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Creasing instability is ubiquitous in soft solids; however, its inception remains enigmatic as it cannot be
captured by the standard linearization techniques. It also does not fit the conventional picture of a barriercrossing nucleation, and instead carries some features of a second order phase transition. Here we show that
despite its fundamentally nonlinear nature, creasing has its origin in marginal stability which is, however,
obscured by the dominance of long-range elastic interactions. We argue that despite its supercritical (soft)
character, creasing bifurcation can be identified by the condition that the (generalized) driving force acting
on an incipient stress singularity degenerates. The analytic instability criterion, obtained in this way, shows
an excellent agreement with both physical experiments and direct numerical simulations.
DOI: 10.1103/PhysRevLett.122.248001

Creasing is a highly localized mechanical instability in
soft elastic solids (gels, elastomers, tissues). It manifests
itself through the appearance, on a free surface of a
precompressed body, of a singular region of cusped folding
and culminates in the formation of a zone of self-contact
[1–5]. Creasing is encountered in a wide range of applications from biomedical coating [6] and constrained
swelling [7,8] to tunable adhesion [9]. It is of significant
theoretical interest as an example of nonlinearizable instability [10–14] which shows universality: the creasing strain
was found to be insensitive to the constitutive behavior
[15], the geometry of the body [16], and the type of
loading [17,18].
Creasing instability is similar to buckling [19] and
wrinkling [20] because it relies mainly on geometrical
nonlinearities of an elastic solid [21]. However, in the case
of creasing, while the associated displacements are small,
the displacement gradients are large which disqualifies
standard perturbation methods [22,23] and suggests that
stability is lost in the strong sense [24]. This type of
instability is characteristic for systems where the order
parameter is a gradient, which implies nonlocality and
dominance of long-range interactions [25–27].
In the presence of an internal length scale, creasing
displays features of nucleation and growth phenomena
usually associated with first order phase transitions [21,28]
and microcracking [29]. However, in the scale-free setting
of classical elasticity, creasing instability lacks traditional
“domain boundary” structure and resembles a second order
phase transition [30]. This implies “soft” nucleation which
is closer to a barrierless binodal transition than to a spinodal
transition. Despite the progress achieved in the numerical
studies of creasing instability in a regularized setting
[10,21,22,31], the physical understanding of its purely
elastic, scale-free nature remains limited.
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In this Letter we pursue a simple idea that the creation of
an incipient, highly localized self-contact zone requires an
energy inflow from far away where the necessary work is
done by the applied forces. To quantify this picture we
introduce an energetic criterion of creasing which follows a
closely similar approach in fracture mechanics [32,33]. An
(incomplete) analogy between the two subjects is suggested
by the observation that a crack is a singular set of the
deformation gradient while a crease is a singular set of the
inverse deformation gradient.
We argue that despite its supercritical (soft) character,
creasing bifurcation can be identified by the condition that
the (generalized) driving force acting on an incipient stress
singularity becomes degenerate. To compute such driving
force we use the elastic energy-momentum tensor [34]. It
allows us to link the energy released globally as a result of
the formation of a crease with the energy required locally to
bring together the two sides of a zone of self-contact.
By associating the creasing threshold with the condition
that the energy fluxes at macro and micro scale are exactly
balanced, we reproduce in the creasing framework the
original idea of Griffith [35,36]. Quite remarkably, our
analytic Griffith-type instability condition, obtained without knowing the exact solution of the nonlinear elasticity
problem, shows an excellent agreement with both physical
experiments and direct numerical simulations.
Denote by xi and X a (with i, a ¼ 1, 2, 3) the Cartesian
coordinates of the points of an elastic body in the current
and reference configurations. We assume that x3 ≡ X3 and
focus on the behavior of a 2D body Ω ¼ f½−L; L × ½0; Lg.
Suppose that the material is incompressible, so that
det F ¼ 1, where RFia ¼ ∂xi =∂Xa and now i, a ¼ 1, 2.
Denoted by W ¼ Ω wd2 X the elastic energy of the body,
where w ¼ wðFÞ is the energy density. Under the
assumption that the material is isotropic, the function w
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can depend only on I ¼ trðFT FÞ [37] and we assume, for
simplicity, that this dependence is convex. Consider next
the simplest problem where the body Ω is uniformly
compressed in a horizontal direction in a hard device.
More precisely, we assume that x1 ¼ λX1 at jX1 j ¼ L,
where λ ≤ 1 is the applied stretch. We also assume that x2
remains unconstrained at jX1 j ¼ L in the sense that P12 ¼ 0
where Paj are the components of the Piola-Kirchhoff stress
tensor
P ¼ ∂w=∂F − pF−1 ;
and p (kinematic pressure) is the Lagrange multiplier
enforcing the incompressibility constraint. At the free
surface X2 ¼ 0 we impose the zero tractions condition
PT e2 ¼ 0 where e2 ¼ ð0; 1Þ. We also assume that the
vertical displacements at the surface X2 ¼ L are constrained so that x2 ¼ L=λ while P21 ¼ 0. Our task is to
find the critical value λ ¼ λc < 1 when the homogeneous
configuration x1 ¼ λX1 , x2 ¼ X2 =λ becomes unstable vis a
vis the formation of an isolated crease with infinitesimal
length δl ≪ L, see Fig. 1.

FIG. 1. Sketch of the (a) reference and (b) actual configurations
of a creased elastic slab subjected to a compressive stretch λ in the
horizontal direction. The blue line indicates the (material) path γ
used to compute the energy flux. Shaded areas show the internal
solution. An inset in (b) illustrates the critical deformed shape
(intermediate asymptotics) obtained analitically for the neoHookean material with a crease with a self-contact length δl ≪ L.

The equilibrium problem reduces to solving the
system of equations ∇ · P ¼ 0; however, even without
knowing the creasing solution of this nonlinear problem,
one can find its internal (near field) jXj ∼ δl, external
(far field) jXj ∼ L and intermediate δl ≪ jXj ≪ L asymptotics [30,38].
The far field asymptotics is not affected by the appearance of the crease, and therefore the external solution
represents the original homogeneous deformation. It is
fully characterized by the horizontal uniaxial stress
P11 ðλÞ ¼ 2w0 ðI λ Þðλ−λ−3 Þ and the pressure p ¼ 2w0 ðI λ Þλ2 ,
where I λ ¼ ðλ2 þ λ−2 Þ; other stress components disappear, P12 ¼ P21 ¼ P22 ¼ 0.
The near field asymptotics is furnished by the canonical
mapping from a half space to the whole space (with the
formation of a line of self-contact). Using the conditions of
incompressibility and equilibrium we obtain [21,39,40]:
pﬃﬃﬃ
pﬃﬃﬃ
x1 ¼ R= 2 sinð2ΘÞ, x2 ¼ R= 2 cosð2ΘÞ, where R ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðX1 Þ2 þ ðX2 Þ2 and Θ ¼ tan−1 ðX1 =X2 Þ. The pressure
distribution, pin ðRÞ ¼ w0 ð5=2Þð1 − 3 log RÞ − C, is defined
up to an additive constant C which controls how much the
two sides of the self-contact line with a small length δl in
the reference configuration are pushed against each other.
To match at the order ϵ ¼ δl=L the average stress
exchanged along the vertical line bisecting the crease with
the homogeneous horizontal stress in the far field P11 ðλÞ,
we must choose C ¼ λP11 ðλÞ − 3w0 ð5=2Þ log δl [41].
The opposite sides of the self-contact must be pulled
together by forces distributed on the reference surface with
the normal −e2 . This force distribution in the “internal”
problem must be effectively canceled by the matching
distribution of pushing forces in the “intermediate” problem.
Consider a domain with characteristic length L̄ centered
around the incipient crease, such that δl ≪ L̄ ≪ L. In the
limit ϵ → 0 the elastic field in this domain will be affected by
the crease only through the resultant of such pushing force
distribution δf ¼ −4w0 ðI λ Þðλ2 − λ−2 Þδl.
Since this forcing is weak, we can obtain the intermediate asymptotics by linearizing the elastic problem
around the homogeneous external solution. To this end we
assume that x ¼ Fo X þ δu, with Fo ¼ diagðλ; 1=λÞ. The
displacement field δu is incompressible and can be written
as δu1 ¼ −δϕ;2 λ−1 δu2 ¼ δϕ;1 λ, where commas denote
partial derivatives. The stream function δϕðxÞ satisfies
a biharmonic equation with coordinates rescaled by the
factor [41]
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4 α þ λ4 þ 1 −
α2 þ 2αðλ4 þ 1Þ þ ðλ4 − 1Þ2
s¼
2
where
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α ¼ 2ðw00 ðI λ Þ=w0 ðI λ ÞÞðλ3 − λ−1 Þ2 :
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In the case λ ¼ 1, the Green’s function GðxÞ for this
problem is classical [42] and its generalization for the case
λ < 1 is straightforward; here we only mention that it
depends on physical nonlinearity weakly, through a scaling
coefficient w00 ðI λ Þ=w0 ðI λ Þ [41].
We can then write δϕ ¼ Gδf. To obtain the first
corrections to this asymptotic result at ϵ that is small
but finite, it is sufficient to uniformly distribute the
force δf over
R δl the interval of the length 2δl: δϕ1 ðXÞ ¼
½δf=ð2δlÞ −δl
GðX1 − ζ; X2 Þdζ. An explicit expression
of the displacement field in this approximation can be
found in the Supplemental Material [41].
The next step is to compute the energy increment ΔW
associated with the infinitesimal advance of the tip of a
crease δl. We can write: ΔW ¼ JðδlÞδl, where the
driving force is JðδlÞ ¼ JðδlÞm and m is the direction
of the advance of the crease. To compute the energy
flux we
R
can use the well known formula JðδlÞ ¼ γ TðδlÞn ds
[43–45], where
T ¼ wI − ð∂w=∂FÞF
is the energy-momentum (Eshelby) tensor [46] and I is the
unit tensor. In the definition of the driving force, the
element of length ds is taken along the contour γ following
the body boundary ∂Ω and surrounding the crease with the
normal n. We recall that due to Noether identity [47]
∇ · T ¼ 0 and therefore the integral in the definition of
J isR path independent. In our case m ¼ ð0; 1Þ and
J ¼ γ ðwn2 − Pij ni Fj2 Þds. The anticlockwise path γ is
depicted by the blue line in Fig. 1(a).
We start from the external problem which does not see
the crease. The contributions to the J integral along the
vertical segments DE, D0 E0 are equal to zero, because in the
external asymptotics P12 ¼ 0 and x1;2 ¼ 0 at jX1 j ¼ L. The
contribution
along EE0 takes the form: JjEE0 ð0Þ ¼
RL
− −L wðI λ ÞdX1 ¼ −2LwðI λ Þ, where we used the fact that
P21 ¼ P22 ¼ 0 at X2 ¼ L. Since, in the absence of singularities, the J integral around a closed contour must vanish,
we conclude that JjD0 D ð0Þ ¼ −JjEE0 ð0Þ ¼ 2LwðI λ Þ.
The compatibility of external and internal problems
requires that JjD0 D ð0Þ ¼ JjD0 D ðδlÞ, where the term
JjD0 D ðδlÞ can be split into contributions from the parts
of the reference surface with and without self-contact.
Therefore JjD0 D ðδlÞ ¼ JjA0 A ðδlÞ þ 2JjAD ðδlÞ where we
used the fact that JjAD ðδlÞ ¼ JjD0 A0 ðδlÞ by symmetry.
We may then define ΔW þ ¼ ½JjA0 A ðδlÞ − JjA0 A ð0Þδl ≥
0 as the incremental energy “absorbed” by the self-contact,
and ΔW − ¼ ð2JjAD ðδlÞ − 2JjAD ð0ÞÞδl ≤ 0 as the incremental energy “released” due to unloading in the rest of the
body. In the absence of an analog of the conventional
toughness, the critical condition of the crease initiation
takes the form

ΔW þ þ ΔW −
¼ 0:
δl→0
ðδlÞ2
lim

ð2Þ

To compute the “absorbed” energy ΔW þ we need to
evaluate the J integral for the self-contacting portion of the
freeR surface (using the internal solution). We obtain ΔW þ ¼
δl
δl −δl
½wð5=2Þ−P21 F12 dX1 . Then limδl→0 ΔW þ =ðδlÞ2 ¼
2½wð5=2Þ − 2w0 ðI λ Þðλ2 − λ−2 Þ, and since w is non-negative
and is also a convex function of I, this expression is positive
for all λ < 1. Note also that, despite the presence of a
singularity at the tip of the crease, it is too weak (logarithmic)
to generate a special contribution to the J integral.
To compute the “released” energy ΔW −, we can use
the intermediate asymptotics. The goal is to evaluate the
integral JjAD . However, we begin with computing the
integral JjBD where B is a point on the top surface of
the body with coordinates (L̄; 0). We recall that ϵ̄¼ L̄=L≪1
and ϵ ≪ ϵ̄.
Given that the normal tractions vanish along the path
BD, we obtain Rfor the incremental stress δp12 ¼ δp22 ¼ 0,
hence JjBD ¼ L̄L wjX2 ¼0 dX1 . We can now expand the
R
energy w up to the first order in ϵ: L̄L wjX2 ¼0 dX1 ¼
wðI λ ÞðL − L̄Þ − 2P11 ðλÞδu1 ðL̄; 0Þ þ oðϵÞ where we used
the incompressibility constraint and the fact that in
the external asymptotics δu1 ðL; 0Þ ¼ 0. Note that
wðI λ ÞðL− L̄Þ ¼ wðI λ ÞLð1− ϵ̄Þ∼wðI λ ÞL. Since δu1 ðX1 ; 0Þ
is constant for X1 ≥ δl [41], we can replace δu1 ðL̄; 0Þ
by δu1 ðδl; 0Þ. Therefore the computed asymptotics for
JjBD can be also used to evaluate JjAD and the “released”
energy can be written as ΔW − ¼ −2P11 ðλÞδu1 ðδl; 0Þδl.
This expression is always negative since both P11 and δu1
are negative for λ < 1. Finally, combining all the obtained
formulas [41] we obtain λc as a real root of the equation

wð5=2Þ
2
−2
− ðλ − λ Þ
−
2w0 ðI λ Þ


þ

ðλ − λ−3 Þð−λ4 þ 2s2 − 1Þλs3 ðλ4 − 1Þðλ4 þ s4 Þ
¼ 0;
λsðs4 − λ2 Þfλ4 þ s8 þ s4 ½λ6 þ ðλ2 − 1Þα þ 3λ2 − 2g
ð3Þ

where s is given in Eq. (1).
Note that in contrast to the case of fracture where the
analog of our ΔW − is linear in δl and the stability
condition concerns the first variation of the energy, in
the case of creasing, ΔW − is of the same order ðδlÞ2 as the
bulk energy increment ΔW þ . Therefore the equilibrium
condition is effectively formulated in terms of the second
variation; the latter should be then understood in the strong
sense [27]. The absence of scale makes the implied
generalized bifurcation (from a homogeneous state) supercritical and global, while it is subcritical and local in the
case of microcracking. Creasing is also different from the
scale-free homogenous nucleation of dislocations, which is
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weak Biot instability independently on whether we
approach it by loading or unloading. For Gent’s material,
Biot threshold can be obtained by solving the equation [52]
ðI m þ 1Þλ8 þ ðI m − 6Þλ6 þ 3ðI m þ 2Þλ4
− ðI m þ 3Þλ2 þ λ10 þ 1 ¼ 0;

FIG. 2. Stability limits: creasing threshold (this Letter)—blue;
Biot threshold—red, inextensible limit—black. Squares: FEM
simulations [49].

usually associated with linear instability of spinodal
type [48].
To illustrate our main result [Eq. (3)] and to clarify the
role of physical nonlinearity [49,50] we have chosen the
Gent’s energy density [51]
wðIÞ ¼ −



μI m
I−2
;
log 1 −
Im
2

where μ is a characteristic stress, and I m > 1 is a maximum
deformability, defined for instance by the average contour
length of the fiber chains composing a polymeric network.
Note that Gent’s model is strongly elliptic as long as
μI m > 0, so μ should be of the same sign as I m . Gent’s
model reduces to the classical neo-Hookean model for
elastomers when I m → ∞; this limit is degenerate since
then w00 ðI λ Þ=w0 ðI λ Þ ¼ ½I m − ðI λ − 2Þ−1 → 0 and only geometric nonlinearity remains in the problem [as far as the
roots of Eq. (3) are concerned].
The dependence of the root λc on I m is illustrated in
Fig. 2 (blue line). Observe an interesting reentry behavior
of stability boundary that is caused by rapidly decreasing
extensibility of the material at high compressive stretches
(the effect of physical nonlinearity). The obtained results
are in a very good agreement with finite element simulations reported in Ref. [49], which concerns both the value
of λc and the fact that creasing does not occur below I m ∼
3.7 (cf. with the value I m ∼ 3.1 in Ref. [49]). Our results
also agree with experimental measurements, which report
critical values of λ at about 0.63 for rubber [1], 0.635 for
silicone [5], and 0.65 for polymer gels [15]. Note also that
for neo-Hookean material, the threshold λc ≃ 0.6362
obtained in this Letter is close to the upper bound λc ≃
0.6372 recently computed in Ref. [38].
A similar reentry behavior is also exhibited by the Biot
threshold [20] which identifies conditions of linear instability of a prestressed solid body with a free surface. Being
a strong (nonlinear) instability, creasing always precedes

see Fig. 2 (red line). The same result can be also obtained
directly from our analysis as the condition that the response
to the force δf is singular [41]; the implied degeneration of
the incremental elasticity operator at the boundary [53] is
known as the failure of the complementing (ShapiroLopatinskij) condition [54,55].
Note also that a simple lower bound for creasing can be
obtained if we compute the value of λ beyond which the
material becomes physically inextensible. Such limit would
follow from the condition
w0 ðI λ Þ → ∞. For Gent’s
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ pmaterial
ﬃﬃﬃ
pﬃﬃﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
we obtain λin ðI m Þ ¼ I m − I m I m þ 4 þ 2= 2, and
this threshold is also shown in Fig. 2 (black line).
The developed energetic approach to creasing clarifies
why this mechanical instability exhibits some features of
the second order type phase transition while remaining a
fundamentally nonlinear, nucleation type phenomenon.
The nonuniversal physical nonlinearities were found to
have little influence on the creasing threshold which is
largely controlled by the universal geometrical nonlinearity.
The proposed methodology should prove useful in other
“non-linearizable” problems where local instability is
associated with the degeneration of the energy minimum
in the strong sense.
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