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\l M) / Eigenvectors in heterogeneous media
VN

I Continuous formulation
We consider the following eigenvalue problem : find (Ep, ¥n(x)) such that
I ~V - (5(X)Ven(X)) = p(X)Entin(X), VX € Q,

with appropriate boundary conditions (in most of this talk : 1)n(Xx) = 0, ¥x € 99), and
normalization condition :

/Q p(X)n(X)n(X)dx = 1

Position y
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(a) Map of x(x) (or p(x)) (b) 1st mode 11 (x) (c) 20th mode 2p2g(x)
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\ l\/ ( Eigenvectors in heterogeneous media
N

Discrete formulation
The corresponding discretized formulation (FEM for instance) is

Kpn = EpMapn,
with normalization condition, Vn > 0

P M, = 1.
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\l M\ [ The Rayleigh-Ritz algorithm to estimate eigenvectors
VN

I Starting from initial estimates (E2, /2), the sequence of updates

Description of the algorithm

it = (K- Efm) Mk,

g _ (n ) TRy
ke .
() T

I converges to (o, ¢o), where Ey is the smallest eigenvalue for which 1] M) 7 0.

Remarks :

@ Typical initialization : (0, r), where r is a random vector with independent entries
distributed uniformly in [0, 1].

@ For other eigenvalues : deflation or solving in a subspace orthogonal to previous
eigenvectors.
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(Localization Landscape with lower localized modes)
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(Loca\ization Landscape with lower localized rnodes)

\l./ [ The localization landscape
U<

Generic eigenvalue problems

We consider the following eigenvalue problem : find (En, ¥n(x)) such that
L (¥n(X)) = Enbn(x), Vx € Q,

with appropriate boundary conditions, and normalization condition.

Examples :
@ Schrddinger equation : £ (1n(X)) = —Ayn(X) + V(X)1n(x)
@ Classical (acoustic) wave equation : £ (¥n(X)) = —p~ ' (X)V - (k(X)Vn(X))

The localization landscape

8/19

The localization landscape is defined as the solution u(x) of
L(u(x)) =1, VxeQ,

with the same boundary conditions. The landscape is independent of n.

1. M. FILOCHE et S. MAYBORODA. “Universal mechanism for Anderson and weak localization”. In : Proc. Nat. Acad. Sci.
USA 109.37 (2012), p. 14761-14766. DOI : 10.1073/pnas . 1120432109
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(Loca\ization Landscape with lower localized rnodes)

\ l\/ [ Properties of the localization landscape
N

The localization landscape

@ The localization landscape u(x) is "cheap" to compute (compared to eigenvalue
problem or Rayleigh-Ritz)

@ One function contains information on "all" modes

Property 1

RY — ¥n(X)
" EnllYnlleo

< u(x) S N [ A
Y /(/} Sl
2 Rl

A mode ¥p(x) is "mostly" supported on

Sh={xeQ, 1/E, < u(x)}

USA 109.37 (2012), p. 14761-14766. DOI : 10.1073/pnas . 1120432109

2. D.N. ARNOLD et al. “Computing spectra without solving eigenvalue problems”. In : SIAM J. Sci. Comp. 41.1 (2019),
B69-B92. DOI : 10.1137/17M1156721

I 1. M. FILOCHE et S. MAYBORODA. “Universal mechanism for Anderson and weak localization”. In : Proc. Nat. Acad. Sci.
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(Loca\ization Landscape with lower localized rnodes)

\l M\ [ Sketch of how property 1 works
\

N
Introducing the Green’s function Gy(x) of the adjoint operator

I £(Gy(x) = by(x), VxyeQ,
Observe that (with (f,g) = [, f(x)g(x)dx) and assuming L is self-adjoint :

u(y) = (u,dy) = (u, £(Gy)) = (£ (u), Gy) = (1, Gy)

and
I Un(y) = (¥n, dy) = (¥, £ (Gy)) = (L (¢bn) , Gy) = En (¢n, Gy) -

Since Gy(x) > 0, the modes verify

[¥n(Y)| < Enll¥bnlloo (1, Gy) = Enlltbnlloo u(y)
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(Localization Landscape with lower localized rnodes)

\l\/ / Example (1D) for Schrédinger equation '
N
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@ Localization landscape u(x) identifies the (low-frequency) localized modes

I @ The bound is correct but uninformative at higher frequencies

1. D. CoLAs et al. “Crossover between quantum and classical waves in high frequency localization landscapes”. In :
Phys. Rev. B (2022). Submitted for publication
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(Loca\ization Landscape with lower localized rnodes)

\l v\ /.. Example (1D) for the classical wave equation (p(x)
'
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k(X))

N
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@ Localization landscape u(x) is uninformative at all frequencies
@ The lowest (delocalized) eigenmode hides all other modes
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(Localization Landscape with lower delocalized modes)
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o The localization landscape (with lower delocalized modes)
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(Localization Landscape with lower delocalized modes)

\l M\ / The localization landscape for higher-order modes
Ua\

I Symmetrization for classical waves

The original eigenvalue problem : find (Ep, ¥n(X)) such that

Y () Vn(0) = Enn(x), W € Q,
p(x)

is transformed, through ¢n(x) = /p(x)¥n(X), into : find (En, ¥n(x)) such that

_ 1 oM ¢n(x) = Enén Q
\/p(T)V <(X)Vm> Enpn(x), VX € Q,

I which corresponds to a symmetric operator.

A mode ¢n(X) (or ¥n(X)) is "mostly" supported on
si={xea & < Vitu}
Ep

I where u(x) is the solution of

V- (50 V(X)) = v/p(0)
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(Localization Landscape with lower delocalized modes)

\l\/ ( The localization landscape for higher-order modes
N

Shifting of the eigenvalue problem

For any s, the solutions of : find (En, xn(X)) such that

ﬁv~ <I€(X)V Xn(X) ) + Esxn(X) = Enxn(x), VYx € Q,

p Vp(x)

are (Ep + Es, ¥n(X)).

A mode vn(x) is "mostly" supported (for any &s) on

. 1 . 1 1 -
S, = {XGQ, E e < Vp(x)u (x)} = {er, E < <p(x)u~°'(x) —55>
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(Localization Landscape with lower delocalized modes)

\l M) / The localization landscape for higher-order modes
VN

I Shifting of the eigenvalue problem
For any s, the solutions of : find (En, xn(X)) such that

1 xn(¥) ~
I - p(x)v' <K(X)V\/P(T)) + Esxn(X) = Enxn(X), VX € Q,

are (Ep + Es, ¥n(X)).

A mode vn(x) is "mostly" supported (for any &s) on

1
s _ 1 N 1 1 _
I sn—{xeﬂ,Ms\/p(x)ux)}—{xen, ns<mu3(x) &) }

The localization landscape for higher-order modes

Defining (for several &) the landscape u*(x) = mins(1/(y/p(x)us(x)) — Es)~", a mode
1n(X) is mostly supported on

1
I Sn:{XGQaEnSU*(X)}'
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(Localization Landscape with lower delocalized modes)

\l M/ Example (1D) for classical waves
U
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(e) The "higher-frequency" landscape
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\l\/ F Conclusions
J\

The localization landscape method

@ The localization landscape method can be adapted when lower modes are
delocalized !

@ The (classical) Localization landscape is just one Rayleigh-Ritz iteration initialized with
(0, 1). Potential gains from using different loading functions or initial shift ?

@ An interesting visualization tool to identify localized modes

I 1. D. CoLAs et al. “Crossover between quantum and classical waves in high frequency localization landscapes”. In :
Phys. Rev. B (2022). Submitted for publication
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