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T(n) = T(i) nx +T(j) ny +T(k) nz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Tx(n) = �xx nx + �xy ny + �xz nz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

� =

0

@
�xx �xy �xz

�yx �yy �yz

�zx �zy �zz

1

A

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Tenseur des contraintes

contraintes normales

contraintes tangentielles

Tx(n) = Tx(i) nx + Tx(j) ny + Tx(k) nz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Composante x



T = �.n
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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@
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Ty

Tz

1
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0

@
�xx �xy �xz

�yx �yy �yz

�zx �zy �zz

1

A

0

@
nx

ny
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1

A

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Vecteur contrainte 
(force/unité de 

surface)

Tenseur des 
contraintes

Normale à la 
surface considérée



Z

⌦

@⇢u

@t
dV = �

Z

@⌦
⇢u u.n dS +

Z

⌦
⇢f dV +

Z

@⌦
�.n dS

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Z

⌦

@⇢u

@t
dV +

Z

⌦
r.⇢uu dV =

Z

⌦
⇢f dV +

Z

⌦
r.� dV

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Théorème de la divergence: 

Conservation de la quantité de mouvement

: Flux de quantité de mouvement,<latexit sha1_base64="8AJo72ZtQEcBA0U2dutJ5sIFyn4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiSi6LLoxmUF+4AmlMl00g6dTMI8CiX0T9y4UMStf+LOv3HSZqHVAwOHc+7lnjlRxpnSnvflVNbWNza3qtu1nd29/QP38KijUiMJbZOUp7IXYUU5E7Stmea0l0mKk4jTbjS5K/zulErFUvGoZxkNEzwSLGYEaysNXDeQ4xQFCdbjKM6NmQ/cutfwFkB/iV+SOpRoDdzPYJgSk1ChCcdK9X0v02GOpWaE03ktMIpmmEzwiPYtFTihKswXyefozCpDFKfSPqHRQv25keNEqVkS2ckiolr1CvE/r290fBPmTGRGU0GWh2LDkU5RUQMaMkmJ5jNLMJHMZkVkjCUm2pZVsyX4q1/+SzoXDf+q4T1c1pu3ZR1VOIFTOAcfrqEJ99CCNhCYwhO8wKuTO8/Om/O+HK045c4x/ILz8Q3LlJPE</latexit>⇢uu

⇢uiuj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

tenseur de composantesproduit tensoriel

@

@xj
(⇢uiuj) = ui

@⇢uj

@xj
+ ⇢uj

@ui

@xj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Sa divergence :
(somme sur j)



r.� =
P

j
@�ij

@xj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Divergence des contraintes



Conservation de la quantité de mouvement

⇢
@u

@t
+ u

✓
@⇢

@t
+r.⇢u

◆
+ ⇢u.ru = ⇢f +r.�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇢
@u

@t
+ u

@⇢

@t
+ ur.⇢u+ ⇢u.ru = ⇢f +r.�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pour un volume élémentaire de fluide :

⇢

✓
@u

@t
+ u.ru

◆
= ⇢f +r.�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ma = F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= 0
Conservation de la masse



Accélération d’un élément de fluide

⇢

✓
@u

@t
+ u.ru

◆
= ⇢f +r.�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ma = F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

a =
@u

@t
+ u.ru

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

instationnarité accélération convective



un écoulement stationnaire où u.ru 6= 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Écriture de l’accélération convective

Variation spatiale de ux projetée sur la vitesse (ux, uy, uz)

Pour la composante i : uj
@ui

@xj
=

X

j=1,3

uj
@ui

@xj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pour la composante x : ux
@ux

@x
+ uy

@ux

@y
+ uz

@ux

@z
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Les contraintes dans un fluide

Dans un fluide à l’équilibre, sans écoulement macroscopique

n La résultante des interactions entre atomes ou 
molécules est une pression isotrope

� =

0

@
�p 0 0
0 �p 0
0 0 �p

1

A

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�ij = �p �ij
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

r.� = �rp =

0

B@
� @p

@x

� @p
@y

�@p
@z

1

CA

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



⇢

✓
@u

@t
+ u.ru

◆
= ⇢f +r.�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Dans un fluide à l’équilibre, sans écoulement macroscopique

0 = ⇢g �rp
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p = p0 � ⇢gz
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Les déformations d’un élément dans un fluide en écoulement

δr

u(r+δr)u(r)

�r =

✓
�rx
�ry

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ux(r+ �r) = ux(r) +
@ux
@x �rx + @ux

@y �ry
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

uy(r+ �r) = uy(r) +
@uy

@x �rx + @uy

@y �ry
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✓
�ux

�uy

◆
=

 
@ux
@x

@ux
@y

@uy

@x
@uy

@y

!✓
�rx
�ry

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�u = ru.�r
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Décomposition du gradient de vitesse

✓
�ux

�uy

◆
=

 
@ux
@x

@ux
@y

@uy

@x
@uy

@y

!✓
�rx
�ry

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2

4
@ux
@x

1
2

⇣
@ux
@y + @uy

@x

⌘

1
2

⇣
@uy

@x + @ux
@y

⌘
@uy

@y

3

5

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Partie symétrique du 
gradient de vitesse

1
2

"
0 @ux

@y � @uy

@x
@uy

@x � @ux
@y 0

#

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Partie antisymétrique 
du gradient de vitesse

+



Décomposition de la partie symétrique

Sphérique

✓
a b
b �a

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

2

4
@ux
@x

1
2

⇣
@ux
@y + @uy

@x

⌘

1
2

⇣
@uy

@x + @ux
@y

⌘
@uy

@y

3

5

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2

4
@ux
@x � @uy

@y
1
2

⇣
@ux
@y + @uy

@x

⌘

1
2

⇣
@uy

@x + @ux
@y

⌘
@uy

@y � @ux
@x

3

5

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Déviateur (trace nulle)

1

2
<latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit>

"
@ux
@x + @uy

@y 0

0 @uy

@y + @ux
@x

#

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1

2
<latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit>

r.u

✓
1 0
0 1

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=
1

2
<latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit>



✓
�ux

�uy

◆
= r.u

✓
1 0
0 1

◆✓
�rx
�ry

◆
= r.u

✓
�rx
�ry

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Effet de la partie sphérique

δr

δu

1

2
<latexit sha1_base64= "gcx4QCGolsJuaAd+MYiGbr8X5As=">AAACznicjVH </latexit><latexit sha1_base64= "gcx4QCGolsJuaAd+MYiGbr8X5As=">AAACznicjVH </latexit><latexit sha1_base64= "gcx4QCGolsJuaAd+MYiGbr8X5As=">AAACznicjVH </latexit><latexit sha1_base64= "gcx4QCGolsJuaAd+MYiGbr8X5As=">AAACznicjVH </latexit>

1

2
<latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit><latexit sha1_base64="gcx4QCGolsJuaAd+MYiGbr8X5As="></latexit>



Effet du déviateur

Dans les axes propres

✓
�ux

�uy

◆
= A

✓
1 0
0 �1

◆✓
�rx
�ry

◆
= A

✓
�rx
��ry

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

+A
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✓
�ux

�uy

◆
= !

✓
0 1

! 1 0

◆✓
�rx

�ry

◆
= !

✓
�ry

! �rx

◆

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Effet de la partie antisymétrique

! u ! ! r
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ω

1
<latexit sha1_base64="nY8hzPj3CKCZuv3SM159RUZ0WgQ="></latexit><latexit sha1_base64="nY8hzPj3CKCZuv3SM159RUZ0WgQ="></latexit><latexit sha1_base64="nY8hzPj3CKCZuv3SM159RUZ0WgQ="></latexit><latexit sha1_base64="nY8hzPj3CKCZuv3SM159RUZ0WgQ="></latexit>

! 1
<latexit sha1_base64="r/1Xf5wuDo3tnnQLRFxPQOgNz9M="></latexit><latexit sha1_base64="r/1Xf5wuDo3tnnQLRFxPQOgNz9M="></latexit><latexit sha1_base64="r/1Xf5wuDo3tnnQLRFxPQOgNz9M="></latexit><latexit sha1_base64="r/1Xf5wuDo3tnnQLRFxPQOgNz9M="></latexit>



Sphérique Déviateur

Partie symétrique du 
gradient de vitesse

Partie antisymétrique 
du gradient de vitesse

Rotationnel

Chgt. de volume
si div u ≠ 0

Déformation à 
volume constant

δr

Axes propres

Rotation sans 
déformation



Ecoulement de cisaillement simple ux=Gy
Décomposition en déformation pure suivant des axes propres et rotation

! u =
!

0 G
0 0

"
=

1
2

!
0 G
G 0

"
+

1
2

!
0 G

" G 0

"

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x

y

U



Les contraintes dans un fluide newtonien

Contraintes : fonctions linéaires de la partie symétrique du gradient de vitesse

partie symétrique du gradient de vitesse : déformation d’un élément de fluide

partie antisymétrique du gradient de vitesse : rotation en bloc d’un élément de fluide

Comportement mécanique du fluide caractérisé par une seule quantité : 

sa viscosité dynamique  
<latexit sha1_base64="wYfvviWs6I5R/5dBG2ywaku+C7M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0swm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDmKURV8gkNabnuQn6GdUomOSzSj81PKFsQke8Z6miETd+Nr91Rs6sMiRhrG0pJHP190RGI2OmUWA7I4pjs+zl4n9eL8Xwxs+ESlLkii0WhakkGJP8cTIUmjOUU0so08LeStiYasrQxlOxIXjLL6+S9kXdu6q7D5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kTOi/PufCxaS04xcwx/4Hz+AAo0jjw=</latexit>!



Les contraintes dans un fluide newtonien

! =

!

"
"
"
#

! p + 2 " ! u x
! x "

$
! u x
! y + ! u y

! x

%
"

&! u x
! z + ! u z

! x

'

"
$

! u x
! y + ! u y

! x

%
! p + 2 " ! u y

! y "
$

! u y

! z + ! u z
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%

"
&! u x
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'
"

$
! u y

! z + ! uz
! y

%
! p + 2 " ! u z

! z

(

)
)
)
*

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

! ij = ! p " ij + 2 # eij
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

e =
1
2

(! u + ! uT )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

! .! = "! p + " ! u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Dans un fluide newtonien, avec écoulement macroscopique

! .! = "! p + " ! u
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

viscosité cinématique 
<latexit sha1_base64="NB6s5S7LHakv/gxR+MHvRj5KJLM=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe6Koheh6MVjBfsB3aVk09k2NJusSbZQlv4OLx4U8eqP8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKgoNKrlU7ZBo4ExAwzDDoZ0oIHHIoRUO76Z+awRKMykezTiBICZ9wSJGibFS4Iv0xgdDznw1kN1yxa26M+Bl4uWkgnLUu+UvvydpGoMwlBOtO56bmCAjyjDKYVLyUw0JoUPSh46lgsSgg2x29ASfWKWHI6lsCYNn6u+JjMRaj+PQdsbEDPSiNxX/8zqpia6DjIkkNSDofFGUcmwkniaAe0wBNXxsCaGK2VsxHRBFqLE5lWwI3uLLy6R5XvUuq+7DRaV2m8dRREfoGJ0iD12hGrpHddRAFD2hZ/SK3pyR8+K8Ox/z1oKTzxyiP3A+fwB3G5Hm</latexit>
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L’équation de Navier-Stokes dans toute sa splendeur (horreur ?)

Comment la simplifier ?



Une analyse dimensionnelle de l’équation de Navier-Stokes
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Nombre de Reynolds



Quelles conditions aux limites pour le champ de vitesse ?

Interface fluide/solide : 
condition de non glissement à la paroi solide

Interface entre deux fluides non miscibles : 
continuité des vitesses
continuité des contraintes


