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Introduction




A space tape spring

Thales Alenia Space (collab LMA : S. Bourgeois, B. Cochelin)

@ motivation:
v photovoltaic cell array folded and unfolded according to the energy needs
vV upto25m
@ difficulties:
X extreme conditions (motor avoided)
X constant uncoiling speed (no shocks)
X control by an extremity (boundary conditions)

~» usual tape spring inadequate



A good candidate: bistable tape spring

@ carbo/epoxy fiber composite, with 2 stable equilibrium positions:
- unfolded (curved cross section)

- coiled (flat cross section)

@ slow variation of the boundary conditions:
v fast deployment of the tape

v 3 zones: unfolded / transition area / coiled up

v VN



Families of models

@ many models: 3D, shells, flexible section beams

Picault-Bourgeois-Cochelin-Guinot (2016): 7 dof (3D)
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Martin-Bourgeois-Cochelin-Guinot (2020): 2 dof
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@ statics: analogy with a regularized Ericksen bar
v local non-convexity of energy: formation of folds
v regularization: transition zones, finite number of folds

v boundary conditions on derivatives: variation of the cross-section shape



Objective of the study

@ a step further for the analogy tape spring / Ericksen bar
- introduction of dynamics and bistability
- elementary model: 1 dof

@ capture the main features observed

v switching from one stable state via a higher-order boundary condition

v propagation of a transition zone at constant speed (travelling wave)



Sketch of the study

@ bistable regularized Ericksen bar

master Lagrangian, PDE, dispersion, exact solution (kink wave)

@ extended Lagrangian

PDE, boundary conditions, dispersion, hyperbolic system

© numerical experiments

Riemann problem, variable boundary conditions, properties of the front

@ conclusion and prospects
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Bistable regularized Ericksen bar



Master Lagrangian

@ displacement u, velocity v = O;u, strain € = 0z u
kinetic energy T, potential energy V, Lagrangian £
T=L@w?  V=W(E)+3 @)  L=T-V
@ Ericksen energy: W double-well potential
W(e) = az 2 taged + auet, az =59/24, a3 = -7/6, and aq =7/48
@ properties:
v W concave on |e1,e2[, with 1 ~ 0.90 and 2 ~ 3.09

vV W =0at0 (stable) < €9 ~2.21 (unstable) < £§ ~ 3.75 (stable)
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Evolution equations

@ Euler-Lagrange on the master Lagrangian

{ 6,56—817}:0

pOtv —Ozo =0, o= W,(s)fozaine
d
@ energy balance: s E=P

Lip a
5:[0 (§v2+W(5)+5(3z6)2)) do, P=[vo+adedmell

@ admissible boundary conditions:

v(0,t) =0
0:€(0,t) =0
e(L,t) = f-(t) «— variable B.C. on derivative of kinematics

o(L,t)=0

d
v steady forcing f: =0 = o E=0
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Exact solution

@ speed of propagation V, thickness of transition D

dimensional analysis V o< , /%, Do /X

;g

@ travelling wave (&), with § =z — Vit

a;
kink wave between 2 states ey =0<ep = - B oy
2 a4
2 a2 €
V= 7(a27—3)50.5, £(¢) = B
14 day 2a4
l+explepy/ — ¢
«
—— alpha = 1E-4
---- alpha=1E-3
il alpha = 1E-2

T
04 -03  -02 01 0 01 02 03 04

X (m) 11



Dispersion analysis

@ linearization e =2+ ( et(Wt=kz) with 0 < ¢ < 1: dispersion relation

W () + ak? 5k W (2) +ak?
wE k) =k Orak® - W(Ek’ ) E)+a
p P

@ Z¢ler,ea[: W (E)>0

v Vk: propagation

@ Zeler,ea]: W (E) <0 = critical wavenumber k. =/~ W (2)/cx
v k> k.: propagation

X k < kc: exponential growth of etlwi=kz) — o ¢le1, ez stabilization

w' @ >0 w' (@) =0 w' (@) <0

0 020 0 4w s 6@ 0 0200 0 w0 0 6@ 0 w20 0 4 s 6

k(tim) k(i) k(tim)

straight line: asymptote \/a/pk
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Dispersive system

@ 1% order in time

0, U +0,f(U) =83, U

U() f(U>‘(—;;;’(e))’ S:(—Oag)

@ eigenvalues of the Jacobian A = %

A2 W (e)

p
”
celer,ea[= W () <0: imaginary sound speed

@ difficulties:
X inversion of an elliptic operator at each time step (computational cost)
X adhoc numerical methods for nonconvex f and dispersive term (convergence ?7)

~ hyperbolisation (explicit scheme)
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Extended Lagrangian for a bistable

regularized Ericksen bar
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Approach: extended Lagrangian method

@ principle: introduction of penalized auxiliary variables in the Lagrangian
v real sound speed (unconditional hyperbolicity)
v large penalization: extended Lagrangian — master Lagrangian
v similar dispersion properties
@ recent works :
< Favrie-Gavrilyuk (Nonlinearity 2017): Serre-Green-Naghdi
< Dhaouadi-Favrie-Gavrilyuk (SAP 2019): nonlinear Schrodinger

< Duchéne (Nonlinearity 2019): mathematical analysis
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Extended Lagrangian

@ master Lagrangian £ (reminder): kinetic energy T, potential energy V
_p 2 _ «@ 2 _
T—E(atu), V—W(s)+5(8z5) , L=T-V
@ extended Lagrangian L.: field 7, kinetic energy 7., potential energy V.
B a A
To= L@+ s ), Vo= WS @) +5 ()% Le=ToV

@ parameters:
penalization A ~ real sound speed (hyperbolicity)

micro-inertia 3 ~ equation for n (e.g. : Poisson effect)

@ property (to be proven):
=+ OO+ OB, n20
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Evolution equations

@ Euler-Lagrange on the extended Lagrangian: w = 0, p = 01
Ote—0,v=0

pOv —Ozoe =0, UE:W,(E)Jr/\(s—n)
on=w

Oip—Ozw =

BOtw -0z (ap) =A(e—-n)
@ energy balance: i Ee=Pe

P B L
Se:fo (2 2+5w +W(6)+7p + = (8—7])2) dz, Pe=[voe+apw],

@ admissible boundary conditions:
v(0,t) =0
p(0,t)=0
n(L,t) = fy(t) «— variable B.C. on derivative of kinematics
e(L,t) = s (A (1) = £(2)

w(L, t) = f (1) = fu(t)
17



Dispersion analysis

@ linearization ¢ = 7 + ¢ ¢(*175) with 0 < ¢ « 1: quartic equation
Agw* + B(k,e)w? + C(k,w) =0
ey (k) = “ﬁ(kg’k) fast wave, ¢, (,k) = @ slow wave

v fast wave = spurious acoustic wave: c;; eRT Vk>0,

c;(E,k)a% — +00

v slow wave = physical wave ~ critical wavenumber k. and stabilization

cp €RYif | W (8) >0 0r k> k¢

W,, (E)A , elsec, eC
a(W"E)+ ) P
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Hyperbolic system

@ 1%t order in space and time

U, +0,f.(U,) =S, U,

1 T
UE = (E,Uﬂ?,P:’w)Ty fFi(Ue) = (71“770'8(8777)70’7,“))7%]7)
P

@ sound speed: eigenvalues AS") of the Jacobian A, = Of

U,
. W” )\
AD 0, AP (o) ma | LEEA T j i\/5E
P B
celer,e2] = Wr;in = —% < W"(e) <0

A > Amin = % = W”(s) + A > 0: unconditional hyperbolicity

@ standard numerical methods for hyperbolic systems with relaxation
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Numerical methods

@ nonlinear hyperbolic system with linear source term

0 0
EUE + %fe(Ue) =8S. U,

Strang splitting (propagation and relaxation)

o 0
EUe"’afe(Ue):O (HP)
0
EUe :Se Ue (H7)
@ propagation step: finite-volume scheme with flux limiters
At Az
urtt-ur - . (F¢+1/2 - Fi—1/2)7 At < -

boundary conditions: ghost cells (& LeVeque 2002)

@ relaxation step: exact solution

H, (1) Ui =exp(Sem) U;
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Part IV

Numerical experiments
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Variable boundary conditions

v n(L,t) = ag g(t) with g decreasing quasi-statically
v propagation of a front: D increase with «

0
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v simulation (extended Lagrangian) vs kink wave (master Lagrangian)

eps

v velocity (measured and exact): V =0.5 m.s™! depends only on the energy

v dimensional analysis and kink wave: thickness D o< /&

snapshot de ¢ Dvs a
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Conclusion
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Future directions

v mathematical analysis (£ Duchéne, Nonlinearity 2019)
v investigation of the bistable tape spring with 2 dof
< Martin-Bourgeois-Cochelin-Guinot, 1JSS (2020)

v design of innovative deployable structures
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Thanks for your attention!
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Choice of parameters 5 - 0 and A - +o0

v hyperbolicity: A > Apin = 25/12

”
v W >0: slow wave ¢,

P

€ [07 5(2)] = T(B) =

v W <0: critical wavenumber

v/ minimization of the numerical dissipation: Ag2)(€) =Ag

w” >0, A =100

e
Be
ke

-1

<L

2

—_—>1
2 ﬁ

” _ 25

Wmin =24

(4)

”
W <0,8=10"3

increases like master wave ¢, if 3 >

>|=

W_(e)
p

= )\+2(l2:p%

35]===-

Cp (mls)
i

— master
beta=1E-2
beta=1E-3
- - beta=1E-4
beta=1E-5

Cp (mfs)

— master
-- lambda=5
lambda=10
- - lambda=20
lambda=50

Kk (1/m)

K (1/m)
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Riemann problem

v discontinuous initial data (e1,0), with smooth transition

initial data
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Influence of dissipation

@ master Lagrangian: Kelvin-Voigt, 1 dynamic viscosity
PO - Bpo = %0
@ extented Lagrangian: relaxation term

BOtw -0z (ap)=Ae-n)-pw

oo (5

@ dimensional analysis

snapshot of ¢ energy dissipation Vvsp
P
—
E 0.52 e
TN -
|
|
' 048 \\
b5 — mu=0 !
. == mu=1/100 I z
8 2 s i
& mu = 1/50 h S o4
1.5 - - =120 ! a=
> mu | mu=0 ©-6-0 alpha = 1E-3
1 ' 361 - mu= 1100 o #—+—+ alpha = 5E-3
05 \' 35 mu = 1/50
\ - mu=1/20
3 0.36-
0 02 04 06 08 1 12 14 16 18 2 01 02 03 04 05 06 07 08 09 1 1E-33 1E-3 1E-2.7 1E-24 1E-2.1
X (m) t(s) mu (kg/m/s)

20



eps

@ 2 criteria: I'(B) > 1, A> A

X criteria not satisfied (8 = 1073 left, X = 5 right) ~ non-convergence

v criteria satisfied (other curves) ~ convergence towards the reference solution

[ variable et A = 100

X variable et 3 =107°

y

.
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Choice of parameters 5 and A

@ reference solution: no influence of meshing or (8, \)
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