Transport phenomena

2. Solving transport equations

Mass.

Diffusion

jd = —DVec

Convection
je=cu

@—Fu'VC:DAC—I—T
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/ ™~ source/sink
[m2.s-1] eg: chemical reaction




heat:
Conduction: Fourrier’s law

Jeond = —kVT
thermal flux  thermal conductivity
[W.m-2] [W.m-1.K-1]
Convection

jconv :4[)013_ Tu

[
density  specific heat capacity
[kg.m-3] [J.kg1.K-1]
Heat equation:
oT r
— 4+ u- VT =aAT + —
\\

o = H:/pCp thermal diffusivity N source/sink

[M2.s1] eq: Joule effect



momentum:

iy “Conduction” .
(] U2 (av =n(Vu+ Vu')
D viscous stress [Pa] dynamic viscosity [Pa.s]
flux of momentum momentum “conductivity”
“Convection”
p U@ u

Navier & Stokes equation:

0 1
—u+(u-V)u:VAu— -Vp+g
ot N o
kinematic viscosity [mZ2.s]
v=1/p ~

momentum “diffusion”

boundary conditions: jc.n, jr.n, o.n, ¢, T, u continuous

(exception: latent heat
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2. Solving transport equations

2.1 From mass to heat and viscous stress transport

2.2 Homogenization of a cocktail (exact solution?)

2.3 Measuring a diffusion coefficient ?

2.4 Depth of penetration
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2.6 Melting of an ice cube

To + T cos(wt)



2.5

Contact temperature
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We need to solve:
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with 7" and Jj continuous
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K4
o =

2 boundary layers:

51 ~ (041t>1/2
52 ~ (Oégt)l/Q

flux continuity:

0T oT
K1 | =Ko 5
Gy 0+ > 0z 0—
T —T/Tc%
K 1 c Ko 2 contact temperature
51 52

VE1p1Cpy (T = Te) ~ \/k2p2Cy, (T — T2)



Numerical estimate:

T \/h;lplC'pl T1 + \/ligpgcpz T2

C

VE1p1Cpy + 1/ K2p2Cp,

VEpCy  effusivity [J.K.m2.s12]

K IWmKT  pkgm3] Cpllkg' K1 +/kpC, [JKm2512]
skin (~water) 0.6 1000 4180 ~ 1500
wood 0.15 600 1700 ~ 400
aluminium 100 2700 900 ~ 16000
glass 1.8 2200 840 ~ 1800
skin at 37°C + wood at 20°C = I.~ 33°C

skin at 37°C + aluminium at 20°C = 1, ~ 21°C



Detailed solution

T
: general solution found for the diffusion in the cocktail

applied to materials 1 and 2:

1)

______ 12 I 01 material 1 _ ]
152 fOl'Z>O T(th)_ Aerf 2(| 1t)l/2 + B

material 2

2 forz<0 T(zt)= Cerf ——_ +D
orz Z,1) = er

2(1 ,t)1/ 2
1>

boundary conditions
TOY)=T(0") = B=D="1T,
T(z—>o00)=Ty =A+1T,
T(z— —00) =Ty =—-C+T1T,
T, T

! - s 2 1] '
Z O+ Z .O!
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—erf = L _exp "
1z ¥z T 2t nUz BoOP ay
"T T | |
1y =logae] | "A==Z2(C
Z° o Z' #1 #o

("G )Y T+ (12"2Cp,) Y 2T,

'!!—_: ' 12 I T -
T ( # Cp) c (! 1"1Cp1)1/2 + ( ! 2"2cp2)1/2

same expression as scaling law!



2.6 Melting of an ice cube

simplified model

t=0 Tice Tice
I
Y Te 7
Ts Ts
aluminium

if Tice =-20°C and Ts =20°C

K Wm1 K1 pkgm3] Cplkg'K1N +/kpCp [J.Km2s12
ice 2 920 2000 ~ 1900
aluminium 100 2700 900 ~ 16000

I T¢" 15°C  not compatible with Tf = Q°C ...



2.6 Melting of an ice cube

even more simplified model: Tice = T; =0°C

n 1/ 2
T ]h(t) ()
thin melting layer _ Ts" T
{ " 5 Jt b bs
0 T [ 1]
water goes away T
’ 1/ 2
I [ 1] C
- S S n
it —— (")
Ts
Heat flux compensates for latent heat:

aluminium

&‘Iatent heat [J.kg-"]

latent heat <zjump of heat flux at the boundary

Stefan problem: moving front

. S

liquid.-~

us L = js.n ! j|.n
solid



2.6 Melting of an ice cube

even more simplified model: Tice = 0°C

Tice ]h(t) dh i1 nlCp YPT T

mthin melting layer dt = 1 el t lice L
T} water goes away
Ts! T
ho I h(t) ! IS Lf (" SI SCpt)1/2
ice
Ts melting time
aluminium o iceLho 1

Numerical estimate:

ho! 3cm tice ! 920 kg/m3 L ! 334 kJ/kg
aluminium (" sCp)Y¥2 1 16000J.K.m2s2 ' ! = 800s ~ 13 min
wood (" sCp)Y?! 400JKm2st2 ' 1 106s~15days!

other heat exchange mechanisms ?



Detailed solution

. - _ ' Z
in the solid:  T(z,t)= Aerf TORE + B
T.
- ]h(t) T(z=0)= B = T
] T(z'"# )=Ts="A+B
T(z,t)=(T; ! P2
(z,t)=(Ts ! Tg)er 21 2t)1/2 + T5
T - #+
"Z°, o 2(#1)1/ 2 t 2
@:I jT — | "s!st 1/2TS! Tf
dt . !iceL - t 2' iceL

172 Ts! Ts

! ice L

same expression as scaling law!

ho! h(t)=(!s"sCpt)




Experiment in the lab




Experiment in the lab

ho! h[mm]

30 I

25+ [ J o) —

20~ © .

15+ L -

10— J .

0 @

initial T < T¢ 2 {12 [51/ 2]



2.7 Estimating the age of the Earth ?

Mimowre sur la Solidification par /'(j‘roidissemeﬂ‘
d’un globe liquide.

Par MM. Lamé gr Crarevron,

- Colonels du génie au service de Russie.

(Lu par M. Lamgé & PAcadémie des Sciences, séance du

10 mai 1830.)

even more simplified model: 1D

solid crust

15°C (fixeC

very simplified model

liquid
T¢ ! 1100°C

h(t) !

R



Ts | - - - . o
_T h(t) uniform T in the liquid <zno heat flux inside the liquid
Ts heat flux through the solid:

S L

IT S h

heat flux compensates latent heat:
dh . Ts ! Ts

Lol =jr="
dt JT S

dh I s
h— =
dt  "sL

(Te I Ts)

| 1/ 2

h(t): 2 S’L(Tf! Te) t

S

Numerical estimate:

h! 35km 15! 2Wm'K!' 141 3.103kgm3 LI 4105Jkg!? Ts! 15°C T¢I 1100°C

! I " 10 million years ... model too simple!



