¢) describing the energy of a
single HS in the form (see Figure 11)

1
A
=’
2p—1) 2
%(x—n)2+g . e>m

e<1

w(x) = , l<e<nm- (11)

This potential is qualitatively similar to that used in Section 2, in particular, the active contribution is
exactly the same as before. The passive force is assumed to be negligible until there is no more overlap
between the actin and myosin filaments and to be linear afterwards: this description of the passive ele-
ment is more realistic than that given in Section 2. The assumption that phases / and //I have the same
elastic moduli is made for convenience since it considerably simplifies analytical computations.

Note that the nonlocal model described by the energy (11) involves competing interactions: the
double-well potential favors sharp boundaries between the ‘phases’ while the elastic foundation term
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favors strain uniformity. As a result of this competition the energy minimizing system is expected to find
an optimal tradeoff between the uniformity at the macro-scale and the nonuniformity (nonaffinity) at
the micro-scale.
Suppose now that the myofibril described by the energy (11) is loaded in a hard device so that uy=
vo = 0 and uy =vy = Ne. Then the equilibrium problem reduces to finding
w(e, N) = min w(g,u,v,N). (12)

{ui, vi,ug =v =0,
Uy =VN :NE}

The corresponding system of equilibrium equations

Wy —uimy) =W (i —ui) +EL (u; —v)) =0
Ej2vi —viy1 —vio)) +EL(vi —u) =0,

is highly nonlinear and can be expected to have multiple solution.

3.2. Elimination of linear elastic degrees of freedom

To make an analytical study of this nonlinear system possible we neglect the presence of the spinodal
region (phase /7) which played only a minor role in Section 2 and consider a bi-quadratic representation
of our two energy wells: w(x) =wy(x) +Sw; (x), where wo(x) = 3x* —ax+Bwi(x) = —ax+B, a= 7

B= 7 + 1 and S is a spin variable distinguishing phases I and 111

g —1 for phasel
1 for phase .

Now any micro-configuration can be specified by the vector S =[S}, S,, ..., Sy ||, in particular, the frac-
tion of HS in phase /11 is

=

(13)

For this type of configurations the energy (10) can be rewritten as

lEH(v,» —vi) (14)

_ 1
w(e,u,v,S,N) = IZWO —ui—1) + Swi (i _ui—l)‘f’_EL(ui_Vi)z‘i‘z

i=1 2

By minimizing out in this expression the linear variables u;, v; at a given S, which involves an inversion
of a tri-diagonal matrix, we obtain

B nE . sinh (i) X =
it sinh 6 sinh (N 0) Z w Simh (V= Zl SInh (F=/)6 + i
; (15)
. nE | sinh (i6) — . )
v, =ie+ . - Z M sinh (N — /)6 — E smh 0 Z M sinh (i — )0

E| sinh 6 sinh (N0)j:1

where

. E (1+E LS +1
6 =2sinh ! (0.5 L(E—||)>,mi:2 ‘/2+ , My =m; — iw.
j=1
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Note that m; is the number of HSs in phase /11 located between the first and the ith node. By substitut-
ing (15) into (14) and omitting the ‘boundary’ terms of the order 1/N, we obtain the expression for the
energy in terms of the components of vector m

| NoIN-l
w(e,m, N) =wy(e) + E||8 +w](8)(2w—1)+n7w<1+E )+ ZZK|1—]| (ml_m])2 (16)
H i=1j=1
where
coshf — 1
K@) =n’E, —— e ">0.
) =n"EL 4sinh 6 ¢ 0

One can show that for any {u;, v;} the second variation of the energy (14) is positive definite and there-
fore all equilibrium states with a prescribed configuration m are metastable. The corresponding equili-
brium force—length relations can be written in the form

dw(e,m,N)

f(&,m,N)= G =(1+E)é — no. (17)
In Figure 12 we illustrate the relations (17) for the case N = 51. The energies of the corresponding
metastable branches are presented in Figure 13 where we show two different scales illustrating the emer-

ging self-similarity.

3.3. The global minimum of the energy

To reconstruct the global minimum of the energy we need to compare the energies w(é, m, N) for differ-
ent ‘configurations’ m. Due to the special structure of the function w(&, m, N) it is natural to first fix the
fraction w of the HS in phase /11, and search for configurations m, delivering the global minimum to the
energy

w(e,o,N)= min w(g,m,N)

{m,my =Now}

It turns out that the energy (16) has the same overall structure as the equilibrium energy of a harmo-
nic chain of atoms adsorbed on a periodic piecewise parabolic potential with an incommensurate refer-
ence length scale [79]. This problem was solved in [67] and we just need to accommodate their result for
our case.

First of all, based on a theorem proved in [67] we can claim that the configuration with the minimal
energy is precisely

m; = [iw)], (18)

where [x] is the integer part of x. In terms of the ‘spin’ variables the minimum energy configuration can
be written as

S; = 2[iw] — 2[(i — D] — 1. (19)

One can see that the microscopic state is periodically modulated, guaranteeing the finest possible
mixture of phases, and thus providing the macroscopically homogeneous deformation. This is
consistent with muscle experiments where only a small extent of regional non uniformities was
observed in the (averaging) laser diffraction studies [40, 80] and where over-lengthened HS were
found to be ‘scattered’ [34].

3.4. The continuum limit

By substituting (18) into (16), we can obtain an expression of the energy in terms of w for any N, how-
ever, we can fully analyze the result only in the thermodynamic (continuum) limit and therefore in what
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Figure 12. Metastable force—length branches for the nonlocal model with N =51, E= 10, E, = I, E;; = I: (a) total force, (b) total

force with subtracted contribution due to connecting tissue, (c) total force with subtracted contributions due to connecting tissue
and due to parallel passive elasticity. The force—length relation along the global energy minimum (Maxwell) path in the continuum
limit (N = ) is shown in red.
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Figure 13. Metastable energy-length branches for a nonlocal chain with the contribution due to connecting tissue subtracted.
Here, N=51,E=10,E, = I, E; = I. Two different scales illustrate the developing self-similar pattern. The global energy minimum in
the continuum limit (N = o) is shown in red.

follows we only deal with the limit w(e, w) = lim w(e, w, N). The limiting energy can be represented in
the form of an infinite series o

(6 ©) = wo(@) + L@+ (B0 — 1)+ B2 (12— 1) + (o),

= (20)

Ylw) =2 zoo:K(n) (na)(Z[nw] +1) — [nw]z—[nw]>.

n=1

Observe that if nw is not an integer (if w is irrational) the function w(e, w) is differentiable with
respect to w. The derivative, however, does not exist when nw is an integer, i.c. whenever w is rational.
Therefore, if we define w; by the implicit formula

w(e, wz) = Inf w(E, w),
wel0,1]
we can have two options:
(a) the inf is attained at a point of differentiability, i.e. there exists an irrational w; such that

ow(e, w)

s> =0. In this case w;, is a root of an equation
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(b) the inf is attained at a point w where the derivative experiences a discontinuity. This means that
there exists a rational point, w,, such that W w030 and %ﬂ‘ 7 > 0.
w=w, v lo=w,+0
In fact, following [67] one can show that the minimizer w(&) in our problem has a form of a complete
devil’s staircase: an increasing continuous function which is flat outside a countable number of points.
More precisely, we observe that each rational value w, = %, where r and s are irreducible integers, is a
minimizer in a finite interval (&, /,_, &./,4 ) where

_ 2 nr n+1 n 2r
b =2 ] )+ 2 ()
brfs + n;” NG i R R e sA+E|)

By :%inK(n)(z[%_ﬂ)Jr"THjtg(m%E)— 1>.

n=1

(22)

Here by [x] we denote the largest integer smaller than x. The width of these steps can be given explicitly

~ 2sinh6(cosh (s6) — 1)

S

AE(F) nE | (coshf — 1)

The resulting deformation is non-affine (0 < w < 1) in the interval (£(0), &(1)), where

B . _ nk | 1 _ L nk | nk | 1 n
0 = 1 w = - =, 1 e 1 o = — - _ .
&(0) wir&s 4smh9+2 él) wlﬂnllfg 4s1nh0+2(cosh6—1)+2+EH+1

The structure of the function w; = w(g) defined by (21)—(22) is illustrated in Figure 14. The ‘staircase’
character of this function suggests that the predictions of the model are robust in the sense that a particu-
lar microstructure corresponds to a finite domain in the space of parameters. To illustrate this point fur-
ther we show in Figure 15 the phase diagram where parameters are the strength of the elastic coupling
and the applied stretch. This diagram has a typical ‘tongue’ structure characterizing systems with incom-
mensurate competing interactions, see [67].

3.5. Force—length relation

By substituting the minimizer w; = w(&) into the energy function (20) we obtain the relaxed energy func-
tion describing the myofibril whose (nonaffine) internal configurations are the globally minimizers:
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Figure 15. The 6—¢ phase diagram: shaded areas correspond to periodic (commensurate) ground states; the number inside each
shaded area gives the fraction of HSs in phase /ll. Parameters: E =5, £ = 5, N = .
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The structure of the function w(g) is illustrated in Figure 16 where the bold (red) line, represents global
minimizers, while the solid (blue) line shows the energy of affine deformations. The nonaffine HS pat-
terns minimizing the energy are detailed in Figure 17.

Finally, we write the overall force—length relation along the global minimum (Maxwell) path

(1+E)s; &€ (0,2(0))
f@=W@ = W+EE—"T5 §€ Gty (24)
(l—l-EH)%_I—T]; e (5(1),00)

The function f'(¢) is illustrated in Figure 18(a). One can see that the plateau, characterizing the energy
minimizing states in the local model, is now replaced by a curve with a positive slope. The fact that the
overall elastic modulus is now positive reflects the presence of the connecting tissue that is stressed when-
ever the myofibril is in a nonaffine state.

If we now subtract the contribution due to the connecting tissues and therefore focus on the mechani-
cal behavior of the ‘naked’” myofibril, we obtain the force length relation shown in Figure 18(b). Note
that this curve has an overall negative slope even though at each point the instantaneous elastic modu-
lus is strictly positive. The negative overall slope is even more pronounced in Figure 18(c) where all pas-
sive elasticity has been subtracted.

To summarize, the nonlocal extension of the chain model lacks the permutation degeneracy and gen-
erates specific microstructures with fine mixing of shorter HSs located on the ascending limb of the
tension—length curve and longer HSs supported mostly by the passive structures. The mixed configura-
tions represent periodically modulated patterns that are undistinguishable from the homogeneous defor-
mation if viewed at a coarse scale. The descending limb can be again interpreted as a union of positively
sloped steps that can be now of vastly different sizes. It is interesting that the discrete structure of the
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Figure 16. The global minimum of the energy in the continuum limit (bold line, state a), compared with the energy of the affine
states (solid line, state ). Here E= 10, E, = I, E= I, N = .

force-length curve survives in the continuum limit, which instead of smoothening the constitutive rela-
tion makes it extremely singular.

To make the nonlocal model compatible with observations, we should follow the approach of
Section 2, abandon the global minimum path and associate the descending limb with metastable (rather
than globally stable) states. More specifically, we should apply an auxiliary construction similar to the
one shown in Figure 9 for the local model, which anticipates an outcome produced by the realistic
kinetic model of tetanization. A detailed implementation of these ideas for the nonlocal model sup-
ported by the numerical experiments based on a particular dynamic extension of the model will be pre-
sented elsewhere.

4. Conclusions

The goal of this paper is to contribute to the ongoing discussion whether the well-documented nonuni-
queness of the mechanical response of skeletal muscles around the descending limb is a feature of an indi-
vidual HS or a collective property of the whole myofibril.

To this end we developed a purely mechanical model of a tetanized muscle fiber amenable to a rather
complete and transparent mathematical analysis. Following some previous work, we interpreted indi-
vidual contractile elements (maximally tetanized HSs) as nonlinear elastic springs whose tension can
decrease with length and modeled additional passive elements by parallel (nonlinear) elastic springs. To
distinguish between multiple equilibrium states we introduced an energetic interpretation of equilibrium.
Even though viewing mechanical equilibration, as energy minimization is rather unusual from the biolo-
gical perspective we provided a justification for this approach in the context of tetanized muscles. We
have shown that the energy can be understood as a mechanical work invested by the active pullers in
elastic and inelastic deformation of the passive components of the force-generating machinery. We have
also provided evidence that local minimization of such energy is compatible with the conventional
dynamic extensions of the equilibrium model.

Our analysis of the local version of the proposed model convincingly demonstrated that the energy
landscape of a myofibril is rugged and that the typical equilibrium configuration around the descending
limb of the tension—length curve is nonaffine. Our model also suggests that around the descending limb
the behavior of a chain of HSs differs considerably from a behavior of a single HS. We demonstrated
that the complexity of the ensuing energy landscape explains the history-dependent mechanical response
of tetanized muscles and clarifies the origin of stability of myofibrils on the descending limb. In particu-
lar, according to the model the overall negative slope of the tension—length curve on the descending limb
should be viewed as a combination of a large number of abrupt steps with positive slopes.

The coexistence of a negative averaged (apparent) stiffness with the positive instantancous stiffness is
the main factor behind the mechanical stability of a myofibril on the descending limb. While along the
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Figure 17. (a) The strain field corresponding to the global minimum of the energy at point « in Figure 16. The dashed line
represents the strain of the affine deformation corresponding to point 3 in Figure 16. (b) Probability distribution function describing
the fraction of HS with different strains. Parameters: E=3,E, = |, E; = 100, £=0.81, N = 80.

Maxwell path most of the steps with a positive stiffness are very small, each one of them can be extended
as a metastable branch. This interpretation is compatible with the hysteretic eccentric response of teta-
nized muscles suggesting that in the areas adjacent to both, the physiological plateau and the descending
limb the muscle operates in an extended domain of metastability. The underlying complexity of the
energy landscape fiber explains the observed dependence of the isometric tension on the pathway
through which the elongation is reached.

To eliminate the permutational degeneracy associated with the local formulation of the chain model
we proposed its nonlocal generalization that takes into account long-range interactions. On the descend-
ing limb the nonlocal model favors regular nonaffine configurations with a particular size distribution of
HSs. More specifically, the mixed states exhibit fine periodically modulated patterns that are hardly dis-
tinguishable from the homogeneous deformation on the macro-scale. The energetically optimal variation
of the degree of nonuniformity with stretch, predicted by the nonlocal model, exhibits a complete devil’s
staircase-type behavior. We emphasize, however, that in view of the over-damped nature of dynamics
the corresponding low-energy micro inhomogeneous states may not be reachable even if the fiber is
allowed to evolve through a sufficiently long creep phase.

The proposed equilibrium model does not address the question of equilibrium and non-equilibrium
fluctuations that can push the system to explore much wider domains of the energy landscape. The
model is also over simplistic in its representation of the parallel elastic elements that may exhibit com-
plex unfolding patterns [81] as well as ‘activity’ of their own explaining experimentally observed stretch
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Figure 18. (a) The force—length relation in the nonlocal model along the global energy minimum path (continuum limit). (b) The
same force—length relation with the contribution due to connecting tissue subtracted. (c) The same force—length relation with the
contributions due to connecting tissue and due to HS passive elasticity subtracted. Here E= 10, E, = I, =1, N = oo.

induced ‘enhancement’ of the passive force [82]. Our ability to simulate the mechanical behavior of mus-
cles at this level of detail will open the way to direct comparison with experiments.
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