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Microstructured problem
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‣ 1D array of non-linear imperfect interfaces
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- wave equation:
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- interface conditions:
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M,K : interface mass and stiffness 

from phenomenological models or homogenization of interphases

‣ Objective: effective dynamical model at the 1st-order, i.e. approximation
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‣ Specific setting:
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 - long-wavelength regime 

 - non-linear interface behavior
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Constitutive interface law
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- interface conditions:
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M,K : interface mass and stiffness 

‣ Constitutive assumptions:

‣ Phenomenological models

[Achenbach, Norris, Bandis, 
Sevostianov, Broda, …]

‣ Examples:

−1E−4 −5E−5 0 5E−5 1E−4 1.5E−4 2E−4

−8E−4 

−6E−4 

−4E−4 

−2E−4 

0 

2E−4 

zeta

R
(z

et
a)

nonlinear

linear

<latexit sha1_base64="DWoc/6dTvmtIUuOrJeXCP732x10="></latexit> R
(⇣
)

<latexit sha1_base64="LBQgJBu69Inwgicp8KX7i05KyCk="></latexit>

⇣

<latexit sha1_base64="Thb5t+VItM3XkftLHDDEijyJPOM="></latexit>

R(⇣) =
⇣

1 + ⇣/d
hyperbolic

<latexit sha1_base64="YpeuSzorUxod7Z48tbCpwIKI4dE="></latexit>

R(⇣) = ⇣ linear (spring-like)

<latexit sha1_base64="Y6nmScv21+musHQv0DUo2OkXqbc="></latexit>

�d

model degenerates to 
- perfect transmission cond. 
- linear law 
- unilateral contact 
- …

<latexit sha1_base64="LGnyyA8pDYw6IdHgUOqoDos0IjA="></latexit>

R : (�d,+1) �! R

<latexit sha1_base64="Pz6izklNZSwC+YpSTnGKZWbfw5Q="></latexit>

M � 0 and K > 01)

2)
<latexit sha1_base64="nqfAKNXMJbwqTZSFNQhkEKU2nDs="></latexit>

d 2 R+ [ {+1}maximum compressibility length: 
<latexit sha1_base64="aylRBPc2VJWS27781tJ2x1E7kAs="></latexit>

R(0) = 0, R0 > 0

<latexit sha1_base64="/xyUhLICO7jm0RvUQm++lazgWy4="></latexit>

R00 < 0 or R00 = 0

technical assumptions:

smooth



C. Bellis et al. Effective dynamics in an array of non-linear interfaces GDR MePhy

Microstructure behavior
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‣ For a single interface: 

 - existence and uniqueness of a solution to elastodyn. equations [Junca, Lombard, 2009] 

 - generation of harmonics 

 - amplitude of harmonics increases with source amplitude and non-monotonic behavior w.r.t. freq.

‣ Energy analysis in array:                        such that                 without source
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‣ Numerical simulation: source with fixed central frequency and amplitude
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Microstructure behavior
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‣ Numerical simulation: source with fixed central frequency and amplitude
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‣ Energy analysis in array:                        such that                 without source

‣ For a single interface: 

 - existence and uniqueness of a solution to elastodyn. equations [Junca, Lombard, 2009] 

 - generation of harmonics 

 - amplitude of harmonics increases with source amplitude and non-monotonic behavior w.r.t. freq.
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1st-order approximation in the case of small source amplitudes and at (short) finite times 
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‣ Non-dimensionalization of governing equations:
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Microstructured field approximation
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1st-order approximation:

‣ Zeroth-order field     :
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<latexit sha1_base64="Thb5t+VItM3XkftLHDDEijyJPOM="></latexit>

R(⇣) =
⇣

1 + ⇣/d

<latexit sha1_base64="YpeuSzorUxod7Z48tbCpwIKI4dE="></latexit>

R(⇣) = ⇣

<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)

stress-strain relation wave speed
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1st-order approximation:

‣ Zeroth-order field     :
<latexit sha1_base64="/QQeFMRhBvb/pX0zMvR2aNXg28A="></latexit>

U0

<latexit sha1_base64="OpubN9A42lAZILw+oklHA2WiEz0="></latexit>

@

@t
 0(X, t) +

@

@X

⇣
Ge↵

�
 0(X, t)

�⌘
= F(X, t) with  0 =

�
E0, V0

�>

<latexit sha1_base64="R0euf2TPCqS7Xzdze7v1a/AzDF0="></latexit>

d

dt
Eh = 0

‣ Energy analysis: 

- recall               in microstructured medium

- here:

! formally analogous to so-called p-system in gas dynamics 

[Lax, Dafermos, …]

formation of shocks  
   in finite time

<latexit sha1_base64="7bP1m/d8UyGU0vGOm39AX8ENnFU="></latexit>

t?
<latexit sha1_base64="IG63Z063alKqkn3O+6zKYNX7G2o="></latexit>

d

dt
E0  0 for t � t?

<latexit sha1_base64="N9lWDosY+nVj9WcL3GyhH1KILVQ="></latexit>

⌃0 ⇠
E0!0

C`
e↵ E0 (1� � E0) + o(E2

0 )for linearized stress-strain relation

time-harmonic forcing at     and amplitude <latexit sha1_base64="NkLbaH8+FymCHTHlEQLDaR7mQAA="></latexit>!c
<latexit sha1_base64="/iSataxhlzsmUMuT/LI2db+z1sc="></latexit>

Emax

<latexit sha1_base64="nvLoAGmjnbGdEwrI4aegKsQISKI="></latexit>

t? / 1

Emax� !c

<latexit sha1_base64="2gmQR/WycA7Md4x8Mpb+7Zpn0WE="></latexit>)

<latexit sha1_base64="mMXWOZV+kyUImOyxGFDIVLF6b1M="></latexit>

E0(t) =

Z

I

⇢
1

2
⇢e↵V

2
0 + Je↵

�
dX with Je↵(E0) =

Z E0

0
Ge↵(Ẽ0) dẼ0

<latexit sha1_base64="kIF97cOxUi+lqFlinmJn7yVovFk="></latexit>

Em
0 (t) =

1

2

Z

I

⇢
h⇢iV 2

0 +

⌧
1

E

�
⌃2

0

�
dX

<latexit sha1_base64="M8CKc/cwBQFJPx8Gsk8GXrg1LDc="></latexit>

Ei
0(t) =

1

h

Z

I

(
1

2
MV 2

0 +K

Z R�1(⌃0/K)

0
R(⇣) d⇣

)
dX

bulk energy

interface energy

<latexit sha1_base64="dgEY7JG9TkvwjQiA+xeH/YKwfoU="></latexit>

E0 =Em
0 +Ei

0

<latexit sha1_base64="qJfF41G7TJLxw8uIjmPMuYx620M="></latexit>

d

dt
E0 = 0                       such that, for sufficiently smooth fields, it holds               without source

<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)
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1st-order approximation:

‣ First-order field     (corrector):
<latexit sha1_base64="mR3S6c/JFVPQVJWSOIXUg0czND8="></latexit>

U1

- decomposed as
<latexit sha1_base64="f076+zXjo/HzU+sa3IrT5KUMhnQ="></latexit>

U1(X, t) = U1(X, t) + P
�
y, E0(X, t)

�
E0(X, t)

mean field cell-function

‣ Mean field: solution of linear and heterogeneous problem
<latexit sha1_base64="yB9qUM0JCsxHc44zQyNX0U7gYaI="></latexit>

⇢e↵
@2U1

@t2
(X, t) =

@⌃1

@X
(X, t)+S

�
U0(X, t)

�
with ⌃1(X, t) = G0

e↵

�
E0(X, t)

�@U1

@X
(X, t)

source term and stiffness (may) depend non-linearly on 
<latexit sha1_base64="21hyodd3jZjqfFfdKhL0KIowkL8="></latexit>

U0

h

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘‣ Cell-function:
<latexit sha1_base64="6+JVium7kF9zbt+44wA71nzPZf4="></latexit>

P
�
y, E0(X, t)

� <latexit sha1_base64="HPq23mdELE8D1rtAkG1B+ldk9yg="></latexit>

where y = (X � nh)/h for X 2
�
nh, (n+ 1)h

�

(possibly) non-linear fct of
<latexit sha1_base64="21hyodd3jZjqfFfdKhL0KIowkL8="></latexit>

U0

‣ Remarks:  - problem     is well-posed (owing to technical assumptions on    ) 

     - in the case of linear interfaces: 

   - rewriting of     as a linear and strictly hyperbolic system with charac. speeds

<latexit sha1_base64="+KPsPgPMYEGVUEx0tDuGJCR8KVI="></latexit>

R

<latexit sha1_base64="LPC/C/biulXpqUHU99I1QLA5hTc="></latexit>

⌫±(E0)

<latexit sha1_base64="SgYHLlUzyc+R1MZzXmnjkX7CdV0="></latexit>

G0
e↵

�
E0(X, t)

�
= C`

e↵ ; S
�
U0(X, t)

�
= 0 ; P ⌘ P(y)

<latexit sha1_base64="PoozlMdKZ9+h96F+oWa7rRYdLzs="></latexit>

Uh(X, t) = U0(X, t) + hU1(X, t) + o(h)
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Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)

‣ Numerical scheme: - finite-volume scheme [LeVeque, 2002] to capture sharp wavefronts and shocks 

- hyperbolic systems solved sequentially 

- adjusted CFL condition 
<latexit sha1_base64="WJZ4dT4JMe+mC3AgaItoggtFPNE="></latexit>

max
Xj

⌫+
�
E0(Xj , tn)

��tn
�X

 1

‣ Excitation:

0 10 20 30 40 50 60 70 80 90 100

0 

0.01 

0.02 

0.03 

0.04 

0.05 

f (Hz)

<latexit sha1_base64="mZoiefZ7GrDNWZDneVo8jt0CkRo="></latexit>

f (Hz)

<latexit sha1_base64="ZK7fS/Qp5Phy5bdLU7wCjLpnNy8="></latexit> |ĝ
(f
)|

0 0.02 0.04 0.06 0.08 0.1 0.12

−1.5 

−1 

−0.5 

0 

0.5 

1 

1.5 

t (s)

<latexit sha1_base64="W1c8M743m8o5ILf4cwSdNXq+fyc="></latexit>

t (s)

<latexit sha1_base64="5UkuBysrK6oZSZZT34cPous6+mU="></latexit> g(
t)

<latexit sha1_base64="hpuz+vhdmJd+zoDt8QUjy8qrolQ="></latexit>

F (X, t) = �(X �Xs) g(t)

with time-domain signal
<latexit sha1_base64="d0mRK9XZk6MtXjIvuZnVzJDGWuU="></latexit>

g(t)
<latexit sha1_base64="P1qcJ6HEVW0MIfIacDj3IXXGE/M="></latexit>

fc

<latexit sha1_base64="yPgotu6ql5FN7RiP1I4g7AV/BDE="></latexit>

A

time-domain spectrum

<latexit sha1_base64="62BC0OUfdalnI9xvKe/FBSiftQY="></latexit>y<latexit sha1_base64="sATX2T7J+Kdj+wa2X2bBeCg32VU="></latexit>

0
<latexit sha1_base64="fRAoztOYvcu3Sd2O38g89Kviq6E="></latexit>

1

homogeneous unit cellh

X
<latexit sha1_base64="u+p+QPXLs4pUmvTZ1QylUKUOI3U="></latexit>

x
<latexit sha1_base64="JMjTbapIzv5VUme1AQe1zf8IkeI="></latexit>

y
<latexit sha1_base64="0yr2Enj2Kll/tAY/VmNuhMjfobA="></latexit>

1
<latexit sha1_base64="FxrxOlEuMH0AyaT50qWr94TcVm0="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

0
<latexit sha1_base64="cVss9qoHHeNJDPFyUikwfIyLm9w="></latexit>

<latexit sha1_base64="Av76YYPICxl9Gb4vBsrBOBcgudw="></latexit>

hk⇤ = ⌘
<latexit sha1_base64="TPrtM6i0v0FWllYKQcNy9bMr2uU="></latexit>

M = 0
<latexit sha1_base64="ccyfkkoNCPhDThGUmPHgj7HHwZs="></latexit>

R(⇣) =
⇣

1 + ⇣/d

<latexit sha1_base64="4Yg3DeHAXzRnR4Iphyx2Ant0qTs="></latexit>

{‣ Medium considered:
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Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)

0 100 200 300 400 500 600 700 800 900 1000

−3E−5 

−2E−5 

−1E−5 

0 

1E−5 

2E−5 

3E−5 

x (m)

V
 (

m
/s

)

<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit> V
h

770 780 790 800 810 820 830 840 850

1E−5 

2E−5 

3E−5 

x (m)

V
 (

m
/s

)

homogenized 0

homogenized 1

microstructured

<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh

<latexit sha1_base64="Snf3VymTLY2Qye6CvqJOMe0h62M="></latexit>

V0

0 100 200 300 400 500 600 700 800 900 1000

−3E−5 

−2E−5 

−1E−5 

0 

1E−5 

2E−5 

3E−5 

x (m)

V
 (

m
/s

)

<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit> V
(1

)

650 700 750 800 850 900

−3E−5 

−2E−5 

−1E−5 

0 

1E−5 

2E−5 

3E−5 

x (m)

V
 (

m
/s

)

homogenized 1

microstructured

<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh

‣ Excitation:

<latexit sha1_base64="HV0qb2FgSepI4a2jlQfY7osENG8="></latexit>

⌘ = 0.26

<latexit sha1_base64="Afq2GYayHJavHGIvRt5gbSM17GU="></latexit>(
fc = 10Hz

A = 0.1
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Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)

‣ Excitation:

<latexit sha1_base64="HV0qb2FgSepI4a2jlQfY7osENG8="></latexit>

⌘ = 0.26
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit> V
(1

)
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh

<latexit sha1_base64="Snf3VymTLY2Qye6CvqJOMe0h62M="></latexit>

V0
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit> V
h

<latexit sha1_base64="sX4AbU60QXVuGrgXnh/MzViKjX8="></latexit>(
fc = 10Hz

A = 40
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Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)

‣ Excitation with 
fixed amplitude:

<latexit sha1_base64="nLq+tNnSVIalO7uxPtwlHNqTusM="></latexit>

A = 40
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)

<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>

X (m)
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<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh

<latexit sha1_base64="ikDNyqc+4KJyHx8a9CGBEGwpoWs="></latexit>

⌘ = 0.52
<latexit sha1_base64="QkHGJ2PdGTyZ7lxlHF+8sh2CSio="></latexit>

⌘ = 0.39
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>
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<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>
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<latexit sha1_base64="PrBpFnqQqaF/qF7cga1cPNVSg9k="></latexit>
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<latexit sha1_base64="Z3aeHtm5hGSHD1Alby3hl8BaSJU="></latexit>

V (1)

<latexit sha1_base64="I4tAikBJIjXSmzipwgCVg/2tGuk="></latexit>

Vh

<latexit sha1_base64="g0MHBsnGLdl8fcQlrBYN1fVidf8="></latexit>

A = 60
<latexit sha1_base64="vS7+MLlsLxjILC7da8xRih7qBEM="></latexit>

A = 120

‣ Excitation with 
fixed frequency:

<latexit sha1_base64="3u8iv4t7i23vKl9lBKKt5jRp5s8="></latexit>

⌘ = 0.26
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Objectives: comparisons of full-field simulations (velocity-based) 

   with homogenized solutions, i.e.     and  
<latexit sha1_base64="mJ548ixtNcRdTVmD+wcRYQD/H6A="></latexit>

V0

<latexit sha1_base64="wSy1x2JgAl1VyauXxMjVBZcKy7w="></latexit>

Vh
<latexit sha1_base64="IeYgNmbszvf8oP+OdWZg/+y8DXo="></latexit>

V (1)(X, t) = V0(X, t) + hV1(X, t)

‣ What happens  
if shocks occur?
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<latexit sha1_base64="Ezg54/h7l8gs2TYu+BNMSCsazDA="></latexit>

X (m)

<latexit sha1_base64="AlyaY6BFZklFfDNKtBpFSqdQAAM="></latexit>
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<latexit sha1_base64="M44tU8iWBEYnV/irbVHsOp/U+lc="></latexit>

V0

<latexit sha1_base64="fHfY2DAwugi0Caz1bjRc50XZUck="></latexit>
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‣ 1st-order approximate model accurate for short times, with an estimated upper bound

‣ Zeroth-order effective model is non-linear hence does not prevent shocks to occur

‣ Dispersive effects develop with time and source amplitude in the microstructure 

but they are not captured in approximate model

‣ Derivation of a homogenized model accounting for dispersive effects (second-order model ?)

‣ Perform asymptotics for larger source amplitudes

‣ Handle non-periodic (random) arrays of interfaces

‣ Derivation of an effective model in 2D or 3D?

[CB, B. Lombard, M. Touboul, R. Assier, JMPS 2021]
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Objectives: comparisons of full-field simulations (velocity-based) 
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