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Makinen et al. 2015
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Highly intermittent dynamics
Damage localization in space

Scale-free avalanches of damage
Power-law distributed size/energy
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Material simplified to:
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F.T. Pierce, 1926 H.E. Daniels, 1945
Random failure threshold

Prescribed rules for load redistribution

Equal load Sharing (ELS)
all intact fibers share same fraction 

Local load Sharing (LLS)
Load of failed fiber redistributed 
to intact nearest-neighors only

Intermediate load Sharing (ILS)
Load transfer decreases with distance from failed fiber
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Critical behavior at failure
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𝜌 − 𝜌𝑐~ 𝜎𝑐 − 𝜎
1/2

Order parameter    : 𝜌 − 𝜌𝑐

Control parameter : 𝜎
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independent of 𝑃(𝑥)
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P

Energy (A.U.)

Energy distribution of Earhquakes Acoustic emission in compressed wood
Makinen et al, 2015

Qualitatively compatible with experiments
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Experimental observable, 
energy release by avalanche

𝐸 =
1

2
𝑆𝑥2

𝐹

𝑥

20000 sample, N=106, from Pradhan et al. 2010 

Energy distribution fully determined analytically
Pradhan et al, Rev. Mod. Phys. 2010

Uniform 𝑃(𝑥) Weibull 𝑃(𝑥), k=5

High 𝐸: universal

𝑃𝑖𝑛𝑡 𝐸 ~𝐸−5/2
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Experimental observable, 
energy release by avalanche

𝐸 =
1
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𝑆𝑥2

𝐹

𝑥

20000 sample, N=106, from Pradhan et al. 2010 

Energy distribution fully determined analytically
Pradhan et al, Rev. Mod. Phys. 2010

Uniform 𝑃(𝑥) Weibull 𝑃(𝑥), k=5

High 𝐸: universal

𝑃𝑖𝑛𝑡 𝐸 ~𝐸−5/2

Low 𝐸: non-universal

𝑃𝑖𝑛𝑡 𝐸 ≈
𝑁𝑝 2𝐸

2𝐸
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• 𝑁 parallel brittle fibers
• Overall constant stress 𝜎0 = 𝐹0/𝑁 < 𝜎𝑐
• Same stiffness 𝜅 = 1
• Same fiber extension : 𝑥
• Random critical loads 𝑥𝑖, pdfGaussian 𝑝𝑑𝑓, variance 𝑇𝑑
• Thermal fluctuations via a new noise term 𝜂 𝑡 , variance 𝑇𝜎0

𝑥

N Mallick, PhD, ENS Lyon, 2010, M. Stojanova, PhD, ENS Lyon, 2015 
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𝑑𝑛

𝑑𝑡
≈
𝐴 𝑇/𝑇𝑑
𝑡𝑝

Omori law

… with temperature/stress 
dependent Omori exponent

𝑝 ≈ 1 +
𝑇

𝑇𝑑
− 𝐾(𝜎𝑐 − 𝜎0)

𝑇

2𝑇𝑑

N Mallick, PhD, ENS Lyon, 2010, M. Stojanova, PhD, ENS Lyon, 2015 
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𝑑
𝑛
/𝑑
𝑡
(1
/𝑠
)

𝑡 (s)

Used to interpret creep experiments in e-
glass bundle instrumented in acoustic

From M. Stojanova, PhD, 2015 
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LLS -- FBM:  1D models

𝐹

𝑥

11/18

• 𝑁 parallel brittle fibers
• Overall stretching force 𝐹, => stress 𝜎 = 𝐹/𝑁
• Same stiffness 𝜅 = 1
• Random critical loads 𝑥𝑖

𝑐,pdf 𝑝 𝑥𝑐 , cumulative 𝑃 𝑥𝑐

• Fiber extension : 𝑥𝑖 = 𝜎 1 + 𝑘𝑖/2
𝑘𝑖=nb. of failed nearest-neighbor fibers

Full analytical solutions not available anymore
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• Fiber extension : 𝑥𝑖 = 𝜎 1 + 𝑘𝑖/2
𝑘𝑖=nb. of failed nearest-neighbor fibers

Full analytical solutions not available anymore

Localization captured

Pdf of hole size after k breaking

Uniform: 𝑃 𝑥 =𝑥 𝑁 = 1000, k = 200
Hansen et al. (Wiley & son, 2015) 

hole size, 𝑚

𝑝
𝑑
𝑓
(𝑚
|𝑘
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LLS -- FBM:  1D models

𝐹

𝑥
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• 𝑁 parallel brittle fibers
• Overall stretching force 𝐹, => stress 𝜎 = 𝐹/𝑁
• Same stiffness 𝜅 = 1
• Random critical loads 𝑥𝑖

𝑐,pdf 𝑝 𝑥𝑐 , cumulative 𝑃 𝑥𝑐

• Fiber extension : 𝑥𝑖 = 𝜎 1 + 𝑘𝑖/2
𝑘𝑖=nb. of failed nearest-neighbor fibers

Full analytical solutions not available anymore

• 𝑥𝑚𝑖𝑛
𝑐 = 0, 𝑃 𝑥 = 𝑥𝛽, 𝛽 → ∞

infinite disorder, no localization, ELS

highly dependent of 𝑃 𝑥 …
… importance: 𝑥𝑚𝑖𝑛

𝑐 and 𝑃 𝑥 ≈ 𝑥𝑚𝑖𝑛
𝑐

Localization captured

Pdf of hole size after k breaking

Uniform: 𝑃 𝑥 =𝑥 𝑁 = 1000, k = 200
Hansen et al. (Wiley & son, 2015) 

hole size, 𝑚

𝑝
𝑑
𝑓
(𝑚
|𝑘
)

• 𝑥𝑚𝑖𝑛
𝑐 = 2/3, uniform above, 

fully localized, single crack growth
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LLS -- FBM:  1D models, size effect on strength

𝐹

𝑥

• 𝑁 parallel brittle fibers
• Overall stretching force 𝐹, => stress 𝜎 = 𝐹/𝑁
• Same stiffness 𝜅 = 1
• Fiber extension : 𝑥𝑖 = 𝜎 1 + 𝑘𝑖/2

𝑘𝑖=nb. of failed nearest-neighbor fibers
• Random critical loads 𝑥𝑖

𝑐 with distribution 𝑝 𝑥𝑐

[cumulative 𝑃 𝑥𝑐 ]

But depend of 𝑃 𝑥 , 𝑥𝑚𝑖𝑛
𝑐 and 𝑃 𝑥 ≈ 𝑥𝑚𝑖𝑛

𝑐

Size effect can be reproduced
Uniform distribution

Hansen et al. (Wiley & son, 2015) 

Case of uniform distribution, 𝑃 𝑥 = 𝑥

𝐿𝑜𝑔(𝑁)

1
/𝜎
𝑐 Numerics, simple estimates: 𝜎𝑐 ≈ 1/log(𝑁)

More refined: 𝜎𝑐 ≈ log(log(𝑁
2))/log(𝑁2)

Zhang & Ding, Phys. Lett. A 1994, PRB &995

Hansen et al (Wiley & son, 2015)
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LLS -- FBM:  1D models, avalanche distribution

𝐹

𝑥

• 𝑁 parallel brittle fibers
• Overall stretching force 𝐹, => stress 𝜎 = 𝐹/𝑁
• Same stiffness 𝜅 = 1
• Fiber extension : 𝑥𝑖 = 𝜎 1 + 𝑘𝑖/2

𝑘𝑖=nb. of failed nearest-neighbor fibers
• Random critical loads 𝑥𝑖

𝑐 with distribution 𝑝 𝑥𝑐

[cumulative 𝑃 𝑥𝑐 ]

Non-universal size-distributions, 
Depend on critical load distribution, 𝑃 𝑥

𝑃 𝑥 = 𝑥𝛽, 0 ≤ 𝑥 ≤ 1

Avalanche size, ∆

In
te

gr
at

ed
 p

d
f

Disorder 
strength, 𝟏/𝜷

Hansen et al. (Wiley & son, 2015) 

𝑃 𝑥 = 1 − exp(−𝑥𝑘), 0 ≤ 𝑥 < ∞

Avalanche size, ∆

In
te

gr
at

ed
 p

d
f

Disorder 
strength, 𝟏/𝒌

Zhang & Ding Phys. Lett. A 1994, Pradhan et al. RMP, 2010



LLS – FBM in higher dimensions

Localization less important in 2d

 finite 𝑥𝑚𝑖𝑛
𝑐 now required to 

activate localization 𝑥𝑚𝑖𝑛
𝑐

Nomber of failed fibers/𝑁
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ELS/percolation
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Localisation/
single cluster growth



LLS – FBM in higher dimensions

When dimensionality increases, LLS-FBM looks more and more to ELS-FBM !

Localization less important in 2d

 finite 𝑥𝑚𝑖𝑛
𝑐 now required to 

activate localization 𝑥𝑚𝑖𝑛
𝑐

From Hansen et al. (Wiley & son, 2015) 

Stress-strain curve in LLS for uniform 
distribution, 𝑃 𝑥𝑐 = 𝑥𝑐, over [0,1]

ELS ELS ELS

2d 3d 4d

st
re

ss
 σ
=
𝐹
/𝑁

strain 𝑥 strain 𝑥 strain 𝑥

Nomber of failed fibers/𝑁

Si
ze
o
f
la
rg
es
t
h
o
le
/𝑁

ELS/percolation
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Localisation/
single cluster growth



Fiber Bundle Models (FBM): the approach

N parallel brittle fibers
Same stiffness 𝜅 = 1

Material simplified to:

05/18

F.T. Pierce, 1926 H.E. Daniels, 1945
Random failure threshold

Prescribed rules for load redistribution

Equal load Sharing (ELS)
all intact fibers share same fraction 

Local load Sharing (LLS)
Load of failed fiber redistributed 
to intact nearest-neighors only

Intermediate load Sharing (ILS)
Load transfer decreases distance from failed fiber



An example of FLS -- FBM:  Soft-clamp model

𝐹

𝑥

• 𝑁 parallel brittle fibers, Overall force 𝐹, => stress 𝜎 = 𝐹/𝑁
• Same stiffness 𝜅 = 1
• Random critical loads 𝑥𝑖

𝑐 , pdf 𝑝 𝑥𝑐 , cumulative 𝑃 𝑥𝑐 ]
• Forces between fibers redistributed via the elastic clamp

Soft, Young mod. 𝐸
: 𝜎𝑖 = 𝜅 𝑥𝑖 − 𝑥 , 𝑥𝑖 =  𝑗 𝐺𝑖𝑗𝜎𝑗,

𝐺𝑖𝑗 = green function for 2D elastic infinite half space

Stormo, Gjerden, Hansen PRE, 2012 
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𝐹

𝑥

• 𝑁 parallel brittle fibers, Overall force 𝐹, => stress 𝜎 = 𝐹/𝑁
• Same stiffness 𝜅 = 1
• Random critical loads 𝑥𝑖

𝑐 , pdf 𝑝 𝑥𝑐 , cumulative 𝑃 𝑥𝑐 ]
• Forces between fibers redistributed via the elastic clamp

Soft, Young mod. 𝐸
: 𝜎𝑖 = 𝜅 𝑥𝑖 − 𝑥 , 𝑥𝑖 =  𝑗 𝐺𝑖𝑗𝜎𝑗,

𝐺𝑖𝑗 = green function for 2D elastic infinite half space

Stormo, Gjerden, Hansen PRE, 2012 

Control parameter for 
interaction: 𝑒 = 𝐸/𝑁
 Increasing size ≡ softer clamp

Transition from LLS (small e) 
to ELS (large e) 

𝑒𝑠𝑜𝑓𝑡 = 2
−17𝑒𝑠𝑡𝑖𝑓𝑓 = 2

6

From Hansen et al. (Wiley & son, 2015) 
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𝐹

𝑥

• 𝑁 parallel brittle fibers, Overall force 𝐹, => stress 𝜎 = 𝐹/𝑁
• Same stiffness 𝜅 = 1
• Random critical loads 𝑥𝑖

𝑐 , pdf 𝑝 𝑥𝑐 , cumulative 𝑃 𝑥𝑐 ]
• Forces between fibers redistributed via the elastic clamp

Soft, Young mod. 𝐸
: 𝜎𝑖 = 𝜅 𝑥𝑖 − 𝑥 , 𝑥𝑖 =  𝑗 𝐺𝑖𝑗𝜎𝑗,

𝐺𝑖𝑗 = green function for 2D elastic infinite half space

Stormo, Gjerden, Hansen PRE, 2012 

Control parameter for 
interaction: 𝑒 = 𝐸/𝑁
 Increasing size ≡ softer clamp

Transition from LLS (small e) 
to ELS (large e) 

Size effect on strength at small e, 
absence of size effect at large e 

𝑒𝑠𝑜𝑓𝑡 = 2
−17𝑒𝑠𝑡𝑖𝑓𝑓 = 2

6

From Hansen et al. (Wiley & son, 2015) 

From Stormo et al. PRE, 2012 15/18



Gjerden, Stormo, Hansen PRL, 2013 
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Interfacial cracks

Maloy et al. PRL 2006

FBM:  Soft-clamp model & experiments
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Interfacial cracks

Maloy et al. PRL 2006

FBM:  Soft-clamp model & experiments

Large scale, 
self affine, 
𝜁~0.35

Small scale, 
multi-affine, 
𝜁~0.6

log(𝛿𝑥)

lo
g(
𝑟𝑚
𝑠)
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Interfacial cracks

Maloy et al. PRL 2006

Soft, Young mod. 𝐸

Large 𝑁 (soft 𝑒)
Self-affine (single) growing front

Small 𝑁 (stiff 𝑒)
Fractal percolated clusters

FBM:  Soft-clamp model & experiments

 In (experimental) fracture: ELS/percolation at small scales, 
LLS/single crack growth at large scales

Large scale, 
self affine, 
𝜁~0.35

Small scale, 
multi-affine, 
𝜁~0.6

log(𝛿𝑥)

lo
g(
𝑟𝑚
𝑠)



FBM:  few take-home messages
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 FBMs address fracture problems via models of increasing
complexity/description ability depending of the redistribution rules

 Simplest one: Equal-load-Sharing FBM : 

o fully tractable analytically, fracture  critical phenomena

o capture qualitatively gradual damaging before failure, scale-free precursor 
avalanches, response in creep, 

o ail capturing localization and size effects

 Local-load-Sharing FBM

 Not tractable numerically anymore

 Capture localization and size effects

 No universality, very dependent on threshold distribution (and its minimum)

 As dimension increases, looks more and more to ELS

 Soft-clamp FBM

 LLS at large scales, ELS at small scales

 Explain 2 scaling regimes in fracture depending on length-scales



To know more

Thank you for your attention
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