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Penetration of a negatively buoyant jet in a miscible liquid
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We report experimental results on the evolution of a laminar liquid jet injected with negatively
buoyant condition in a miscible surrounding liquid. Since molecular diffusion is negligible, the only
significant miscible effect is the absence of any surface tension. After an initial intrusion phase, the
jet reaches a steady-state characterized by a constant penetration depth. A simple theoretical model
is derived which successfully predicts the transient phase as well as the subsequent steady state in
terms of stationary penetration depth and jet's profile. All the experimental points collapse on a
master curve involving two dimensionless numbers: the densimetric Froude number Br and
number comparing viscous friction to buoyancy. Finally, this curve obtained for laminar flows is
compared to classical results on turbulent fountain®005 American Institute of Physics

[DOI: 10.1063/1.1907735

I. INTRODUCTION a similar power law relation. According to Friedman and
Katz?? the exponent of the power law is-1/2 when Ri

A buoyant jet refers to the general situation of a fluid <0.1, but seems close to ~1 for larger values of Ri.

locally injected into another orfeThe case of a downward

. . . . : To our knowledge, only a few studies have been dedi-
flow in a lighter fluid, or of an upward flow in a denser fluid, oo . o
. o L N cated to the case of laminar jets. In the particular situation of
is called a positively buoyant jet since inertia of the flow and

buoyancy act together in the same direction. Inversely, t,ghe impingement of an immiscible interface with a vertical

negatively buoyant jet corresponds to the reverse case wh [, Friedman and KafZ obtained a power lawH/D

._1/3 . . .
buoyancy is opposed to the injection flow. This arises in” Ri™™*. For a numerical model of weak laminar fountains

numerous industrial processes or natural flows such as refL\lfA‘-”tthTégRl?s ntén;ber;_ ra;]nglng from 800 ?own t0.5’ rl;m and
eling compensated fuel tanks on naval veséiwaste dis- '€ ound for Ri the same power law as in the tur-

posal systems, ventilation of large buildintysy motion of buIe?ltlzczislg but with an extra dependence on HR®
plumes and clouds in the atmosph%re. «Re ““Ri™< Nevertheless, both studies correspond to very

In most of these situations, the Reynolds number is quité™Ma!l Penetration deptfH/D <2) due to rather large values
large and the flow becomes turbulent very close to the injec?l 22/p in comparison to the ones used in our experiments.
tion source. Such turbulent jets, or turbulent fountains, hav&/lor€over, in the situation investigated by Lin and Armfield,
been extensively studied. Their general behavior is indeperih® difference of density comes from the difference of tem-
dent of the Reynolds number Re and solely depends on tHeerature between the injected fluid and the ambient fluid.

Richardson number Ri which compares inertia to buoyancy! NiS léads to thermal diffusion and, thus,also depends on
Ri can be defined as RgED/V? where g =gAp/p is the the Prandtl number RiPr=v/«; with «; the thermal diffu-

reduced gravity between the jet and the ambient ligDithe ~ SiVity). Contrariwise, thermal as well as molecular diffusions
orifice diameter, an¥ the mean velocity of injection. Some @are negligible in our study. This means that the only signifi-

authors also define this quantity as a densimetric Froudg@nt miscible effect is the absence of surface tension at the
number constructed oB and equal to R*2. In the follow- interface between the outer and the inner liquids. Finally, we

ing, this terminology will be reserved for the use of a densi-can also mention the work of Clarféon pulsating fountains
metric Froude number built not on the orifice si2ebut on  Of water in air. But in this last case the surface tension leads
the maximal penetration depth. One of the main experi- {0 @ very specific behavior and, here again, any comparison
mental results, first obtained by Turner, deals exactly withseéems rather difficult. _ _
this penetration deptid of a turbulent jet and predicts a In this paper, we present an experimental study of a lig-
power law dependence with FH”DocRi_llz for hea\/y salt uid Jet injected in a miscible Surrounding IIQUId The outer
jets in pure watet® This result is consistent with dimen- liquid is slightly denser than the inner one and in all the
sional analysis assuming that momentum and buoyanc§xperiments the flow regime is laminar, except for a few
fluxes are the only relevant parameters in this problen. experiments presented in the last section. The paper is orga-
Many other results in close situations, such as a denser liquidized as follows. After a description of the setup in Sec. Il
jet in pure watet*"*° a liquid jet impinging on an and of the experimental observations in Sec. Ill, a simple

interface?® or a turbulent heated air in ambient Hisuggest ~ theoretical model is proposed in Sec. IV and provides a com-
plete analytical solution. The dynamics of the head of the jet

JAuthor to whom correspondence should be addressed. Electronic maiguring the initial penetration phase is studied in Sec. V
pierre.philippe@aix.cemagref.fr whereas Sec. VI is devoted to the subsequent steady-state
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nematic viscosity vp=102cn?/s at 25°C and two
glycerin—water mixtures for which we measured a viscosity
ratio v/ vy, respectively, equal to 2.0 and 3.7. In nearly all the
experiments, the difference of density was obtained by add-
ing a little amount of commercial ethan@urity 95% in the
liquid of the jet except in two experiments where we used
salt water in the tank and pure water in the jet. Since the
latter situation yields identical results, the only relevant pa-
rameters characterizing the differences of properties between
the two liquids areAp/p and v (excluding any other param-
eter as the surface tension, for instanédl experiments are
performed in the range ¥ 104<Ap/p<3x 1072 The dis-
tance from the bottom of the nozzle to the free surface was
kept nearly constant to about 1 cm even if it does not seem
to have a significant influence on the jet. Finally, a few
amount of dyelmethylene blugadded to the injected liquid
allows the visualization of the jet which is recorded either on
a charge-coupled device camera at 25 images/sec or on a
_ _ . high-speed video camefBastCam Super 10k from Photron
FIG. 1. Typical example of a steady jet: a liquid is injected downwards from .
a nozzle in a tank containing a slightly denser miscible liquid and reaches (J_ilp to 250 fram?S/seC' Note that th? presence_ of dy_e is taken
stationary penetration deptH; after a few seconds. Inset: example of a INt0 account in Ap/p. Several high-resolution pictures
velocity profile obtained by PIV measurement at mid-height in the jet. The(4256x 2848 as the one presented in Fig. 1 were also used

vertical dotted lines show approximately the boundary between the centrqb evaluate the radial emargemem of the jet with depth
jet of lighter liquid (diameterA) and its radial boundary layer. An approxi- '

mate fit is also presentedee later for details Afew experiments have also been carried out to evaluate
the velocity profile in the flow by particle image velocimetry
(PIV) with the high-speed camera: both liquids are seeded

regime with a particular focus on the shape and the maximatith some tracer$ple£satic spheres of radiug,~ 60 um and
penetration depth of the jet. Finally, in Sec. VII, a generaldensityp,=1.03 g cn®) and the tank is locally illuminated
collapse is obtained in terms of dimensionless numbers andy @ thin vertical laser sheet which is orientated perpendicu-

a Comparison with the case of turbulent fountains is prejarly to the camera and intercepts the Jet axis. The I|ght sheet
sented. thickness is about 0.1 mm. The verticality of the light sheet

is easily obtained and the jet is precisely centered inside the
sheet by a micrometric stage. However, as the light sheet
thickness is not negligible compared to the quite small diam-
The experiments are performed as follows: a liquid of€ters of the jets, we can only access to mean velocity profiles
density p is injected downwards, at a constant volume flowaveraged on the illuminated region. The images are recorded
rateQ, from a nozzle into a tank containing a miscible liquid (at 250 frames/sec with a resolution of 54@80) and pro-
of densityp+Ap with Ap>0. The injection is carried out by cessed by the softwamavis 6.2 with algorithms from Lavi-
a syringe pump or by a siphon from a large storage tank. Th&ion. An example of a velocity profile obtained by this pro-
flow rateQ was varied in a large range from0.002 cni/s  cedure is presented in the inset of Fig. 1.
to about 20 criv's. A picture of a typical experiment is pre-
sen_ted in Fig. 1. The inner diameterof the nozzle was also IIl. OBSERVATIONS
varied from 0.254 mm up to 4.83 mm; more precisely we
have used seven different diameter®=0.254 mm, The liquid jet penetrates in the tank and progressively
0.407 mm, 0.508 mm, 0.838 mm, 1.372 mm, 1.75 mm, anaglows down due to the opposing buoyancy force and to the
4.83 mm. From the small values of the Reynolds numbewiscous dissipation in the whole flow. During this transient
(Re=Q/vD <100 see Sec. Vlland the quite large length  phase of penetration, the jet remains thin and exhibits a large
of the nozzle(L=20 mm, 30 mm, and 65 mmwe can de- head. This head consists of a toric lobe structure which re-
duce that the flow inside the nozzle is a fully developedsults from the viscous friction of the outer liquid initially
Poiseuille flow? (strictly speaking, in all the cases, the entry motionlesg(see the insets within Fig)2Note that this shape
length is smaller than the nozzle lendth In each experi- is similar to thermal rising plumes as, for instance, the ones
ment, we used two liquids with a small difference of densityinduced by local heating in a silicon 8llor in mantel con-
and of kinematic viscosity. But, as detailed later, the re- vective flows™ After few seconds, the jet finally stabilizes
sultant buoyancy is proportional thp whereas the viscous and reaches a steady state with a constant penetration depth.
dissipation does not depend on the difference of viscosity buévhen reaching the end of the jet, the liquid is radially ex-
only on the absolute value ofin each liquid. So, since the pelled and then starts to slowly rise back to the top of the
difference of viscosity between the two liquids is very small,tank. In some experiments, the initial penetration phase was
we can consider that is almost uniform in the whole tank. recorded with the fast-camera up to 250 frames per second.
Three different liquids have been used: pure water with ki-Then a space-time diagram of the vertical central line of the
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Il. EXPERIMENTAL SETUP
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whereas an increase @ obviously produces the opposite
effect.

As the density difference is produced by either ethanol
or salt, the role of the molecular diffusion in the jet's flow
studied here must be clarified. Three different length scales
must be introduced to analyze this flosee the sketch in
Fig. 3. First, A is the width of the jet at a given dep#and
corresponds to the width of the flow of the lighter liquid
injected from the nozzleA progressively widens with depth
due to the mass conservation of the injected liquid and to the
slowing down of the flow. This slowing down is caused by
viscous damping and by the buoyancy force resulting from
the small difference of density between the two liquids. So
the widening ofA is a purely hydrodynamic effect. The two
other length scales are associated to momentum and molecu-
lar diffusion. 8, measures the length of the viscous boundary
layer from the interface of the lighter liquid jet wheregsis
FIG. 2. Typical space-time diagram of the vertical central line of a jet. Thethe length of the mixing layer at the interface between the

jgt progres_sively _slows down until it reac_hes, within a few seconds, a Stainjected quuid and the outer quuid caused by molecular dif-
tionary regime with a constant penetration depth. H&e0.127 cni/s,

D=0.1372 cmAp/p=4.5x 1073, and v=1,. Insets: pictures of the jet dur- fusion of ethanol towards the outer “qu_'d' )
ing its transient penetration phaseta0.5s,1s, 2's, and 4 s. To know whether the molecular diffusion can be ne-

glected or notg,, must be compared tA. This can be sim-
ply done in two steps. First, the comparison betwégrand

. . . o S, gives directly,
jet can be plotted. A typical example is shown in Fig. 2. We

can accurately observe the transient regime of penetration, g, | Kim sgl’z
5, v '

up to the maximal deptl,, followed by the final steady
state. We can notice that the stationary depth of penetration
Hg is slightly smaller tharH,,. This effect will be discussed where «,;, is the molecular diffusivity ands.=v/«,, is the
later. Schmidt numbet® The tabulated values for the molecular
Some PIV measurements have been performed in thdiffusivity of ethanol and salt are, respectively, at 25 °C:
steady regime. A typical velocity profile is displayed on the k,~1.3X10° cn?/s and k,~1.5X10° cnm?/s. Conse-
inset of Fig. 1. The width of the profile is larger than the quently, the ratiod,,/5, is about 10 Then we can now
diameter of the jet and the profile exhibits a bell-shape in theompares, with A by means of the PIV measuremengsis
central part of the jet with a large radial boundary layer out-estimated on the velocity profile ardis measured using the
side. From the injection nozzle to the extremity of the jet,contrast of luminosity induced by the dye. Cleawdy,is the
both the boundary layer and the central jet of the inner liquidsame order of magnitude than(see the insets of Figs. 1 and
progressively widen as can be seen in Fig. 1. 4). So, sinced,,/5,~1072 and 5,~A, we can finally con-
The control parameters are the injection flow r@ethe  clude thats,, is much smaller thah and consequently the
internal diameteD of the nozzle, the relative difference of molecular diffusion of ethanol at the interface between the
density between outer and inner liquigh/ p, and the kine- injected liquid and the outer liquid can be neglected. The
matic viscosity of both liquidsy. Qualitatively, when the same conclusion holds for salt diffusion since the molecular
three other parameters are fixed, an increase of eadh of diffusivity of salt is nearly the same than the one of ethanol,
Aplp or vinduces a decrease of the final penetration depthanda fortiori for dye diffusion since the molecular diffusiv-

FIG. 3. Sketch of the flow at a given depthvertical

dp=p(1)-p;, velocity profile (black curvé and density profilggray
A curve with the three length scales involved in the flow
A, é8,, and &,

v
—
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1,0 d(AE) J “1
3 — 3 3
— = | =Zp[v(r,0) —v(r,2)]27r dr - QApgz
ok aa a =) A0 -vr2)] Qg
T AR LA ‘AA“ ATHS o o
Ik o E=A/2 Since the viscosity is almost the same inside and outside
7 N the jet, the dissipation rat@/,(z) is reduced to
o
O
054 z (cm) Eﬁﬁﬁﬁj z (= [ g\2
2 |% ; ; Flgags W,(2) = o — | 2mr drdz.
s, . §§Eﬂi+ 0oJo \or
- 4§ —
E§§§§E§ IT?g To go further, we use two practical assumptions. The
E§§§A* fflzzzziliﬁjiﬁj - first one concerns the velocity profile in the jet. This profile
UK RS S is not extensively known and only few PIV measurements
0.0 . : : : have been realized. Moreover, a complete resolution of the
0 1 2 Navier—Stokes equation seems quite complex. Nevertheless,
z (cm) as suggested by the bidimensional cHaee can reasonably

assume the following separation of variables:
FIG. 4. Measurements along the flow of the radius of théfei/2 (®) and
of the radius of the whole flowr (CJ) obtained forQ=0.16 cni/s, D (r,2) :V(Z)‘I’[I’/O'(Z)] (H1)
=0.175 cmAp/p=4.7X 1073, andv=w,. The criterion used to estimaieis ' ‘

v(0,2)/v(0,2)~0.1. Inset: ratioo/ £ as a function of the depth (note that . . L .
N~ &l o with \ defined in the text Here V(2) is the maximal velocity in the jet an®¥ corre-

sponds to the radial dependency of the profile vitk0)
=1. o(2) is a scaling factor which accounts for the flow en-
Aargement with depth. Se(z) is the characteristic width of

ity of hyl lue i f i ller th . . ) e
ity of methylene blue is one order of magnitude smaller tha the whole flow, including the jet and its viscous boundary

the one of ethanol(x,~1.7x10° cn?/s): this means in

articular that the dye accurately tracks the lighter liquid andayer. . . . . T
P y y 9 d A direct relationship between this characteristic viscous

viscous boundary layer %yer o(2) and the jet widthA(z) would also be useful. The
: growth of the_viscous boundary layer from the nozzle is pro-

To conclude with the role of molecular diffusion, it is ional to h is th o h .
important to underline that, generally speaking, a jet flow inPortional tovit wheret is the transit tlme to reach a given
depth z. So, o(2)-A(2)/2=\1t(z) with t given by t

a miscible fluid depends on the Schmidt number. But here;~""" S ) ;
the flow corresponds to the limit of infinite Schmidt number ~J0dZ /vlr=A(z')/2,2']. Then, we can obtain the follow-
where molecular diffusion is negligible. Another way to say "9 ImPplicit expression for the ratid(2)/20(2) =\ (2):

it is that the flow has no significant miscible effect except at , ,

the interface between the outer and the inner liquids where  [\-%(z) - 1]2 v f dz _

there is no surface tension. A¥(2) )y V(Z)P[NZ)]

This implicit equation is strongly nonlinear and cannot be

IV. THEORETICAL MODEL solved easily. Nevertheless, another way to extract a direct
relationship between(z) andA(z) is to use the PIV experi-
ments. The procedure has already been discussed in the pre-

Using the generalized theorem of Bernoulli, a simpleceding sectionA is measured using the contrast of luminos-
theoretical model can be proposed to understand the penetiigy induced by the dye and(z) is estimated on the velocity
tion phase of the jet and the dependence of its stationargrofile. The results are presented in Fig[rbte that the
penetration depth and profile with the different control pa-criterion used to definer(z) at a given deptiz is v(o,2)
rametersQ, D, Ap/p, and v. Following the preceding dis- ~(0,2)/10]. What we observe is that, far enough from the
cussion on diffusion, all diffusive processes are neglected ifozzle, \ is roughly constant which suggests that, in first
the model. Denoting the distance from a horizontal crosgpproximation, there is a simple proportionality relation be-

section of the Jet to the exit of the nozzle aghe difference tweeno-(z) andA(z)_ And SO, this will be the second hypoth_
of energyAE betweenz and z=0 is related to the viscous esijs of the model,

dissipation rataV,(z) by
d(AE) 1A

S T (1) @=1" (H2)

A. Description of the model

Seeing that the radial length scdleis negligible com-  where) is a constant strictly smaller than 1.
pared with the vertical length scalé, only the vertical ve- A reason for this result might come from the aspect ratio
locity profile v(r,z) will be considered in the following. We of the flow: the jet is indeed quite long compared to its
can also reasonably assume that the pressure inside the jetdigmeter. So, from the exit of the nozzle, the flow is very
equal to the hydrostatic pressure in the tank. Then the leftikely to quickly reach an asymptotic state which simply
hand side of Eq(1) reads gives rise to this proportionality relationship. This influence
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of the aspect ratio may also explain why our results are quite Q ( Q ) 10

different from the previous work on negatively buoyant ~ Hm=a—In N4
23,910 v gb
fountains>®*
From hypothesigH1), the injection flow rateQ can be ty corresponds to the transient time needed to achieve this
expressed as maximal depth and reads

A2 _ D? 1Q Q
Q=V(2)d(2) i W(u)27u du. tn= 28y~ bg*D“ arctar( bg* D4> - 11

Finally, the three following parametera=«a/283, b
=72, andy are introduced in the model and all of them can
be expressed from the exact shab@u) of the velocity pro-

Furthermore, using also hypothegld42) gives the fol-
lowing relation:

YQ=V(2)A%(2), (2 file.
wherey is a constant equal to B. Parameters of the model
A
So, the parameteis b, andy of the model only depend
— 2
y=4\ /f W(u)2mu du. () on the exact shape of the velocity profile. From E&). we

can infer thaty> 4/, which is the lower limit correspond-
Then, with help of Eqs(H1), (H2), and (2), Bernoulli  ing to a plug flow in the jet while a purely Poiseuille flow
theorem expressed in E(L) becomes would give y=8/s. From the velocity profile shown in the
, inset of Fig. 1, we can note that the velocity of the flow at the
Q{ }pa[Vz(O) -V(2)]- Apgz} = B”J V2(zdz, (4) frontier between the jet and its boundary layer is close to the
2 0 maximal valueV(z). This means that the shape of the profile
might be closer to a plug flow than to a Poiseuille flow and
that v must be only slightly larger than 4/=1.27.
As an example, a further estimation of parameters,
% A and y can be extracted from the velocity profile of Fig. 1.
a:f Y3(uju du/f W(u)u du, (5) Using Eq. (6), we can directly evaluatgg and obtaing
0 0 ~3.0. Note that the profile can be satisfactory fitted by a
Gaussian law or by a hyperbolic functic;g inspired by the
, classical result of laminar bidimensional jétThis latter fit
B= Zﬂfo [V’ (W]u du ®) is presented in Fig. 1 and corresponds t(u)
=1/[cosHu)]?. Using these two fitting functions, the analyti-
Then, after derivation and integration of Eg) overz,  cal calculus of Eq(6) gives 8= for the Gaussian law and
the expression ol(z) is easily obtained. From here, the g~0.877r~2.73 for the hyperbolic function. These values
following nonlinear partial differential equation is derived are in good agreement with the direct evaluation. As already
for the penetration depthl by imposing the conditioV/(z  presented in Fig. 4, it is also possible to correctly estimate
=H)=dH/dt at the head of the jet, the proportionality constant between the width of the flow
= and the diameter of the jet defined by EHZ2). Then, from
ety —V(O) \/< > ) (2pvlaQH _ __9 S (7 Egs.(5) and(3), we obtain values ofr and y in the range
ﬁV (0) vBV(0) a~1.1-1.4 andy~ 1.4—1.8 which is, as mentioned before,
a very reasonable value.
Finally, we can rather accurately fix the order of magni-
tude of the parameters:

with two coefficients,« and B8, which depend only on the
velocity profile. They can be directly expressed as

where g =(Ap/p)g is the reduced gravity and=7/p the
kinematic viscosity in the whole liquid/(0) is the maximal
velocity of the jet at the exit of the nozzle and, from hypoth-

esis(H2), it is directly proportional to the flow rat® since a~02, b~7 y~16.
A(z=0)=
V(0) = yQ/D2. (8) V. TRANSIENT PENETRATION
Using the change of variablgs=e (?#"/«QH Eq.(7) can As already mentioned, the inverse buoyancy force and
be solved analytically and gives the following expression forthe viscous drag make the velocity of the liquid jet decrease
the transient penetration phase of the jet: while penetrating in the outer liquid. We have performed few
sets of measurements in this transient regime for different
H(O) = H, — a9 inl 1 +tar? =1t () experimental conditions. The temporal evolutid(t) of the
D2 Q depth is obtained from space-time diagrams such as the one
2377 bg*D“ shown in Fig. 2. These have been compared to the theoretical

expression of Eq(9) for the transient dynamics of penetra-
Equation(9) is valid for t<t,, and, fort>t,, H=H,, where  tion H(t). An example of comparison between the model and
H,, is the maximal penetration depth of the jet and can behe experiments is presented in Fig. 5. Here we have used
written as only one free parameter, namely,indeed, from the experi-
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6
. S= ’fQ4:3. (13)
gD* Qo
. Note that this expression defines a characteristic flow
44 rate, Qu=g'D*/v, and a characteristic length directly built
with QO: )\O:QO/ V.
The model gives a full prediction of the jet depth during
] the transient phase up to the final valdg but it can also
2 predict the shape of the jet in the steady-state regime. Indeed,
] from Eg. (2), A(2), the diameter of the jefboundary layer
1 not included at depthz can be written as

0 - T T d T T T 4 @ = ’YQ
0 1 3 4 D \/ V(Z)Dz.

2
t (s)
Then, using the expression ¥fz) obtained by integra-
FIG. 5. Penetration of the head of the jet during the transient plt@sen tion of Eq. (4) (with the stationary conditiodH/dt=0) and

the same experimental conditions as in Fig. (Q=0.127 cni/s, D : :
=0.1372 cmAp/ p=4.48x 103, and v=1;); (®) for more viscous liquids the expression off; given by Eq.(12), A(2) reads

(Q=0.283 cni/s, D=0.175 cm, Ap/p=6.35xX 10°%, and v=3.7v,). The A

solid lines represent the prediction of the model with the following param- z) _ 1 1-7H —1/4

eters: (O) a=0.216,b=6.99, andy=1.54; (®) a=0.189,b=7.21, andy D = (b9 4[(1 +b9 s— 1] : (14)
=1.72.

H (cm)

So, the model can give a complete description of the
steady-state regime characterized by a constant penetration
depth and a stationary profile which theoretical expressions

mental measurements of both the maximal penetratign are, respectively, given by EqL0) and (14).

and the transient timg,,, Eqs.(10) and (11) give directlya
andy as functions ob. In this way, we have obtained values
of a, b, andy exactly in the range previously proposed. The
agreement between the theory and the measurements is very In order to test these theoretical predictions, many ex-
good confirming the relevance of the assumptions made iperiments have been performed in the steady-state regime of
the model, especially the two hypothesed) and (H2). the jet. The profiles\(z) are extracted from high-resolution
pictures such as the one in Fig. 1. They can all be success-
fully fitted by expressiori14) providing thatD is replaced by

a slightly smaller valu®”. This adjustment is simply due to
the jet's contraction at the exit of the nozZfean effect

A. Theoretical predictions which was neglected in the modéNote that, strictly speak-

After the transient penetration of the jet, a steady state i§19, the originz=0 used in the model does not exactly cor-
reached where the penetration depth remains constant. A§spond to the exit of the nozzle but to the location of the
previously mentioned, this stationary depith is slightly maximal contraction of the jet just after it exits from the
smaller tharH,,, the maximal penetration depth of the jet at N0zzle) Some of these profileA(z) are presented in Fig. 6.
the end of its transient phagsee Fig. 2 This effect can be As Eq.(14) depends only weakly ob, a direct fitting
understood as follows: in the steady state, the liquid reachin?rocedure fails to give a reliable value for So, we pre-
the extremity of the jet is radially expelled and then startsie’red to use a fixed value fds, namely,b=7. Then, the
rising back to the surface This slow backflow is governed bycorresponding values obtained fdr are in the range 0.9
the negative buoyancy and slightly modifies the velocity pro-<D’/D <0.94 which appears realisti€.
file of the boundary layer. So the viscous dissipation is ex- _
pected to increase and thus the penetration depth to slightfy- Penetration depth
decrease. We have also observed that the larger the differ- To test the theoretical expression of the penetration
ence of density, the larger the gap betwegnandH;, which  depth given by Eq(8), we have made systematic measure-
confirms this explanation. In the model, this effect could bements ofH, as a function of the flow rat® in a large range
taken into account by a small change of the parametersd  of the different control parameter, Ap/p, andv. As can
b in Eq. (10: b increases but decreases so thats is  pe seen on Fig. (@), for a given couple of liquids, which

B. Stationary profile of the jet

VI. STEADY-STATE REGIME

slightly smaller tharH, corresponds to fixed values Ap/p andv, it appears that the
Then the following nondimensional expression Hyis  variation ofH, with Q is consistent with a power law. In all
obtained from Eq(10): experiments, the exponent remains between 1.4 and 1.8 and
Hq the proportionality coefficient depends only &n This de-
v asin(1 +b9, (120 pendence oD can be easily quantified by plotting the non-
0 dimensional deptlid /D as a function of a characteristic ve-

where we have introduced a nondimensional parameter locity U=Q/D? which is directly proportional to the mean
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FIG. 6. Examples of jet profiles observed just after the steady state is _Q (Cm S)
reached under the same conditidiiz=0.137 cm,Ap/p=4.36x 1073, and . .
v=wp) and for four different flow rates of injectior®=0.047 cni/s (@), FIG. 7. (a) Dependence of the penetration depthwith the flow rate of

0.086 cri/s (0J), 0.132 crid/s (A), and 0.151 ci¥'s (V). The theoretical in_jectionQ with Ap/p=4.48x 1072 and v=1v, and for four different nozzle
expression of the model is represented by the solid lines with the fixedliametersD=0.254 mm(A), 0.407 mm(©), 0.838 mm(V), and 1.75 mm

parameteb=7 andD’/D=0.90(®), 0.91(J), 0.91(A), and 0.94(V). (O). The dotted lines are power laws with, respectively, exponent (A0
1.64(0), 1.62(V), and 1.69]). (b) Collapse of the points presented(a

by plotting the penetration ratibls/D as a function of the characteristic
velocity U=Q/D2 The dotted line is a power law with a new exponent 1.50.
injection velocity: the points collapse rather well on a master(c) Pl_qts ofH¢/D as a function ofJ=Q/D? for three different experimental
.. . . . . conditions: Ap/p=4.45x 107* and v=v, (M); Ap/p=4.48x1072 and v
curve. This is _shown in Fig.(B) and alsc_) in Fig. &) Wh?re . =g (O) [same points as already presented(@ and (b)], and Ap/p
the data obtained in two other experimental conditions in=6.35x 107 and y=3.7y, (+). The dotted lines are power laws with expo-

terms of Ap/p and v have been added. nent 1.49(M), 1.50(¢), and 1.46(+).
Then, all the collected data can be compared to the gen-

eral nondimensional expression of Ed.2). The result is

presented in Fig. 8. It reveals that experimental points nicely

collapse on a master curve and the following remarks can by petter agreement is obtained between the theory and
made. _ . the experimental data as shown in the inset of Fig. 8. In the
_First, these results confirm théts/\o=(S=Q/Qo) IS ther extremity of the graph, i.eQ> Qo, we also observe a
quite a correct nondimensional form in a very large range ofyejation between the experimental points and the model.
nearly four decades fdts/Ao and six decades f#8=Q/Qo.  These data correspond to the situation wherer, and
Second, the quantitative prediction of the model is Very,ynare we have used the thinner injection nozzle. So, as the
close to the experimental data except on bpth extremities Cgollapse remains valid, this suggests that the model might
the graph:S<10°? and S=10%. The theoretical curve pre- g he ysed but with slightly different parameters. And
sented in solid line in Fig. 8 was obtained with the typ'calmaybe this is caused, at the exit of the nozzle, by a larger

values of the parametera=0.2 andb=7. The first signifi-  .,nraction of the jet when the diameter of the nozzle be-
cant discrepancy between the model and the measurementSmes smallel®

concerns the cag®@<Q,. This corresponds to experimental Finally, a power law dependance betweidnand Q is
conditions where _the jet becomes slightly turbul_ent and'suggested by the experimental results of Fig. 8. Despite the
Where the penetratlon depth starts to fluctuate._ In Fig. 8, the, ot that Eq(12) does not predict this behavior, an empirical
maximal values oH; is used. But, for these points, we can ., ver |aw can fit reasonably well the data on nearly all the
also estimate the mean penetration dégiy averagindds  experimental range. This empirical law is shown in dotted
for a few ten of seconds. Then, if one replatésby H,, a  line in Fig. 7 and reads here
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Fr compares kinetic energy to gravitational energy. Tak-
ing into account the resultant density, i.e., gravity and nega-
tive buoyancy, and the depth of penetratldg we obtain

ApgHs 9 HSD4

Some authors ude instead ofH in the definition of Fr or of

the Richardson number Ri. This number, already mentioned
in the Introduction, is frequently used in the context of tur-
bulent jets or plumes and reads

‘D _¢gD°
Ri= gU_2 = ng .
$=Q/Q, Here we preferred to choos¢, as gravitational length scale

because, contrary tD, it corresponds to the real displace-

FIG. 8. Plot of the dimensionless depy/ A, as a function of the flow rate ment performed by the Iighter quuid from the nozzle of in-
ratio S=Q/Q, for many different experimentda) v=v, and Ap/p=1.31 iection down to the head of the iet

X102 (@), 8.13x10°3 (*), =7.10x10°° (M), 4.48x10°23 (V), 447 J€CU Wi Jet.

X 1073 (X), 2.0 1073 (+) (case of pure water injected in salt wateand In addition to these three dimensionless groups, another
4.13x 1073, 1.74x 107 8.18x 1072 and 4.45<10°° (V); (b) v=2.00pand  number comes very naturally from the model and was al-
Aplp=4.62x 1072 (A); (c) v=3.7Tyy and Ap/p=6.35x 1072 (A). The solid ready defined in E({.l3):

line corresponds to Eq12) with a=0.2 andb=7 whereas the dotted line is

the power_law of Eq(15). Inset: enlargement of th@ <Q, zone where the U Q

values ofH¢/D have been added in open symbols. = T 5>~ x—a-
s p y g DZ g D4

This number compares the viscous friction to the resultant

15 gravity force and is a combination of the Reynolds and Ri-
Hs _ 025(2) (15)  chardson numbersS=(Re R)~. It should be noticed that,
Ao Qo contrary to the other numbers which compare opposite ef-
fects, the viscous and buoyancy terms use8 act together
Note that Eq/(15) can also be expressed as in the same direction. S8 predicts whether the slowing-
He U\ down of the flow from the nozzle down to the jet's cap is
D 0'25<U_0) ' (16) mainly due to the viscous frictioiS>1), to the negative

buoyancy(S< 1) or to both of them(S~ 1). It can be seen as
whereU=Q/D? is proportional to the injection velocity and the inverse of the Poiseuille number or also as the Reynolds
where U,=(vg")'® appears as a characteristic velocity al-number divided by the Galileo number. Anyway, this number
though we do not have any simple physical interpretation fohas already been used by different authors in the context of a
it. Just note that when looking for a relation betwétyand  liquid moving in an outer miscible liquid and it appears to
U by dimensional analysis, the physical parametersiare be a very relevant parameter in this particular situation.
g’, and. Then, if we assume thé, is simply proportional Now, it is possible to check any dependency between
to D, as suggested by the experimeritly, is the only rel-  these dimensionless numbers. Then, as shown in Fig. 9, a
evant choice to construct a characteristic velocity with strong correlation is obtained between the Froude number Fr
andg'. and the parametes. Using Eq.(12) in the expression of Fr,
one simply obtains from the model

S

Fr= m (17)

VII. DISCUSSION AND CONCLUSION
A. Dimensionless numbers
This equation is presented in solid line in Fig. 9 with the

Up to now, we have drawn our interpretation on a theo-typical values of the parametesis0.2 andb=7; it is in very
retical model which can very satisfactorily predict most Ofgood agreement with the experimental data. Note that the
the experimental observations and measurements. But theggnstant value of Fr in the inviscid lim{S< 1) corresponds
results can also be interpreted in terms of dimensionlesgimply to the Bernoulli reIationAngs:%paV(O)z, where
numbers. Two of them seem particulary relevant in this probthe kinetic energy is fully converted in potential energy.
lem: the Reynolds number Re and the Froude number Fr. Re Here again, the data can be Satisfactory described in
characterizes the competition between convective and Visyearly the whole experimental range by a power lawsin
cous effects in the flow at the injection. It is built with  Equationg15) and(16) suggest an exponent close to 1/2. In
=Q/D? andD as velocity and length scales at the nozzle endfact, the best agreement is obtained with an exponent 0.6 and

UD Q gives the following empirical law:

Re
v D Fr=~ 355 (18)
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FIG. 9. Same points as in Fig.(@&ith Hy instead ofH, for S<2x 107?) but FIG. 10. Plot of R¥? H¢/D vs the Reynolds number Re for all the experi-
plotted in terms of dimensionless numbers: Fr as a functiod dhe solid mental data previously collecté®) and for three experiments with higher
line corresponds to the model prediction with parame#sr§.2 andb=7 values of Re:D=0.175cm, Ap/p=2.59x1072, and v=v, (O); D
whereas the dotted line is a power law with an exponent 0.6 slightly larger0.483 cm, Ap/p=6.98x 103, and v=v, (A); and D=0.483 cm,Ap/p
than 1/2. =2.59x 1072, andv=w, (A). The turbulent limit deduced from Turner’s law
is shown in dotted line and is approximately equal to 2.21. The previously
collected datd®) are well fitted by a power law with an exponesit0.6
and shown here in dashed line.

B. From laminar to turbulent jets

The comparison between our results and previous workgradually loses its dependence in Reynolds number while
is difficult since only very few studies have been carried outviscous friction becomes totally insignificant in comparison
in the laminar situation, in miscible or immiscible to inertial effects.
conditions®**'°Furthermore they were all restricted to the  To analyze this transition more precisely, we have per-
case of very small penetration ratiél/D<2). Then, the formed few additional experiments where the Reynolds num-
horizontal length scale is comparable to the vertical lengttber was increased up to about 350, the maximal value that
scale and the situation is totally different in terms of physicalcan be reached in our setup. The influence of the Reynolds
mechanisms involved. Contrary to the laminar situation, thenumber on the penetration ratio can be clearly underlined by
case of turbulent jets or plumes has been extensively studigslotting Ri’2 Hy/D as a function of Re. The results are pre-
and quite a general consensus seems to be reached: indeedgehted in Fig. 10 where we have also added the previous
appears that the penetration ratidnD is strongly correlated experimental datdFigs. 8 and 9 as well as the turbulent
to the Richardson number Ri. For small values of Ri, i.e.limit obtained by Turner and which corresponds to an ap-
Ri<1, an empirical power law with an exponent —1/2 wasproximate value of 2.24° When the flow becomes turbu-

first proposed by Turn&? and can be written as follows: lent, Hg corresponds no more to the stationary depth but to
the mean penetration depth because the jet fluctuates more or
E ~ 221 Ril2, (19) less intensively.
D As expected from Eq(20), in the small Re zone, the

This expression i | nsistent with dimension Pata are satisfactory fitted by a power law with an optimal
S expression 1S also consiste a ensio aexponent¢:0.6. For larger values of Re, the experimental

.45
anal\y\zshave seen in the previous sections that our ex eripoints progressively deviate from this power law and do not

P . P collapse anymore wheAp/p or D is changed. All these
mental results as well as our model do not predict such

lation. N thel f th irical | t both E %oints as well as part of the previously collected data corre-
reiation. Neverineless, from e empiricat faws of bo qS'spond to values of RP Hy/D larger than the turbulent limit
(15) and(18), we can obtain approximately the same depen-

d Ri but with tra d q Re with of 2.21. During the transition from laminar to turbulent flow,
ence on ki but with an exira dependence on Re With ayq quantity first increases until it progressively stabilizes
exponenty~0.5-0.6:

before starting to decrease. Finally, for high values of Re, it
H, i should reach Turner’s limit. So, from the relative positions of
5*0-25 RERI™2, (200 the three experimental curves observed in Fig. 10 at Re
>100, we can infer that the transition to turbulence is pro-
As we have also worked with Richardson numbersduced more easily for a larger diameter of injectidrand
smaller than 1, we can compare these results in terms dbr a higher difference of densit¥p/p. This can be rather
Reynolds number, from the small values used in our laminawell understood since the physical mechanism of this transi-
experiments(Re<100 to the fully established turbulent tion might be due to Kelvin—Helmholtz instabilities which
flow with Reynolds numbers larger than 1000. So, we carare more likely to appear in a jet with a big diameter or with
infer that between these two limit behaviors a progressive large contrast of density. Finally, one curi2=0.483 cm
transition from laminar to turbulent takes place. Then the jeand Ap/ p=6.98x 107°) reveals that the transition is at first
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