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Since the pioneering work of Stevenson [1,2], the
multimodal propagation method has been widely used
to describe propagation in non-uniform waveguides
in acoustics [3-7] and in elasticity [8,9]. In the two-
dimensional acoustic case, the pressure p satisfies the
Helmbholtz equation:

(A +K)p(x,y) =0, (1.1)

in a waveguide of height ii(x) (located in y € [0, i(x)]) with
boundary conditions dyp(x,0) =0 and

dyp(x, h) = H'(x)dp(x, ). (1.2)
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In a uniform waveguide of constant height /1, the solution p(x, y) is expanded in a series p(x, y) =
qu\fzo pPn(X)¥n(y), using the transverse modes of the waveguide v, (y) = A, cos(nmy/h) (where
A, are normalization coefficients). The function v, satisfies the boundary conditions ;,(0) =0
and ¥, (h) =0 (as p). For a non-uniform waveguide, p(x,y) is still expanded as a series using
the local transverse modes v/, (y; x) = Ay cos(nmy/h(x)) (¥, depends now on x, and we still have
dyV¥njy=n(x) = 0). Although modal approaches have been shown to be efficient when sufficient
evanescent modes are taken into account [4], this representation of p(x,y) is incompatible with
the boundary condition (1.2) if /’(x) # 0. Further, for each x-value, the convergence of the series
is poor, and the derivative of the series does not converge uniformly in the interval [0, k(x)]. In
a series of papers, Athanassoulis & Belibassakis [10,11] propose an improved representation in
which the function g(x, y) is introduced

q(x,y) = p(x, y) — dyp(x, W& (y; x), (1.3)

where £ is a function satisfying dy&|,—n(x) = 1 and 8,£)y—0 = 0. This new function satisfies d,4(x, 0) =
0=10yq(x, h) (as v¥y), so that the series g(x,y) = Z;\]:O Gn(¥)¥n(y; x), and its derivative with respect
to y converge uniformly in the interval y € [0, h(x)]. However, the value of d,p(x, h) is, in general,
unknown a priori, so that it is not possible to write p as a function of 4.

An exception occurs in the case of an impedance boundary condition of the form d,p(x, h) =
Yop(x, h) as considered in Bi et al. [6]. Choosing &(h; x) =0, we deduce from (1.3) that q(x,h) =
p(x, h), leading to p(x, y) = q(x,y) + Yoq(x, h)é (y; x) and thus the solution can be written as

N
P Y) =D quCWn(Y; %) + Yo& (v; X)¥ra(l; 1)].
n=0

In this case, the convergence of the truncated series p(x, y) is the same as the convergence of the
series g = ZfLO gn¥n, and the boundary condition d,p(x, h) — Yop(x, h) = 0 is satisfied strictly for
any truncation number N.

When considering the boundary condition (1.2), dyp(x, 1) is unknown, and the approach must
be modified. Athanassoulis & Belibassakis [10,11] propose to keep the additional transverse mode
& and to introduce an additional unknown modal component gn1(x) in the expansion:

N

P Y) =D Gu(@)Vn(y; %) + g (D5 ; ), (1.4)
n=0

where gn11(x) is expected in fine to behave as dyp(x, h). However, this cannot be guaranteed for
any finite truncation. Using this decomposition in (1.1) and (1.2), a system of coupled ordinary
differential equations is obtained

N+1
Z Anm(x)q;;(x) + Bnm(x)q;n(x) + Cum(x)qm(x) =0, (1.5)

m=0

for n=0,...N + 1. The system is found to remain coupled in the straight part of the waveguide
which implies that the classical radiation condition g, = %ik,gq, cannot be applied directly at the
inlet/outlet of the scattering region (where 1’ # 0), with the wavenumbers k,<n = v/kZ — (n7 /h)2.
In Athanassoulis & Belibassakis [10,11] and Hazard & Lunéville [12], the system (1.5) was solved
using finite difference methods by imposing gn.1 =0 at the inlet/outlet and the usual radiation
conditions on the g,<n. The convergence of the improved representation has been shown [12].

In this paper, we revisit the coupled mode equation (1.5) in order to derive an improved system
adapted to define radiation conditions. To do so, we need to define the modal components:

Pn = (p/ 1//11)/
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in an orthogonal basis of transverse functions (v,;). This is possible, defining from (1.4), the
supplementary transverse function Y41 =& — ZnNzo apy with o, = (€, ¥y), n < N. We obtain

N+1
Py =Y pu)¥n(y; ), (1.6)
n=0
with
Pn<N =qn + tnqN+1 a7
and PN+1=qN+1-

The resulting coupled mode equations are a partially decoupled system for the (p,;) components,
n=0to N + 1, which is the key point of our new formulation:

N+1
Pn(x) + K2pu() = > Dum ()P (x) + Enm (X)) (x), (1.8)
m=0
where D, E vanish in the straight parts of the waveguide. Now, approximate solutions can be
found using successive Born approximations, as in Maurel & Mercier [13]. The leading-order
solution is found for an incident wave p™(x,y) and

PO = (", )

is solution of our system (1.8) for i’ =0, namely p,(qo)// + kflp,(f)) =0. Then, this solution can be used
as the first step of an iterative process to obtain the solution p(!

p N+1 ,
P 0+ p @) = > Dun0p () + Enn(@)ply) (). (1.9)
m=0

Applications of the first Born approximation are presented in §4, leading to improved
approximate equations compared with the usual Webster equation.

The main advantage of system (1.8) is that, in the straight part of the waveguide, we obtain
P+ k2pn =0, for n < N, as expected. More surprisingly, the equation for n=N + 1 is

PR+ Kpng =0,

and introduces a new wavenumber K (we prefer the notation K rather than kyy1 to avoid
confusion with the usual wavenumber). Although this wavenumber is non-physical, it turns
out that K? <0, indicating that the boundary mode can be interpreted as an evanescent mode.
Instead of imposing vanishing value of pyy1 at the inlet/outlet of the scattering region, as
in Athanassoulis & Belibassakis [10,11] and Hazard & Lunéville [12], we can associate to the
boundary mode a radiation condition pj, ; = £iKpn+1. This makes possible the implementation
of efficient numerical multimodal methods, as proposed in Pagneux et al. [4], Felix & Pagneux [5]
and Pagneux & Maurel [8].

The paper is organized as follows. Section 2 presents in detail the derivation of the improved
modal system written using the modal components (p;;) for the case of a waveguide with one
varying wall. The advantages of this formulation are discussed when compared with the classical
formulation (without boundary mode). It is shown that, thanks to the boundary mode, the system
can be practically truncated at the number of propagating modes. The boundary condition on the
varying wall is also inspected as a function of the truncation number, leading to the conclusion
that the desired behaviour of the truncated solution pN (x,y), namely 8ypN (x,h) =H(x) axpN (x,h),is
reached asymptotically, for N — oco. The case of two varying walls, where two boundary modes
are considered, is presented in §3. Although more involved, the conclusions are the same in this
case. Finally, for low frequencies, the systems can be solved in the first Born approximation.
The contribution of the boundary mode(s) to the plane wave is shown to improve the Webster
equation. This is considered in the §4 and illustrated with examples. Technical calculations and
discussion on the derivation of the modal systems are collected in the appendices.
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2. The case of one varying wall

(a) Derivation of the improved coupled representation

The initial geometry of the waveguide is set in the (x, y) plane with y € [0, i(x)] and x €] — o0, oo].
Let us introduce a change of variables to obtain a problem set in a straight guide of unitary
height. Considering the transformation X = x, Y = y/h(x) and with p(x, y) satisfying the Helmholtz
equation (1.1), the field p(X, Y) satisfies

v.| 1 vp(X,Y) | + L (X,Y)=0
det(]) P det()P T

where ] is the Jacobian of the transformation (x,y) — (X, Y):

1 -nyY
] . h
B 1
"
We deduce the modified Helmholtz equation:
22
dx(hoxp — h/Yayp) — dy (h/yaxp — ‘szayp> + kzhp =0, (2.1)

for X €] — o0, oo[, Y €]0, 1[. The boundary conditions dyp(x,0) = 0 and (1.2) become

2.2)

dyp(X,0)=0,
W axp(X,1) = (1 + K?)dyp(X, 1).

Equation (2.1) is projected onto a basis ¢, (Y), and we obtain

1+ h2Y?

1 1
J dYo,[ax(hoxp — h/Yayp) + kth] + J dY(/J,/1 |:h/Yaxp — A
0 0

ayp} —0, (23
where we have used the boundary conditions equation (2.2). The system of coupled mode
equations resulting from this projection depends on the expansion chosen for p. First, we will
derive the system of equations using the usual expansion without boundary mode. Then, we will
show that using the expansion as used in Athanassoulis & Belibassakis [10] and in Hazard &
Lunéville [12] results in a system of equations that remain coupled in the straight parts of
the waveguide (where /'(X) =0). As already mentioned, this is not suitable to use the Born
approximation or to define radiation conditions. Finally, we use our new formulation based on
a similar expansion, leading to a system that decouples the modes in the straight parts of the
waveguide.

(i) Classical representation

In the classical modal approach (without additional boundary mode):
N
pX,Y) = pu(X)ea(Y),
n=0
where ¢, (Y) are the transverse modes of a straight unitary waveguide:

p(Y)=1,
on(Y)=~/2cos(nrY).
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Because of the orthogonality of the ¢,-functions, (¢, ¢m) = 8un, the functions p;, are the modal
components p,(X) = (p, on) = [ é p(X, Y)@u(Y)dY. We obtain, from equation (2.3) and for 0 <n < N:

N

/ h/z /

(hpy) + Khpn = Z |:hdm"pm — W apnply, + anm(W'pm) i| / (24)
m=0

where we have used (¢}, ¢/,,) = (n7)?8,m to obtain ky,(x)?> =k? — (n7/h(x))> and where we have

defined:

amn = (Yom, (/’;1)/ Ayn = (YZ(/’;/W (/’;/1) (2.5)

The above system differs from the derivation proposed in Pagneux et al. [4] (this derivation
corrects an error in the original derivation of Stevenson 1951 [2]). This is discussed in appendix
A. As expected in the straight parts of the waveguide, we recover the usual one-dimensional
Helmholtz equations p;, + k%pn =0.

(ii) Coupled mode equations for the g,-components

We consider now the expansion of p as carried out in Athanassoulis & Belibassakis [10]:

N
P Y) =Y 4u(X)en(Y) + N () x (Y),

n=0

and we choose x such as x'(1) # 0. For instance, a convenient choice is

x(Y)= V2 cos (Z—Y) .

Note that (¢p, .. . ¢n) and x are linearly independent as soon as N is finite. The system of coupled
mode equations can be found in Hazard & Lunéville [12, see eqn. (4.11)]. Here, we just inspect the
form of this system in the straight parts of the waveguide. We obtain, for #'(X) =0:

@) + andfysq) +K2(Gn + angni1) =0, forO<n<N

o 1" " 2 T2 (26)
and > gy + k) + ai41 + [k - (ﬁ> ] aN+1=0,
n=0

with
an=(x,¢n), n=<N.

Surprisingly, the g, components, n <N, appear to be coupled with the gy;1 component,
although we expect gn41 to be useless in the straight parts of the guide. In Athanassoulis &
Belibassakis [10], Hazard & Lunéville [12], gn41 =0 is imposed outside a bounded calculation
domain. Then, (2.6) implies g/, + k24, = 0 for n < N, and the usual radiation conditions g}, = kg
(0 <n < N) for £x — oo can be applied. Obviously, this means that the solutions (g,;),<n+1 depend
on the size of the bounded calculation domain. In the following section, we show that it is possible
to decouple the mode equations outside the scattering region independently of the size of the
calculation domain. In the process, the mode gy is identified as an evanescent mode, associated
with a new wavenumber K. Our coupled mode equation does not restrict to a bounded calculation
domain, because a natural radiation condition py1 = £iKpn41 is obtained.

(iii) New coupled mode equations on the p,-components

To prevent the modal components from remaining coupled in the straight parts of the waveguide,
we use a reformulation of the expansion in terms of new unknowns p, such that

N

pX,Y) =Y pu(X)en(Y) + prns1(X)en1(Y), 2.7)
n=0

98L0E107 160t 05 § 034 BioBuiysiigndiaaposieoreds:



with
N
oNp1 () =X () = D cngn(Y). (2.8)
n=0

The p;, and the g, components are linked by the relations:

X)+« X), if0<n<N,
pn(X) = (p, on) = 7(X) nn1(%)

gN+1(X), ifn=N-+1
We obtain, for0 <n,m <N +1,
N+1 1
ﬂn(hpg)/ + Z amnh/P;n - anm(h/Pm)/ - E[)’nsmn - kzhzﬁnémn + dmnh/z]r’m =0, (2.9)
m=0

where a,,;; and dy,;, are defined in equation (2.5) (and applied here for 0 <n,m <N + 1) and with

(P, Pn) = Budmn, (@;n/ ‘/7;1) = YnOmn- (2.10)

The above properties are important. The functions (¢),<n+1 are orthogonal, by construction

and the functions, (¢},)n<N+1 are also orthogonal. It follows that our reformulation of the modal

expansion succeeds in decoupling the modal components in the straight parts of the waveguide:
. . . 2

for the N + 1 first modes, 0 < n < N, we recover the expected propagation equations p;, + k;p, =0,

as in the classical projection. For n =N + 1, we obtain

l VYN+1

- =0. 2.11

PN41 T [k2

We have (8:)n<n =1, (Yn)n<n = (”7[)2 and

N

1 1
= 1 - 2 ~ 5 Ta
BN+1 ,g)an I NG
(2.12)
and m=(3) = 2 mPad ~ .
n=0
This shows that the additional mode is associated with a wavenumber K such that
1 yN+1
K= [kz - = } . 2.13
h? BNyt @13)

Let us prove now that pyy1 is an evanescent mode. For each x-value, we note 7,(x) the number
of propagating modes (1, is the integer part of kh(x)/m plus one). If we introduce N}, = sup n,(x),
where the sup is taken on all the x-values, then the mode ¢N, is the first mode evanescent in
the whole waveguide. Assuming that the truncation does not eliminate the propagating modes
(N=Np — 1), we have K2 <0 which corresponds to an evanescent mode. Indeed, using nwo;, >
(N + l)ray, for alln > N + 1, we obtain

2 2 1 > N (nra)? > ((N+Dr 2 2 (Npm 2_2
K= = gy S < (BT ) <k - (565 ) =R,

and k%, <0 for all x-values by definition of N,.
P
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We return to our system of coupled mode equations. In the part of the waveguide with varying
cross section, we have

, 1y 1 W h?
PZ + |:k - h757j| Pn= /37 anmﬁ(h/Pm)/ — (amn + ,Bnamn)ﬁp;n + hfzdmnpm . (2.14)
m=0

A reasonable question is what happens for N — oo. The equations for p,, n <N + 1 involve
(an,N+1, aN+1,2) and (dN41,1,dnN4+1). We have for n <N

N 0o
an N+1 = (You, X/) - Z Umlinm = Z Umlnm,
m=0 m=N-+1
N [}
aNs1n =V Q) = Y Gl = Y Cmlln (2.15)
m=0 m=N+1
N 00
2
and Angin =Y x', (/’;/1) - Z Ay = Z mtin,
m=0 m=N+1
and
oo
AN+1,N+1 = Z A Qnlnm
m=N+1 216
N 216)
and ANT1IN+1 = Z -
m=N+1

The expressions of the coefficients a;,,;, and d;;;, are given in the appendix B. When N — oo, it is
easy to check the following behaviours:

P 8n2(—1)" 1 . 2n?(=1)" 1
N+1n 3 N3 ’ N+1n 3 N3 s
V21 2(-1)" 1 2.17)
ag,N+1 —7 ﬁ' Ap N+1 7~ — p ﬁ
1 1 1
and AN+1,N+1 ™~ N’ AN+1,N+1 ™~ 3,7172@

(an example of derivation of this equivalent is given in appendix A). Let us consider the equation
on py, n <N in equation (2.14). It is easy to check that the equation tends to the classical equation
(2.4) when N — oo (without boundary mode). For instance, a,,; ~ m?/(n% — m?), so that a,,; — —1
for large m, while a,, N1 ~1/N — 0. This is expected, because the additional degree of freedom
pN+1 becomes unnecessary. The equation on pyy1 has the same structure, but with an non-
physical wavenumber K that depends on the truncation. Asymptotically, equation (2.14) for
n =N + 1leads to constant pn1 (the dominant term is (i /h)3,; N+1P}, in the right-hand side term,
which is O(N®)) and uncoupled to the other modes p;;.

(b) Convergence and boundary condition in the improved representation

The convergence and the errors of the improved method compared with the classical method are
illustrated in figures 1 and 2. In the calculation, the non-uniform part of the waveguide is given
by h(x) =h[1 + 0.75(1 4 cos 2xx)] for x € [-0.5,0.5] (geometry A). A plane wave is sent from the
left at a frequency kh =2, for which N, =2, two propagating modes exist in the largest part of
the waveguide. The presented results have been obtained using a numerical scheme based on
the use of the admittance matrix, as described in Pagneux et al. [4], (A. Maurel, ]J.-F. Mercier &
V. Pagneux 2013, unpublished data), implementing the evanescent boundary mode such as other
evanescent modes.

Figure 1 shows the real part of the acoustic field, in the improved method for a truncation just
at the two propagating modes (N =1, the field is described by Ng ¢ = 3 degrees of freedom (d.f.),
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(@)

(b)

Figure 1. Real part of the acoustic field in the geometry A, with kh = 2 (two propagating modes for kfipay = 5). With the
boundary mode and after truncation at the two propagating modes (Ngs = 2 4 1BM), and without boundary mode after
truncation at N = Ny, = 3, 13 and 43. The set of (b) on the right-hand side shows zooms of the (a) on the left-hand side.
(Online version in colour.)

the two propagating modes and the boundary mode) and in the classical method for truncations
including the two propagating modes plus 1-41 additional evanescent modes. It can be seen that
the upper wall boundary condition is reasonably verified in the improved method, whereas the
classical method suffers from oscillations, and it needs about 40 evanescent modes to behave
satisfactorily at the walls. More quantitatively, figure 22 shows the errors on the total field as
a function of the truncation N. The reference field has been calculated considering N =100, for
which the fields obtained with or without boundary modes are equal up to less than 1 per cent.
The error is defined in L2 norm: ||pN - p100|| 2/ ||p100|| 2. The general trends of the errors are in
agreement with the prediction of Hazard & Lunéville [12], with an error varying such as N=3/2 in
the classical method and N=7/2 in the improved method (the dependence of the ||, [l;2 and ||p, || 2
modal components is also reported in figure 2b as a function of #; ||gy ;2 o n~* in the improved
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Figure 2. (a) Errors as a function of the truncation in the geometry A. Red symbols (four upper curves) for the classical method
and black symbols (four lower curves) for the improved method; open circles for the error in the propagating part of the field,
diamonds for the errors for the evanescent part of the field and close circles for the error on the total fields. The insets show the
evanescent part of the field (left inset) and the propagating part of the field (right inset). (b) Dependence on g, (open circles)
and p, (filled circles) as a function of n in the geometry A. Dashed lines are guidelines with slopes —2 and —4. (Online version
in colour.)

method, whereas ||p; |2 « n~2 in the classical modal method). More remarkable is the case where
Ng . =3 d.f. (three terms taken into account in the modal expansion) are considered, already seen
qualitatively in figure 1. Adding to the two propagating modes, the third d.f. is the first evanescent
mode in the classical method and it is the boundary mode in the improved method. The resulting
error on the total field is about 30 per cent in the classical method, whereas it is only 5 per cent
in the improved method, and one has to consider more than 10 evanescent modes in the classical
method to reach the same small error (note that, although the error on the total field is small for
N around 10, one can see in figure 1 that the field still suffers from oscillations).

We now focus on the boundary condition on the non-uniform wall at y = hi(x). The mode pn41
has been shown to be an evanescent mode. This mode is excited in the perturbed region i’ # 0 but
is not equal to zero outside this region, it is only exponentially decreasing in the straight part of the
waveguide. This seems to be in contradiction with the desired condition d,p(x, h) = dxp(x, h) =0
in the straight part. To clarify this point, let us consider the truncated condition as a function of
the truncation number. The change of variable (x,y) — (X, Y) implies that

N N 1+h% fo N
Ayp (x, ) — W oxp™ (x, h) = dyp (X, 1) —Hoxp™ (X, 1)
1+ N
= — PN X W) = Y 4, @en(l), (2.18)
m=0

and we will prove now that this quantity is of order O(1/N). In this aim, the equation for py1 in
(2.14) is rearranged in the following way:

YN41 + H2dNs1 N al 2
PN+ W Z anN+1Pp = BN l(hp1) + Kohpnal
n=0
N h/Z
+ansi N+ Py — (Wpng)' ] — Z |:hdn,N+lpn + ﬂN+1,n(h/Pn)/:| . (2.19)
n=0

Owing to the behaviour of the coefficients in equations (2.12) and (2.17), it appears that the left-
hand side in (2.19) is of order 1/N (let us recall that p,, decreases with n, |p,| ~ 1/ n?), whereas the
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right-hand side is of order 1/N2. More precisely, we obtain at dominant order:

1+h

PN+ (X) +H = [pr(X) +22( 1)"pn(X):| =0 (%) )
n=0

Using ¢o(1) =1, ¢n(1) =+2(=1)", 0 <n <N and (D)= —7/+/2, the above equation can be
written as

W2 N 1
N (0K () = Y pru@m(1)= 0 (N> ,
m=0

It is also easy to see, from p;, = g, + aupn+1, that

N N 1
> 7u@en) =3 Pa(xgu(l) + O (N)

(using Z;\Izl 1/(n? — %) =2+ O(1/N)). It follows that the truncated boundary condition (2.18)

satisfies
1

WospN () — NG ) = O (N) ,

and the right boundary condition is verified for N — oco.

3. The case of two varying walls

In the case of two varying walls of shapes &1 (x) and hy(x), two extra degrees of freedom pny1(x)
and pn42(x) are considered in the expansion of p(x,y), and it is expected that each degree of
freedom will tackle one of the two boundary conditions on the non-uniform walls.

The procedure to derive a family of one-dimensional wave equations is similar to the case
of one varying wall. The transformation (x,y) — (X, Y) is now defined by x =X and y =h; + Y},
where h =hy — hy. The Jacobian of this transformation is

J= h
o 1)
h

with f(Y) =K} + YI', from which we deduce the modified Helmholtz equation:

14/ 2
dx(haxp — foyp) — dy | fF(Y)axp — i dyp | +k“hp =0,

with boundary conditions:
) (3.1)
and hf(Doxp(X, 1) =[1 + f(1)"]ayp(X, 1),

where p(X,Y) is expanded onto the usual basis (¢;),>0, and on two additional modes ¢n41 and
PN+2:

hf(0)axp(X, 1) = [1 +£(0)21dyp(X, 0>=

N

pX,Y) =" pa(X)en(Y) + pNs1(X)en1(Y) + prsa(Xens2(Y),
n=0

and we choose ¢n+1 and N2 as:

oN+1(Y) = x1(Y) — ZO‘V(})Q‘M
n= 0

oN+2(Y) = x2(Y) — Za;(qz)wn
n=0
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with

() =& [COS (%) + sin (%)] ,
(

x(V=§& [cos %) —sin <%)] .

0‘;1 =(xjen) j=12. (3.2)

The normalizations are & =1/y/1+2/7r and & =1//1—2/x. The projection of the wave
equation (3.1) is

and

N+2
Bulpy) = > [@umh’ + Wby + [amnh + by lp),
m=0
N+2
- Z E[(l + h/lz)ynamn - kzhzﬁnsmn + dmnh,Z + Zh/hllcmnlpm =0,
m=0

for 0 <n,m <N + 2, with a,;;, and d;;;, defined in equation (2.5) and
by = (om, ‘P;z)/ Cmn = (Y‘P;n/ (/’;/1)-
The key point is that we have chosen x1 and x2 such that (¢n+1, ¢N+2) = (¢}, 1, Pn2) =0

(otherwise, for 1 < N, (¢n+1, ¢n) = (¢N+2,¢n) =0 and (¢}, 1, ¢1,) = (¢}y,2, ¢) = 0 by construction).

This is because we have chosen (x1, x2) = (1, x3) =0 and such that a,(})oz,g ) —0 for any n-value
(see equation (B 8)), from which we deduce

(oN+1,9N+2) = (X1, X2) — Z“(l) @ _g

=0 (3.3)

1) (2
and (N1 Phi2) = Ot xh) — Zo/ oD (nm)? =0
n=0

Again, the equations on p, are decoupled in the straight parts of the waveguide, with p/; + k2p, =
0 (and k,% =k% — (n7r/h)?) for the usual modes n < N and

P+ KN+ =0, =12, (34)
and
1 YN+j
K=k - 51| 35
/ [ h? I3N+ji| ¢
In the part of the waveguide with varying cross section, we have, for n=0,...(N +2)
N+2 / /
1 1 1 h
p/r; + |:k2 - ﬁ%} Pn= 57 mzzo [E(anmh/ + bnmh/l)P;nj| - |:(amn + ,Bn(smn) + byn hl:| P
h/2 h/2 h/h/
+ |:Vn8mn 2 + dmn— 2 + 2Cmn—=— :| Pm- (3.6)

The coefficients (@um, bum, Cum, dnm) and (yu, Bn) are given in the appendix B. As for one varying
wall, we find that the modal components p,<y are the usual modal components associated
with the wavenumbers k, = \/k? — (nm/h(x))?, whereas the two boundary modes appear to be

evanescent with purely imaginary wavenumbers K; = /k* — ynj/Bnyih?,j=1,2.

Typical results are shown in figure 3 for two varying walls with /1 (x) = (tan «)x for x € [0, 1] and
hy(x) =hy(x) + 1. We consider « = 0.257 (geometry B) and « = 0.377 (geometry C). At a frequency
kh =2, only the plane mode is propagating. It can be seen that the boundary conditions on each
walls are reasonably verified as soon as N =2 in the improved method (Ngf =4), whereas the
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(@)

(b)
N, =2+2BM

X X X X

Figure 3. Real part of the acoustic field in the geometry B (left) and C (right), with kh = 2. With the boundary modes and after
truncation at the two propagating modes (Nys. = 2 + 2BM), and without boundary mode after truncation at N = Nys. = 4,
T1and 41. (Online version in colour.)

classical method suffers from oscillations after truncation at a few modes and it needs more
than 10 evanescent modes to approach reasonably the boundary conditions. The conclusions (not
reported) on the convergence versus N and the boundary conditions are the same as in the case
of one varying wall.

4. Low-frequency limit: revisiting Webster equation

In this section, the low-frequency regime is inspected and the possibility to improve the usual
Webster equation, namely
h(py + Kpo) = —I'p;, 4.1)

where po(x) = e** at leading order is investigated. At a given frequency ki (I is the height outside
the perturbed area), the Webster equation inspects the first-order correction in O(h') owing to
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the inhomogeneity in the cross section. A derivation of the Webster equation can be found in
Rienstra [14] (see also a brief discussion in the appendix C).

We will show that (2.14) for one boundary mode and (3.6) for two boundary modes degenerate
in coupled equations of the general form

h(pg + K*po) = —H'py + GH'pY,

4.2)
and W@ + K*p) = —Fh'p),
where K, p refer to the wavenumber and modal component of one boundary mode, F,G are
constants that will be given later. The coupled system involves now p=O(/'), so that the
plane mode py can be determined up to O(i?). In the following, we refer to the improved
Webster approximation as IWA (note that a different improvement is proposed for axisymmetric
three-dimensional geometry in reference [15]).

Although Webster’s equation (4.1) and the improved representation (4.2) can be solved
numerically, we consider here analytical solutions by using the first Born approximation (namely
po(x) = e at leading order). We inspect two cases leading to simplifications. In the first case, h(x)
varies on a typical scale L much larger than & (slowly varying section), and in the second case, L
is much smaller than any scale of the problem (sudden variation).

(a) General expressions

In this section, we propose an analytical solution of the IWA equation (4.2), considering the case
of one boundary mode. The case of two boundary modes follows simply by linearity. The second
equation of (4.2) is solved in the first Born approximation (pg(x) =~ elkxy:

W) |
px) = —ikFJ dy g (x — y)%yy)) ek, (4.3)

where gx(x) = elKI¥l /(2iK) is the Green function for the one-dimensional wave equation. Reporting
the solution for p in the first equation of (4.2) leads to:

. G , P
po) =+ + 7 [ dvgi = @), @9
where pg" refers to the solution of the Webster equation (4.1) and where g;(x — ) denotes the

derivative with respect to x. Note that we have used h(x) ~h (remember that |I/| < 1) in the
second equation.

(i) Slowly varying waveguide

We consider a cross section varying of Ah < h over a length L with /L <« 1. As previously
said, K is imaginary, and here, K2 =K% — yny1/ BN h? ~ —o2/h?, with 02 = yn41/BN+1. We use
[dy e lvl/ lf (y) ~ 2If(0) for f varying over a typical length L > I. Applying this result with oL/l >
1, we obtain from equation (4.3), at dominant order and in the perturbed area (where /" # 0):

px) = ikh%h’(x) e, (4.5)
o2
Equation (4.4) simply becomes
po(x) = + plV 4+ ikC J dyl (y)?sgn(x — y) eklx=vi+iky, (4.6)

where C =FG/(202).
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(ii) Sudden variation in the section

We consider now a sudden variation located at x =xq, in which # varies of Ah on a typical
scale L much smaller than any scale of the problem. Then, h'(x) = Ahd(x — xp) and equation (4.3)
reduces to:
50 = X E Apeik gmotvoln, (4.7)
20

Then, the solution of the equation (4.4) simply follows (note that here the solution pg‘/ takes a very
simple form, because its second order in (Ah /h)? vanishes):

3
po(x) = e — %}; [1 - 21D(kh)%hsign(x - xo)] elfoeiklx=xl 4 o ((Ahh) ) , (4.8)

with D = FG/4o.

(b) The case of one varying boundary

Here, the case of one boundary mode is treated, and a discussion on the use of two boundary
modes is proposed in the following section. With aggp =dp =0, and, for N =0, we have from
equations (B 3)~(B4): ag41,0 = do0+1 = 0and ago1 = —2v/2/7 (and yo41 = (1/2), foy1 =1 —8/7?%,
from equations (B 1)—(B 2)), the system (2.14) reduces to the following system at dominant order:

h(py + k*po) = —H'pjy + ag1[HpY,

W + K%)= 40,0+1 s
Bo+1

which can be identified to the system (4.2) with F=ag0y1/B0+1 and G=apo4+1. Then, the
expressions (4.6) and (4.8) can be directly applied, taking C =a(2),0 +1/(2y04+1) ~0.1643 and D =
“%,0 +1/(4V/Bo+1v0+1) ~ 0.2964. The comparisons of IWA solutions to the Webster approximation
(WA) are illustrated in figures 4 and 5 for a slowly varying waveguide with cosine modulation
and for a waveguide with the upper boundary varying suddenly. In both cases, a significant
improvement is observed although a quite high frequency kit =2 is considered. In the case of
the sudden variation of the upper boundary (figure 5), the IWA solution is able to capture the
discontinuity of the plane mode at the expansion location (from the Webster equation (4.1) written

in the conservative form (hp})' + k*hpo =0 it is possible to prove that its solution is continuous,
even for & discontinuous).

() The case of two varying walls

We use agg = bpo = coo = doo = 0, to obtain, from equations (B10)-(B11): forj=1,2, a04j,0 = &g) =0,

boyjo0 = l;g) =0, co4j0= cg) =0 and doyjo= dg) =0; we also have agp41 = af)l) =& —4/m),

boo+1 = bgl) =0, agp42 = agz) =—£&, by = bE)Z) = —2&, the system of equation (3.6) leads, at

dominant order, to the simplified system for (po, p1, p2):
i 2 /1 4 /5 / "\p /
hpg +kpo) = —Hpy + | &1 | 1= — ) W'pr = &2 +1)p2 |

=1 = 4 YO,
h(py + Kip1) = B <1 - ;) h'pg,

h(py + K3p2) = %(2}:/1 +1)p).
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Figure 4. (a) Real part of the scattered pressure field p(x, y) — e in a waveguide with a cosine modulation of the upper
boundary (localized between kx = 2.5 and kx = 7.5 with amplitude 0.5) at the frequency kh = 2. (b) Real part of the plane
mode po(x) — €, deduced from the reference calculation (black line), in the WA (dotted red line) and in the IWA, including
the contribution of the boundary mode (solid red line from equation (4.6)), with C = 0.1643. (Online version in colour.)
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Figure 5. (a) Real part of the scattered pressure field p(x, y) — e* in a waveguide with a sudden variation of the upper
boundary (localized at kx = 5 with amplitude 0.5) at the frequency kh = 2. (b) Real part of the plane mode pq(x) — €',
deduced from the reference calculation (black line), in the WA (dotted red line) and in the IWA, including the contribution of
the boundary mode (solid red line from equation (4.8)), with D = 0.2964. (Online version in colour.)

By identifying the above system with equation (4.2), it is straightforward to use equations (4.6)
and (4.8). Indeed, p; tackles the variation of cross section i with F1 =§1(1 —4/7)/p1 and G =
&1(1 — 4/m), whereas py tackles the variation of the centreline of the waveguide (here 2/ +
h=hy + hy plays the role of /' in (4.2)) with Fp =—&/B2 and Gy = —&. We also have, from
equations (B8) and (B9), p1 =1 — (4&1/7)?, y1 = (1/2)* — n&¥ and Br =1, yo = (1/2)> + &3
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Figure 6. (a) Real part of the scattered pressure field p(x, y) — e ina waveguide with a sudden bend (h; = tan o = 0.1
between kx = 2.5 and kx = 7.5) at the frequency kh = 2. (b) Real part of the plane mode py(x) — €', deduced from the
reference calculation (black line), in the WA (dotted red line) and in the IWA, including the contribution of the boundary mode
(solid red line from equation (4.10)). (Online version in colour.)

More precisely, equations (4.5)—(4.6) become, for slowly varying / and h;:

() =ik (1 - é) hi' (x) €%,
1 s

p2(x) = —ik%h[zh’1 (x) + I (x)] e~ o)

and  po(x) =e* 4+ pl¥(x) + ikJ dy[C1H (y)? + Ca[2H) (y) + I (y)]*] sign(x — y) elF*—VI+iky,

where Ci=&2(1—4/n)?/2y1 =2(1 — 4/7)?/[7%(1 — 2/7)] ~0.042 and Cp=£3/2y, =2/[x(1 +
2/m)] ~0.124. Note that in the case of one varying wall, i} =0, the solution for py(x) in (4.9) is
identical to the solution of equation (4.6) using one boundary mode by considering the change
C — C1 + C2 and, as expected, we have C1 + C ~ 0.1655, very close to the value C ~ 0.1643 when
using one boundary mode.

An illustration of a slowly varying waveguide is given in figure 6 for a constant section guide
but varying h; (the deviation is sudden but k; is continuous). We considered the simplified
expression obtained for a portion of waveguide between a and b with constant height # and
forming an angle o with x (leading to /' =0, i} = tan «). Equation (4.9) simplifies in

8ik

b
2 . _ ik\X7]/H’iky. 4.1
77{2(1 2/ (tan @) L dysign(x —y)e (4.10)

po(x) = e +

The result is shown in figure 6 for « = 0.1 and (2 = 2.5, b =7.5) at a frequency kh = 2. Here, because
h' =0, the Webster’s equation does not predict any effect of the bending on the plane mode, and
the effect captured by the boundary mode in IWA follows a (tan )? law.
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(a)2

Figure 7. (a) Real part of the scattered pressure field p(x, y) — e in a wavequide with a symmetric sudden expansion
(localized at kx = 5 with amplitude 0.5 on both sides) at the frequency kh = 2. (b) Real part of the plane mode py(x) — e,
deduced from the reference calculation (black line), in the WA (dotted red line) and in the IWA, including the contribution of
the boundary mode (solid red line from equation (4.11)), with D = 0.2964. (Online version in colour.)

If the variations are sudden for both walls, then we consider h1(x) = Ah18(x — xg) in addition
to h(x) = Ahd(x — xp), which leads to, using equations (4.7) and (4.8):

p1(x) = ;/;(fl <1 — é) h elkxo e—(r1\x—x0|/h,
101 T
pa(x) = — 21/;{52 (2Ahy + Ah) elf¥o g=oalx=xol/h
202
' A Al\? 280 + AN g
and PO(X) :elkx + {—Zh + ikh Sign(x — XO) |:Dl (7) + D2 <1T+> i|} elkx(] e1k|x7x0|,

(4.11)

where Dy =&7(1 — 4/7)?/(4/B1y1) > 0.1584 and Dy = £2/(4y/B2y2) ~ 0.2064 (where we used o} =
V/7i/Bj,j=1,2). Note again that if only the upper boundary experiences a sudden change (figure 5
with Ahy = 0), then the solution for pg(x) in (4.11) is identical to the solution of equation (4.8) using
one boundary mode with D — D; + D,. Although we have here D; 4+ D, ~ 0.3648, quite different
from D ~ 0.2964 when using one boundary mode, no significant difference is observed in the IWA
profile po(x) (the result is not reported).

The result for a symmetric sudden expansion at frequency ki =2 is shown in figure 7. The
agreement between the reference solution and the IWA solution is excellent, better than the
agreement found for a sudden change in the upper boundary only (figure 5). This is probably
due to the symmetry of the sudden expansion: because odd modes are not allowed, the first
evanescent mode that can be excited is the mode 2, associated with the cut-off frequency koh = 2.
This frequency is far from the incident wave frequency ki =2, which means that the mode
2 is very evanescent, well captured by the added boundary modes. On the contrary, for the
non-symmetric expansion, the mode 1 of cut-off frequency ki = seems to be too close to a
propagating mode to be satisfactorily tackled by the boundary mode.
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5. Conclusion

In this paper, we have revisited an efficient method developed earlier which consists of adding
an extra non-physical mode to the usual modal expansion to obtain a better convergence of the
modal series. By performing a change of unknowns we are able to partially decouple the modal
components, which improves the boundary mode method and leads to at least two interesting
consequences. (i) It allows to identify the nature of the boundary mode and its relation with the
usual modes. This defines radiation conditions and thus facilitates the use of efficient numerical
methods such as the admittance matrix method. The numerical tests have shown that our method
is very efficient in reducing the number of degrees of freedom: adding to the boundary modes, it is
sufficient to take only the propagating modes to obtain very good results. Works are in progress to
investigate in detail the strength of such approach in multimodal numerical schemes (A. Maurel,
J.-F. Mercier & V. Pagneux 2013, unpublished data). (ii) In the low-frequency regime, which is the
main goal of the present paper, the boundary mode is used to derive new approximate equations
improving the Webster equation. Extensions to three-dimensional axisymmetric waveguides and
to bent waveguides with varying cross section are under progress.

We acknowledge the support from the Agence Nationale de la Recherche, ANR-10-INTB-0914 ProComedia.
The authors thank Christophe Hazard and Eric Lunéville for useful discussions.

Appendix A. Projection of the wave equation

The derivation of the wave equation (2.9) (with k] =0) is here recovered, and compared with
classical projection. For the classical projection, we refer to Pagneux’s derivation [4], who avoided
an error in Stevenson 1956 that is commented below. The direct projection of the wave equation
onto the eigenfunctions v, is classic Stevenson (1951), Pagneux ef al. [4], with

POy =Y pa@)Va(¥;x), P y) =D ra()¥u(y;x),

and Yo (y;X) =1, ¥u(y; x) = V2 cos nry /h(x), satisfying hry = (hpn) — W pm(fan — amn), With fiu, =
Y (h; x) Y (h; x). The projection of ayz is, using the boundary condition at y = h:

h h na2
JO dywnayzp = Jo dypByzwn + W oxp(x, )Yy (h; x) = — (7> P+ firnh' T

The projection of 32 starts with

h

d
T |, v = | vspn + pocs) + HpG ), (A1)

and the difference in the obtained representation comes from the treatment of this derivative.
In the following, we need the following relations:

— Starting from the definition of a;,; = J"g(")(yayw,,(y; X)¥m(y; x), we deduce ydy v (y; x) =
ap¥i(y; x). Then, it follows ay,fy,, = 0 for any (1, m), where we used 3, (h; x) = 0.

— We also have dy;, = | é.’“‘) dy(ydy v (y; ) Ydy ¥ (y; X)) = ar, | ’5‘” dyyi(y; ) Yoy ¥ (y; X)) =
Anim- ;

— Integrating by part fg(x) dy yvu (y; X)¥m(y; x), we have ayy + apm = —8mn + frn-
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(a) Classical derivation by direct projection of the wave equation

In Pagneux et al. [4], the second derivative is, from equation (A 1),

2

d h/Z
dx2 J dy(pyn) _J dy3§p¢n + |:(ﬂnm + Sum)H" — din hi| Pm

— amun _fmn(l + hl2))h,rm/

using the boundary condition for p at y=h(x) to obtain (d/dx)p(x,h)=(1 —|—h’2)8xp(x, h) and
our Y,(h;x) is independent of x. Note that it is this derivation that is done in Stevenson
by deriving term by term, namely Stevenson considers (d/dx)p(x, 1) =", Pr (X)¥n(h; x). Using
rather [—2ayy + fun(1 + W) 1y = [—2amn + fun(1 + 1)1, + 20 /h)dynpm, we obtain the system

of coupled differential equations on the p;:

/!

2 W
pn + k%pn =Pm |: Anm + 2 dnm:| + P;nﬁ[%lnm _fmn(l + h/2)]'

(b) Alternative projection

Alternatively, we can consider the derivation of equation (A 1):
2

dx?

Using amnhtm = apnhp)y, — dpnh’ pm, we obtain

72 h/ 1
PZ + k%;(x)Pn =dun hjpm — (amn + (Smn)ﬁpgn + E[anmh/Pm]//

that corresponds to our equation (2.4).

Appendix B. Expressions of («, 8), (a, b, ¢, d)

For m <N and n <N, we have obviously 8, =1and y, = (nm)?. Then

0, 0, ifn=0,
\1/5(—1)”, \/E((—l)” —1); ifm=0,n0,
Amn = ok by = 0 I
2(— 1y 22 ,
I a2 ()" =1)3—5  otherwise,
and
, 0, if morn=0,
n’x? n?x? 1 )
Cmn = 27 dyn = 3 T3 ifm=n#0,
41’1271”[2 _1\n+m 2,2
()™ =D o S otherwise.

(m2 —n2)2’ S s

h
J dy(pyn) = J dyBZPWn(amn + Smn)h' tm + [@nm + Smn)H Pm] .

(A2)
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(a) Forone degree of freedom

We have
&, ifm=0,
T
oam = (Qm, x) = (_1)m+1 (B1)
——  ifm#0.
w(m? —1/4)

The coefficients 41 and yn11 are given using (x, x) =1, (x', x') = (7/2)* and (¢u, o) = Syn,
(QO;C[/ 901/11) = (””)zsmn fOI' (m/ 7,l) 5 N

N
BNl =(oNs1,oN11) =1 =) ap,
n=0
(B2)
T\2 N
and YN+1 = ((p;\].g_lr 905\]4,_1) = (E) - Z(nrroen)z.

n=0

We also need the coefficients a,b,c,d for the boundary mode (although not necessary for one
varying wall, we define also the coefficients b and c, see following section).

N N
A, N+1 = m — Zanamnl AN+1,m =, — Zanﬂnm/
n=0 n=0
N N
bm,NJrl =by — Z anbmn, bN+1,m =by — Z b (B 3)
n=0 n=0
N N
and Cm,N+1=Cm — Zancmnz dm,NJrl =dy — Zandmnr
n=0 n=0

where ay=You, x'), am= (YX/QO;H)/ b = (om, x'), i’m = (X:‘P;/n)/ Cm = (YZX// <P;n) and dy =
(2%, ).

—2\—6 ifm=0
A T’ =y i (=" 2m?
" ey M1 T (m2—1/42
212 if m=#0,
7  (m (B4)
V2, ifm=0, 0, if m=0,
and by = 1 , by= —om? ,
im0, .
20—y M7 ey L
and
o m |: 1 B 1 B an(—l)m]
T2l m+1/22  (m—1/22 m2—1/4
(B5)

m? 2 m?+3/4
— — m J— —_—
and =0 1 |:7t(m2—1/4)2 bt
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The asymptotic forms of a,; N+1, AN+1,m and dy, N41 can be checked numerically, but, because they
are rests of series, they can be evaluated explicitly. For instance, we have d,, 11 =) hon 11 % dmn

dm,N-H =

2(_1)mm2 o] m2_1/4 m2_1/4 1 2(m2+1/4)
w(m2 —1/47 :Z [(n—m)2+(n+m)2 2 —1/4) (2 —-m2) | (B6)

We can now evaluate Y oo\, 1 1/(n? —a?)~ e dx/(x* —a?)~1/N +a?/(3N%), and Y 52 n.q
1/(n + a)® ~ IKIOH dx/(x +a)? ~1/(N +a) ~1/N — a/N? + a2 /N3, for large N. It follows that
Ay, N1 ~ 8(=1)"m? /(3T N3).

Finally, we alsoneed (Y, x')=—3%, (x, x') = =1, (Yx/, x') =72/8 + } and (Y?x', x') = w%/12 +
% to obtain

N N
anpiNe1 =V x) = D an(@n Nt +aNt1) = Y Cnlmlinm,
n=0 n,m=0
N N
bNpiNe =00 x) = Y enlbunt +DN1) = Y @nlmbum,
n=0 n,m=0 (B 7)
N N
CN+1,N+1= (YX// X/) -2 Z OnCy,N+1 — Z OnQmCnm
n=0 n,m=0
N N
and ANt =K, X)) =2 onduNi1r = Y cn@ndum,
n=0 n,m=0
(b) Fortwo degrees of freedom
It is more convenient to express the coefficients as a function of the formers. We have
o = L1+ (1M, o = 21— (1) Ma, B8)
V2 V2
with a;; given in equation (B 1). We also have
2 o2
ﬂN+1:1_Z“n ’ lgN-&-Z:l_Zan ’
n=0 n=0 (B 9)
T2 2 o (Dy2 T2 ) @2
and YN+1 = (E) —wE =) ('), yNg2 = (5) + gy — ) (nmayy’)?.
n=0 n=0
Then, we define, for j=1,2
/) al 0 o & 0
Am N+j = ayn - Zar{ Amn,  AN+j,m =0y — Zan Anm,
n=0 n=0
) ARy 2() & 0
b =00 =S @b, i =00 =3 @b (B10)
n=0 n=0
) o ) ) Y i)
and Cm,N+j = Cgrlr - Zoﬁ(q] Cmn, dm,N+j = dr(L - Za;({ dym,
n=0 n=0
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with Cr,N-+j and dm,N+j being the symmetrical forms. The coefficients a0, pi, ?JU),CV),d(/) can
be expressed as a function of the coefficients a,4, b, B, ¢,d in equation (B5).

A" = 571 a +Cm+bm Ay = %—72 a _Cm+bm m>0
20T 2mm2 |7 20" 2mm2 |7
. s [, 2 . & [, 2
a}(ql) = ﬁ |:an - ;Cn] , aﬁlZ) = 725 |:an + ;Cn:| ’
T T
bwz%ﬂm+§%) #>ji@—2%)
. . . ) (B11)
bi,l) = %(bn —2nilay), b@ — %(bn + 2nn’ay),
M _ 81 (p Ty O_ & (p T,
Cn = \/§<C”+ 2”n>r Cn —ﬁ(cn 2”11)/
) & [ 2 a2 2 2 n]
dy =————"——|4n°a, —ay + —Qc, + b)) — 2n°(—1
2\/§(n2—1/4) n n T[( n n) (-1
@ _ & [ 2 .2 2 2 n]
and dy' = ———"— 4n‘a, — a, — —(2¢;, + by) — 2n°(=1)" |.
n 2\/2(”2_1/4) n n ]T( n n) ( )

The coefficients for n=N+j or m=N +j, j=1,2 are of the form (we give the example for
AN+1,N+2)

Z oVaDawm,  (B12)

n,m=0

N N
(1) 2
anpi N2 = (VX1 X5) = D @ nNt2 = ) @ ANt 1m
n=0 m=0

and this can be carried out for all coefficients b,c,d. It appears that we need the following
integrals (Y1, x1) = —&1/7, (Yx2, xp) =&3/7, (Yx1,x5) = =616/ +70), (Yo, x}) = —£162/(2 —
) O x) =0, (x2,x5)=0, (x1,x3)=-7&/(2&1) (x2, x1) =7&1/(28) (Yxi, x7)=&m%/(8(1 —
2/m)), (Yxp xp) =832 /B(L+2/7)), (Yxi, x3) =€182/2, (V2xi, x1) = =& 7°[35 + 1/7° — 1/4x],
(Y2xp, x5) = =§37°1 45 — 1/731/4x), (Y24, x5) = —6152/2.

Appendix C. On the Webster equation

The plane wave approximation, where p(x, y) > po(x) is known to produce the Webster equation:
h/
PO+ K20 =—7-o-

In the low-frequency regime (e =kh <« 1), we have pp=O(1) (incident mode). For n#0, from
equation (2.4), using k2 ~ (n7/h)? we deduce that Pn = O(W?2,el). For n =0, with agy = dog =

equation (2.4) leads to:
, W ) h/3 h/2
%+Vm+h%=k0<é,e,

from which the Webster equation can be deduced if /> <« € < 1. A particular case satisfying such
condition is used in [14] with /' = €. Equation (A 2) leads to a slightly different equation:

2 " 72 k2 h/s ﬁ
p0+kpo+ (1+h)po— ) — -
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As it was already mentioned in Pagneux et al. [4], equation (A 2) seems to have an extra term

in 1. However, the extra term,

h/3 ) h/3 h/3
hpg-kO(g <0 67 7

has to be neglected, leading to the usual Webster equation.
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