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Considerable work has been undertaken for the improvement of wave-energy converters and array
design. It has recently been suggested that by extracting wave energy, these farms could also serve to
protect shorelines from wave damage. The present work focuses on the local effects of wave-structure
interactions within an array of oscillating absorbers to optimize global effects, such as reflection, damping,
and energy absorption. We use a model system of flexible blades, subjected to monochromatic waves,
and develop a simplified one-dimensional model to predict optimal configurations, depending on various
parameters, which include the number of blades, their spacing, and their flexibility. Optimal configurations
are found to be close to regular patterns, and the impact of array configurations is shown to be limited
regarding wave dissipation, mainly due to a competition between reflection and absorption.
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I. INTRODUCTION

Ocean waves have large potential for renewable energy
that could reach 2 TW [1]. Yet only a small portion is
currently harvested, and mostly through early-stage proto-
types [2]. Additionally, when this energy is not harvested,
it is transmitted to the shoreline, where it can cause coastal
erosion. Absorbing the energy of waves through converters
therefore presents a double advantage.

Great effort has been made in the last two decades
regarding the development of wave-energy converters
(WEC), with many proposed designs (see Refs. [3,4] for
reviews). These devices are nonetheless limited in power
output and efficiency and, thus, deployments in large
arrays will be necessary. Each device can then be impacted
by the presence of neighbors, due to wave interference.

Many studies have explored the influence of array con-
figurations on WEC performance and have highlighted
the possible strong interference between waves within the
array [5–10]. One interesting phenomenon is observed
when the devices are placed in regular patterns, sepa-
rated by a distance equal to half the wavelength of the
incoming wave. In this case, strong reflection is observed,
similar to the Bragg resonance seen in wave scattering
through crystal lattices [11]. This strong effect has been
the source of extensive research in areas of solid-state
physics and acoustics, with specific interest for the devel-
opment of metamaterials that could absorb waves effi-
ciently [12–16]. This research can also be extended to
water waves [17] and could apply to WEC-farm design.
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Indeed, these arrays could also serve to dampen waves
and reduce coastal erosion since their aim is to extract
the energy of waves over large surface areas [18–20].
In this sense, Bragg resonance could be very useful.
Yet, while the associated array configuration could ben-
efit wave damping, it is also found to reduce the device
oscillations, thereby limiting power extraction. This was
observed experimentally by Nové-Josserand et al. [21]
and numerically by Garnaud and Mei [22]. The latter
developed an analytical model describing the interaction
of waves and an array of small wave-energy-converting
buoys. Band gaps (i.e., the range of frequencies over
which wave propagation is prohibited) and array power
absorption were predicted with use of the Froude-Krylov
approximation to model the force on a WEC element
and multiple-scale analysis. The results demonstrated a
strong reduction of the array’s efficiency in the case of
Bragg resonance. Similarly, Renzi and Dias [23] studied
the effect of the lateral spacing of flap-type converters
on the resulting capture factors. Very clear peaks in per-
formance were found. These observations highlight the
difficulty in designing optimal wave farms, which will
have to result from a trade-off between wave damping and
energy harvesting.

Array optimization has been studied in a number of
numerical studies, based on various applied-mathematical
tools. A semianalytical model was, for example, recently
developed by Göteman et al. [24] to test configurations
that minimize power fluctuations. However, most opti-
mization studies thus far have been limited to small arrays
or to specific conditions, as these often require extensive
numerical calculations. It is therefore difficult to obtain
general conclusions.
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In this paper, we develop a simple one-dimensional (1D)
interference model to evaluate the benefit of optimal array
configurations in terms of both wave-energy absorption
and damping. Following an experimental validation using
a small-scale array of flexible blades, both regular and
irregular arrays are considered and the influence of local
scattering coefficients of each individual item on the global
performances of the entire array is discussed.

II. METHODS

A. Theoretical model

On the basis of the small-scale experiments presented
in Ref. [21], we study the interaction between planar
monochromatic waves and an array of partially submerged
slender, flexible blades. Each row within the array is com-
posed of an infinite number of elastic structures (“blades”).
As these bend under the action of the incoming fluid, part
of the incoming-wave energy is dissipated through the
associated internal work of the material, and the rest is
either reflected or transmitted downstream. This system of
multiple infinite rows can therefore be modeled as a 1D
system, in which each row represents a single unit of the
full array. The energy dissipated through each row is then
evaluated experimentally along with that associated with
the reflected and transmitted waves, thus providing infor-
mation on the global energy distribution within the system
(see Fig. 1).

1. Scaling

Each flexible blade within the array is subjected to both
inertial and viscous forces due to its interaction with water
waves. This is expressed as

∑
Fext = Fviscous + Finertia = Fviscous +

∫∫
S

pn̂dS, (1)

where p is the pressure due to the fluid acting on the
wetted surface S in the normal n̂ direction. Assuming
potential flow and linear waves, the pressure term is further
expressed as

p =
∫∫

S
−ρ

(
∂�

∂t
+ gz

)
n̂dS, (2)

FIG. 1. The 1D model.

� = �I + �D + �R, (3)

where � is the total wave potential such that fluid veloc-
ity can be written u = ∇�, which includes an incident
term �I , a diffracted term �D, and a radiated term �R.
Total inertial forces are therefore shared between hydrody-
namic forces in the incident waves (Froude-Krylov force)
and hydrodynamic forces due to the structure disturbing
the waves (diffraction and radiation forces).

The importance of each force term can be evaluated with
two dimensionless numbers: the Keulegan-Carpenter num-
ber = uT/D, which compares viscous terms with inertial
terms, and the diffraction number D = D/λ, which divides
the size of the object by the wavelength. Note that u = |u|
is the orbital velocity of the fluid particles, T is the wave
period, D is the characteristic size of the object, and λ is
the wavelength.

Flap-type wave-energy converters can be described
as line absorbers and rely on inertially driven forces.
Therefore, they are generally associated with low
Keulegan-Carpenter numbers and tend to be wide objects
to maximize their capture width and efficiency. Diffraction
thus plays an important role in the array forces.

2. Interference model

Let η = Re{aei(kx−ωt)} be the incident complex wave-
form with amplitude a, wave number k, and angular fre-
quency ω. As this wave travels through the array, it will
interact with each row n of an infinite number of blades,
which behaves as a single item transmitting part of the inci-
dent wave with a local coefficient t and reflecting another
part with a local coefficient r (see Fig. 1).

In the 1D case, each row is subjected to the sum of forces
induced by waves traveling in the two opposing directions.
We take incident and transmitted (ηt) waves traveling in
the positive x direction and reflected waves (ηr) travel-
ing in the negative x direction. The associated horizontal
wave-particle motions are illustrated in Figs. 2(a) and 2(b).

Two waves traveling in opposite directions force water
particles to move in opposite elliptic trajectories. Tak-
ing the transmitted wave ηt = Re{taei(kx−ωt)} and reflected
wave ηr = Re{raei(kx+ωt)}, we can write the corresponding
dynamic excitation forces as

Ft = M u̇t = Ftêx, (4)

Fr = M u̇r = Fr(−êx), (5)

where M is the mass of the displaced fluid, u̇t and u̇r are
the orbital accelerations of the fluid particles, associated
with transmitted and reflected waves, respectively, and êx
is the unit vector in the positive x direction [see Fig. 2(c)].
Only small deformations are assumed here. Given that for
constant water depth, wave frequency, and wave number,
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(a) (b) (c)
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FIG. 2. (a) Incident (or trans-
mitted) and (b) reflected waves
with associated horizontal
wave-particle motion x. (c) The
distributed Froude-Krylov wave
force FFK associated with the
incident wave on a partially
submerged flexible blade.

u̇ = |u̇| is proportional to the wave amplitude a, the total
excitation force Ftot acting on the front row becomes

Ftot =
∑

F = Ft + Fr = A · FFK, (6)

where A is an amplification factor of the dynamic Froude-
Krylov force FFK = M u̇i associated with the incident
wave, resulting from array interference.

In the more-general case, any row n of an array com-
posed of N rows will be subjected to the total wave force
Fn resulting from interfering transmitted (incident in the
case of the front row) and reflected waves from the array:

Fn = AnFFK, (7)

An = |Tn − Rn|. (8)

The resulting coefficients Rn and Tn are obtained, as fol-
lows, from the sums of geometric series:

Rn = rtnei
∑n

m=1 ϕm

1 − r2ei2ϕ(n+1)︸ ︷︷ ︸
immediate neighbors

N−n−1∑
k=0

t2kei2
∑n+k+1

m=n+1 ϕm

︸ ︷︷ ︸
subsequent rows

,

Tn = t(n−1)ei
∑n

m=1 ϕm

1 − r2ei2ϕn
,

(9)

where ϕn = ln2π/λ corresponds to the phase shift of inci-
dent transmitted waves ηtn at row n with respect to the
incident wave η.

The global force-amplification factor resulting from
array wave interference can therefore be predicted with Eq.
(8) and provides an indication of the local excitation force
applied on each row. In the following sections, we derive
expressions for the global internal dissipation (Ka), reflec-
tion (R), and transmission (T ) coefficients arising from
this interference model.

3. Energy dissipation Ka

At the local scale of a single row, the energy associ-
ated with the incident wave is shared between a reflected

part of ratio r2, a transmitted part of ratio t2, and a dissi-
pated part of ratio d = 1 − (r2 + t2). The dissipated energy
depends on the device oscillations and includes terms for
both internal dissipation (ka) due to the device’s restor-
ing force (internal friction or power take-off damping) and
external dissipation (kd) due to the added friction losses
caused by the presence of the fluid (drag).

The device is modeled as a cantilevered flexible beam
[see Fig. 3(c)] bending on its first mode of deformation,
for which the motion is described by that of a damped
oscillator. Assuming small oscillations, linear-beam the-
ory applies, suggesting that the local position of the blade
x(z, t) is a function of the maximal blade-tip deflection X(t)
and is proportional to the total beam loading and the elastic
restoring force:

x(z, t) = v1(z) · X(t). (10)

v1(z) is the mode shape and is expressed as follows:

v1(z) = 1
2

[
cos k1z − cosh k1z

+
(

sin k1hs − sinh k1hs

cos k1hs + cosh k1hs

)
(sin k1z − sinh k1z)

]
,

(11)

where hs is the total length of the blade and k1 is the
first root of the characteristic equation in vacuum. As
described in Ref. [21], the power associated with internal
and external dissipation can be written as

P = 2[
int(m + ma)ẋ2] + 1
2
ρwCDAu3

r , (12)

ur(z) = ua(z) − ẋ(z), (13)

ua(z) = aω
cosh k(h + z)

cosh kh
, (14)

where 
int is the damping coefficient related to the inter-
nal work of the oscillator, m and ma are, respectively,
the mass of the beam and the added mass of the fluid
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FIG. 3. (a) The experimental setup. (b) Example of a typical treated surface-wave map before and after the blades, with selected
zones of analysis Z1 (red) and Z2 (blue) for R and T measurements. (c) The cantilever-beam model. (d) Characteristic parameters of
blades (top) and spatiotemporal plots (bottom) used for blade-tip tracking analysis (see Ref. [21] for the detailed method description).

displaced by the submerged part of the beam, CD is an
empirical drag coefficient taken equal to 2 for a plate
shape, A is the projected surface subjected to incoming
flow, and ur is the relative velocity of the blade and the
fluid particles. For any given beam geometry and mechan-
ical properties, and any imposed wave conditions, the
dissipated power is therefore proportional to the oscilla-
tion amplitudes squared. The oscillation amplitude itself
depends on the wave amplitude, so ẋ varies together with
X . The power of the incoming waves per unit area is
given by Pw = 1

2ρga2vg , where vg is the group velocity
of the wave, and is related to the phase velocity through
vg = (vp/2)(1 + 2kh/sinh 2kh). The internal dissipation is
given by the ratio of the internal damping energy:

ka = P
Pw

= 
int(m + ma)ẋ2

1
2ρga2vg

. (15)

From Eqs. (10) and (15), one can easily see that ka ∝
ẋ2 ∝ X 2. Therefore, the global absorption factor will also
depend on the amplification factor as follows:

ka(X 2) = 1 − (r2 + t2 + kd), (16)

Ka =
N∑

n=1

A2
nka. (17)

Using the amplification-factor model, we predict the max-
imal potential-energy dissipation using Eq. (17) based on
the array layout.

To highlight the effect of array interference on the global
absorption coefficient Ka, the results are compared with a
theoretical reference coefficient Karef , which we define as
the sum of nonamplified individual dissipation coefficients,
taking into account only cumulative reduced transmission
throughout the array. This is expressed as

Karef =
N−1∑
n=0

t2nka = ka
1 − t2N

1 − t2
. (18)

The transmission coefficient is squared since the dissipa-
tion coefficient is a function of X 2 [see Eqs. (10) and
(15)].

4. Global reflection R
Following similar interference principles, we use the

same method to predict the total global reflection coeffi-
cient of the array R. In this case, the sum of all reflected
waves is considered at position x+

1 in front of the first row.
Taking only first-order reflections from subsequent rows,
we have

ηR = ηr1 + ηr2 + ηr3 + · · · + ηrn =
N∑

n=1

ηrn. (19)

Each row n reflects a wave ηrn with a phase shift ϕn =
ln2π/λ due to the distance ln separating two neighboring
rows. If we first consider a simple case where the dis-
tance ln between each row is the same constant l, then the
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sum of all reflected waves can be written as a power series
[Eq. (20)]:

ηR = Re{aei(kx)Rz}, (20)

where Rz = [r(1 − (t2ei(2ϕ))N ]/(1 − t2ei(2ϕ)). The total
reflection coefficient R = |Rz| can therefore be calculated
for any given phase shift ϕ. The theoretical case with-
out array effects gives Rref = r(1 − t)2N /(1 − t)2, which
coincides with Bragg scattering (ϕ = 0).

If we consider independently varying values of ln
through the array, Eqs. (9) and (20) lead to the follow-
ing expression for the global reflection coefficient R of the
entire array:

R = r
N−1∑
k=0

t2kei2
∑k+1

m=1 ϕm . (21)

5. Global transmission T
Without any array effects, the global transmission coef-

ficient would simply be expressed as Tref = tN , where N
is the total number of rows and t is the local transmission
coefficient of a single row. However, array layout affects
wave interference, which, on the basis of a similar rea-
soning, leads to the following expression for the global
transmission coefficient at position x+

N just behind the last
row of the array:

T = tN ei
∑N

m=1 ϕm

1 − r2ei2ϕN
. (22)

On the basis of local coefficients r and t, it therefore pos-
sible to evaluate the total energy distribution in our system
using global dissipation (Ka) [Eq. (17)], reflection (R) [Eq.
(21)], and transmission (T ) [Eq. (22)] coefficients for any
given separating distances ln.

B. Experimental validation

To validate the model, small-scale experiments are per-
formed with an array of flexible, slender blades subjected
to a surface-water-wave field created in a wave canal 0.6 m
wide and 1.8 m long. A flapping-type wave maker is used
to create controlled monochromatic waves and an angled
polymer (PVC) sheet is placed at the end of the canal to
act as a beach and minimize wall reflections. A sketch of
the experimental setup is presented in Fig. 3(a). The blades
are made from Mylar® of thickness 350 μm, density 1380
kg/m3 and Young’s modulus (E) 5 GPa. Individual Mylar
blades are fixed to Lego® blocks, which are arranged on
a Lego base board, thus allowing easy configuration vari-
ations. Experiments are performed at the natural resonant
frequency f0 of the blades, measured to be 5 Hz in water.
The blades are 9 cm long (hs), fixed to a Lego block of 1-
cm height and a base of 5-mm thickness. The water depth

TABLE I. Wave characteristics: frequency f , and amplitude a,
wavelength λ of imposed waves, and depth h of water.

f (Hz) a (mm) λ (cm) h (cm)

5 0.7 7.16 8

is chosen to match deep-water conditions, and is kept at 8
cm, thus giving a submergence ratio h/hs of =0.83 [see Fig.
3(c)]. The lateral spacing d between neighboring blades is
fixed at λ/2 (equal to four Lego spaces of 8 mm each).
Wave and blade characteristics are summarized in Tables I
and II, respectively.

In these conditions, the Keulegan-Carpenter number is
O(10−1), and the diffraction number D/λ is around 0.2,
suggesting that inertial forces are dominating and array
diffraction is not negligible. Our model therefore applies.

Two sets of experiments are performed:

(a) The number of rows N is set to 2 and the longitudi-
nal spacing l2 between row 1 and row 2 is varied over the
range [λ/4; λ].

(b) The number of rows N is set to 3 and the longitudi-
nal spacing l3 between row 2 and row 3 is varied over the
range [λ

4 ; λ]. Spacing l2 between row 1 and row 2 is fixed
at λ/4.

For each configuration, 400 images are recorded with a
Phantom V9 camera at a recording frequency of 200 fps,
therefore covering ten wave periods. To avoid strong lat-
eral reflections and canal modes, recordings are started
when the first waves have traveled through the camera
field. The surface-wave maps are treated by the synthetic
schlieren method [25]. A transparent Lego base and trans-
parent Lego blocks are used to benefit from this method
over the entire image. Global reflection (Kr) and transmis-
sion (Kt) coefficients are then calculated from these treated
surface-wave maps with use of two separate zones of anal-
ysis before (Z1) and after (Z2) the array [see Fig. 3(b)]. It
is assumed that the transverse average of the waves in each
zone takes the form

η(x) =
{

ae−ikx + Raeikx in Z1,
T ae−ikx in Z2. (23)

Taking xa and xb ∈ Z1, and xc ∈ Z2, we can define the
reflection (R) and transmission (T ) coefficients as

R = e−ikxb − H1eikxa

H1eikxa − eikxb
, (24)

TABLE II. Blade characteristics: length hs, width D, thickness
e, Young’s modulus E, and density ρ of blades.

hs (cm) D (cm) e (μm) E (GPa) ρ (kg/m3)

9 1.4 350 5 1380
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T = e−ikxa + Reikxa

H2e−ikxc
, (25)

where H1 and H2 are transfer functions defined as
η(xb)/η(xa) and η(xa)/η(xc), respectively. All three points
xa, xb, xc are selected randomly and the final coefficients
are averaged over 200 iterations.

Finally, the calculated transmission coefficient T of
each configuration is normalized by that calculated for a
reference case without blades T0 (giving T̃ ) to separate
array damping from natural wave dissipation. A reference
case (without blades but with the base board) is therefore
taken at the end of each set of experiments. These coef-
ficients are calculated over the central area of the tank,
where imposed waves are linear and monochromatic, thus
justifying transverse averaging. The results obtained for a
single row are R ≈ 0.3 and T̃ ≈ 0.7. These coefficients
are those used for local r and t value inputs in the model.
Because of the difficulties in avoiding beach and motor
reflections, the measured reflection coefficient is not that
representative of blade reflections only. Therefore, when
calculating the global absorption (Ka) and transmission

(T ) coefficients, we replace local r by that due to the pres-
ence of blades only, measured as rblades = r − rref, where
rref corresponds to the coefficient measured without blades
(approximately 0.1). Results are presented in Figs. 4(a)
and 4(c).

The second part of the analysis focuses on the bending
of the blades, which relies on the recording of the beam
movements. The top of each blade is highlighted with
white tape to contrast with the dark dotted pattern used
for the schlieren method. The movement of each blade end
is quantified by a spatiotemporal stacking method as pro-
vided by the software package ImageJ [see Fig. 3(d)]. We
can therefore compare normalized blade oscillations X̃ for
each row with normalized wave forcing F̃FK for each row.
This is represented by the amplification factor A for both
quantities. Results are presented in Figs. 4(b) and 4(d).
The experimental results are plotted against l/λ, where λ

is found to vary between 0.065 and 0.07. This may lead to
a slight shift of the curves.

The results show good agreement between experimental
data and model predictions, especially regarding blade-
oscillation amplification factors A, with clear peaks and

(a) (b)

(c) (d)

FIG. 4. Measured global reflec-
tion (R) and transmission (T )
coefficients (dots) for an array
composed of two rows (a) and
three rows (c) compared with
numerical values calculated from
Eqs. (21) and (22) (dotted lines).
Normalized blade oscillations X̃
(dots) for each row Rn of an
array composed of two rows (b)
and three rows (d) compared with
numerical values of An calculated
from Eq. (8) (dotted lines). Spac-
ings l2 in the case of N = 2 and
l3 in the case of N = 3 are varied
within [λ/4; λ].
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troughs at l = λ/4 and l = λ/2, as expected. The results
regarding global reflection and transmission coefficients
are not as good in the case of N = 3. This could be
due to the experimental uncertainties for local r and t
calculations. The qualitative variations are nonetheless
coherent.

III. RESULTS AND DISCUSSION

We now use the model described above to explore all
possible array configurations to evaluate their influence on
blade oscillations and wave damping.

A. Regular configurations

We first compare two bounding cases for regular con-
figuration patterns (i.e., arrays with constant spacing l
between rows), which correspond to spacing ratios l = λ/2
and l = λ/4. Taking the same local coefficients as those
measured experimentally (r = 0.2, t = 0.7, d = 0.4), we
explore the effect of increasing the number of rows in
the array by examining the amplification factors calcu-
lated from Eq. (8) (see Fig. 5). The results are compared
with reference case without amplifications (i.e., assuming
a series of single independent rows). These are represented
by asterisks in Fig. 5 and are calculated as tn−1 for each
row n.

As expected, these results show the strong influence
of the arrangement on front-row oscillations, with a 30%
decrease in values for l = λ/2 versus a 10% increase for
l = λ/4, and these effects hold true throughout the array,
with similar attenuated effects for each subsequent row.

The global reflection and transmission coefficients are
also compared in Fig. 6, with use of Eqs. (21) and (22).
Here again, a reference case is plotted in asterisks to iden-
tify the effect of array amplifications on T (note that the
results for T would match exactly those for l = λ/2, as
described in Sec. II 4). As previously seen for ampli-
fication factors, a clear difference is noticed, especially
regarding the reflection coefficients, with a maximum dif-
ference of around 25% obtained for arrays of ten rows.

FIG. 6. Predicted global reflection (R) (squares) and trans-
mission (T ) (triangles) coefficients as a function of array size
(increasing number of rows N ). Results for constant array spac-
ings l = λ/2 and l = λ/4 are presented in red and orange,
respectively. Results are compared to the reference case without
amplification effects (Tref).

The transmission coefficients, on the other hand, fall on
very similar curves, and do not deviate beyond 15% from
the reference case (N = 5). This suggests a competition
between reflection and absorption, with a maximal gain
in absorption when reflection is minimal, whereas trans-
mission is little affected and depends mainly on array
size. Another noticeable difference concerns the change in
variations for increasing array sizes. While R increases
steadily with N for l = λ/2 before reaching a limit at
N = 5, it decreases very slightly and in oscillatory form
for l = λ/4. A similar observation can be made regard-
ing amplification factors, with mirrored trends (see Fig. 5).
This oscillation is thought to come from a pairing effect of
amplifications, with mimima observed for even arrays and
maxima observed for odd arrays.

(a) (b) FIG. 5. Predicted amplification
factors An for each row n of the
array as a function of increasing
total number of rows N . Results
for constant array spacing l = λ/2
(a) and constant array spacing l =
λ/4 (b). Theoretical oscillation
factors without amplification (ref-
erence) are presented as asterisks.
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FIG. 7. Optimal configurations
as a function of {r; t} values for
increasing array size from N = 2
to N = 7. The local dissipation
value d is fixed at 0.4.

B. Optimal configuration

It is clear that variations of An, R, and T depend
on the input parameters r and t, which are so far mea-
sured from experimental data. If these coefficients now

become changeable, for example, via a modification of
the confinement ratio, or blade flexibility and shape, then
these tendencies will be altered. Additionally, given that
λ/2 = 2 × λ/4, the benefits of l = λ/4 are diminished

FIG. 8. Variations of global dissipa-
tion coefficient Ka depending on local
d and {r, t} values for an array com-
posed of three rows. Results for the
optimal configuration and regular con-
figurations are compared with the ref-
erence values without any array effects
(Karef ).
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by the negative impact of l = λ/2 spacings on blade
oscillations for arrays with N > 2. This suggests that
for larger arrays, configurations causing maximal oscilla-
tion amplifications may be irregular, whereby the spacing
between rows is no longer constant. These optimal config-
urations are determined by our scanning all possible com-
binations of ln spacings and calculating their associated
amplification factors An. The optimal array is that provid-
ing the maximal global amplification factor Atot = �An.
Resulting configurations are presented in Fig. 7 for arrays
ranging from two to seven rows and for varied local coef-
ficients r with a fixed local dissipation coefficient d = 0.4
(taken from experimental data). In our experimental case,
internal dissipation ka accounts for approximately one third
of the total dissipation d. In Sec. III B, we therefore choose
to arbitrarily vary our local coefficients on the basis of
the local energy-balance condition: r2 + t2 + d = 1, with
ka = d/3.

As expected, optimal configurations deviate from regu-
lar arrays for all sizes N > 2. While the observed patterns
are not yet understood, these variations are thought to
stem from the local nature of the amplification effects.
Given that r and t are of O(10−1), interference will have
an impact only on neighboring rows. This would explain

why both even and odd arrays may transition through
semiregular configurations composed of combined pairs of
rows.

The benefit of the determined optimal configurations
is further evaluated and the associated global dissipation
coefficients are compared with those of the regular bound-
ing cases, along with the reference case (asterisks), as
described in Eq. (18). Results are plotted in Fig. 8 for an
array of three rows, for varied local dissipation coefficient
d ∈ [0.1 − 0.8]. These plots clearly show the negative
impact of regular arrays l = λ/2 as opposed to the ben-
efit of both regular arrays l = λ/4 and optimal arrays on
global wave absorption, with deviations of up to ±50%
(d = 0.2). However, the difference between the optimal
configurations and the regular array l = λ/4 reduces as dis-
sipation increases, and becomes negligible when d = 0.8.
More globally, larger amplifications are found for lower
values of d and when r × t is maximum; the greater the
transmitted energy, the larger the impact of subsequent
interference.

Figure 9 compares the reflection and transmission coef-
ficients of all three configurations, along with the reference
Tref, as a function of r and d. Once again, the results
demonstrate a clear difference between the two regular

FIG. 9. Variations of global
reflection (R) (squares) and trans-
mission (T ) (triangles) coeffi-
cients depending on local d and
r, t values for an array composed
of three rows. Reference transmis-
sion coefficients Tref are plotted in
black for comparison.

034054-9



NOVÉ-JOSSERAND, GODOY-DIANA, and THIRIA PHYS. REV. APPLIED 11, 034054 (2019)

arrays, with overall higher reflection and transmission
when l = λ/2, in particular for the lowest values of d, for
which a reduction of 60% can be obtained. As noticed for
blade oscillations, the deviations between results obtained
for optimal configurations compared with regular arrays
l = λ/4 depend strongly on the values of d. The curves
match almost perfectly in the low range of d, while in the
higher range, the reflection values for optimal configura-
tions strongly deviate from the regular l = λ/4 case. This
is because interference play a larger role as more energy
is transmitted through the successive rows. The differences
calculated are to 50% (when d = 0.2 and r = 0.4). Fur-
thermore, these deviations vary with an inflection point
located around r = 0.5 beyond which optimal configura-
tions provide larger reflections. This corresponds to the
point at which optimal configurations demonstrate a shift
in pattern (see Fig. 7). Finally, all results converge toward
similar values of R and T when r coefficients are the
largest. In that case, the energy transferred is almost nil
and the effect of subsequent rows becomes negligible, so
the performance of all three configurations relies mostly
on the performance of the front row only. Similar results
are found for the larger arrays.

IV. CONCLUSION

Following previous observations made regarding the
influence of array configurations on wave-absorber oscil-
lations, we present a simple one-dimensional model able
to predict the effects of wave interference on array per-
formance. On the basis of known local reflection and
transmission coefficients of an isolated row, this model
is used to explore optimal array configurations regarding
wave-energy damping and absorption. The results con-
firm the previous experimental data by showing that in
regular arrays a separating distance l = λ/2 leads to a
very large global reflection coefficient, but reduces blade
oscillations, while the contrary is found for a separating
distance l = λ/4. Optimal configurations regarding wave-
energy absorption are found to converge toward varying
irregular patterns, depending on the number of rows and
on the values of the input parameters {r, t, d}. However,
these optimal configurations show limited improvements
over regular arrays of l = λ/4, with maximal differences
appearing for low dissipation values. This model also
shows a negligible impact of array interference on wave
transmission, which would depend mainly on array size
and on local parameters. This is seen to arise from a
competition between reflection and damping, with large
oscillations compensating for a low global reflection and
vice versa. It should, however, be noted that the simple
model may not be sufficient to account for drag effects,
which could potentially lead to larger variations of the
transmission coefficients. In terms of WEC-farm design,
the results presented here suggest that array configurations

can indeed help improve energy harvesting but will be lim-
ited in their impact on wave transmission. A more-effective
solution for the latter would be to seek means of reducing
local transmission coefficients.

ACKNOWLEDGMENTS

We acknowledge support from the INSIS-CNRS PEPS
et Réseaux “Ingénierie verte” 2018 program through the
project “Bio-inspired wave-energy absorbers.” We are also
grateful to the Manipulation d’Ondes de Surface team in
the Laboratoire de Physique et Mécanique des Milieux
Hétérogènes for their valuable help and support.

APPENDIX: DERIVATION OF RN AND TN

The general expressions for Rn and Tn given in Eq. (9)
are derived here, starting with a simple case of only two
rows.

1. Two-row case

Taking the case of an array composed of two rows only,
we have

A1 = |T1 − R1| = |1 − R1|, (A1)

A2 = |T2 − R2| = |T2|. (A2)

Developing the reflection factor R1 of row 2 acting on row
1 with multiple reflections gives

R1 = rtei(2ϕ) + r3tei(4ϕ) + ·s + rntei[(n+1)ϕ], (A3)

= trei2ϕ

N∑
k=0

r2nei2nϕ = trei2ϕ 1 − (r2ei2ϕ)n

1 − r2ei2ϕ
,

R1 = trei2ϕ

1 − r2ei2ϕ
.

Developing the transmission factor T2 of row 1 acting on
row 2 with multiple reflections gives

T2 = tei(ϕ) + r2tei(3ϕ) + ·s + rntei[(n+1)ϕ], (A4)

= teiϕ
N∑

n=0

r2nei2nϕ = teiϕ 1 − (r2ei2ϕ)n

1 − r2ei2ϕ
,

T2 = teiϕ

1 − r2ei2ϕ
.

Substituting Eqs. (A3) and (A4) into Eqs. (A1) and (A2),
we now have

A1 =
∣∣∣∣1 − trei2ϕ

1 − r2ei2ϕ

∣∣∣∣, (A5)

A2 =
∣∣∣∣ teiϕ

1 − r2ei2ϕ

∣∣∣∣. (A6)

034054-10



INTERFERENCE MODEL FOR AN ARRAY... PHYS. REV. APPLIED 11, 034054 (2019)

(a) (b) (c)

FIG. 10. Example of the considered multiple reflections taken into account for the calculation of Rn and Tn applied to the case of row
2 in a four-row array. Illustrations of the transmitted waves (a), reflected waves from row 3 (b), and reflected waves from row 4 (c).

2. Generalization

We now wish to generalize these sets of equations to
a number N of rows in order to perform a global analy-
sis of the array interference based on local mechanisms.
For multiple reflections within the array, the total number
of reflected terms increases very rapidly with the num-
ber of rows N , leading to very complex formulations. For
example, if we take into account the first two terms only
of all possible multiple reflections, row n + 1 contributes
two reflection terms, row n + 2 contributes four terms, row
n + 3 contributes seven terms, and so on. Therefore, the
number of added terms per row follows an arithmetic series
with increasing common difference n due to the increasing
number of combinations of intermediate reflections. How-
ever, the coefficients r and t are both O(10−1), and so the
terms of high-order reflections reduce rapidly, and can be
ignored.

Terms arising from multiple reflections between two
non-neighboring rows decrease by a factor of at least
r2t2, corresponding to O(10−4), which leads to an infinite
sum factor [1 − (r2t2)N+1]/(1 − r2t2) ≈ 1, where N repre-
sents the total number of reflections. These terms therefore
do not influence the first term of the sum and can be
ignored. Multiple reflections are thus limited to the imme-
diate neighbors only. For example, in a system consisting
of four rows, the infinite reflections of waves reaching
row 2 will be considered between row 2 and row 3 only,
regardless of the source of emission, as shown in Fig. 10
for the case of a four-row array. The same holds for the
transmission-coefficient term.

Developing the expressions for the amplification-factor
calculation on row 2 gives the following:

T12 = tei(ϕ1+ϕ2)

1 − r2ei2ϕ2
, (A7)

R32 = rt2ei(ϕ1+ϕ2+2ϕ3)

1 − r2ei2ϕ3
= rt2ei(ϕ1+ϕ2) × t0ei2ϕ3

1 − r2ei2ϕ3
, (A8)

R42 = rt4ei[ϕ1+ϕ2+2(ϕ3+ϕ4)]

1 − r2ei2ϕ3
= rt2ei(ϕ1+ϕ2) × t2ei2(ϕ3+ϕ4)

1 − r2ei2ϕ3
.

(A9)

Each subsequent row (rows 3 and 4 in this case) will reflect
waves that are themselves infinitely reflected locally to row
2, as represented in the denominator of both Rn terms [Eqs.
(A8) and (A9)]. A pattern is therefore identified in the total
reflection term, with a second geometric series correspond-
ing to the additional reflections caused by subsequent rows.
The generalized equations for any row n can then be writ-
ten from the sums of these combined geometric series as
follows [Eq. (9)]:

Rn = rtnei[
∑n

m=1 ϕm]

1 − r2ei2ϕ(n+1)︸ ︷︷ ︸
immediate neighbors

N−n−1∑
k=0

t2kei2
∑k+n+1

m=n+1 ϕm

︸ ︷︷ ︸
subsequent rows

,

Tn = t(n−1)ei
∑n

m=1 ϕm

1 − r2ei2ϕn
.
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