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The Rayleigh—Taylor Instability




Rayleigh—Taylor Instability (RTI)

Dimensional analysis

Hypothesis :
e A heavy fluid of density ps above a lighter fluid of density p;
e no wall effects

e no viscosity effects

e gravity g, surface tension coefficient : y(N.m ! =kg.s2)
IT theorem :

o pi(kg.m™3), pa(kg.m™3), g(m.s72), v(kg.s~?) : N =4 quantities
e kg . m,s: M =3 dimensions (dimensional units)

e = N — M =1 dimensionless numbers

Atwood number: At =22"PL > (RTT) or < 0 (waves)
P2+ pP1




Rayleigh—Taylor Instability (RTI)

Dimensional analysis

Let's consider a perturbation of the interface around y =0, of wavelength A ===, " amplitude A.

Volume above y =0 : V:fO)‘/QAsin kxdx = [_—Acos kx

T/k 24
k } ko

0ok
Weight + Archimed's force : I, = A g(p2— p1) >0 in the case of RTI.
Surface tension is a stabilizing force.

Slope in =0 : tana=Akcoskx (r=0)=Ak ~sina

Vertical component of the surface tension force :
Model : spring with two forces :

MA:FQ—I—Ft:Tg(pQ—pl) —2vAk = 01;-202 A




Model : spring with two forces :

MA:F9+Ft:Tg(p2—p1) —2vAk = pl};m A

MA=KA= (2 (p2—p1) — 27/<7>A

If K>0, A~elVE/M If K <0, A~costy/K /M
Unstable iff
2g(pz—m) >27k@i:<i>2> 7 <:>>\>27r\/ 7 =27/
2 k2 \ 27 (p2—p1)g (p2—p1)g ‘
Remarks :

. - 3
- (2k p2—p1 20k )A:EAZMA
/01+/02 p1+ p2 M

2_ 2kg(p2— p1) — 29k°
P11+ P2

w




Euler equations :

ov 1
g—l—(v-V)’v——;Vp—gez

A fluid particle moves on the a distance a over a time interval 7.
Then its typical velocity is v~a /7.

This velocity varies on a length scale equal to .

ov a 1/a\2
i @ Veeg(T)
ov
—>w-Viv < a <<\
ot
_a
We define e=
(9Vat/\'v:O = VAv=0 = v=Vy

o(x,y,z,t) is the velocity potential.



Linearized Euler equations (Hypothesis : p = (C*%) :

V[aﬁ+%+gz]:0 = %—i—%—kgz:(](t)

ot ot
o  0%p
Ap=0 Ox? + 072 ¥ (2D)
Boundary conditions :
V(’D z—+o0 0
Vo —0 and Vg ——0

5 — 00 z— 400



Kinematic boundary condition in z =h(z,t)

Normal to the interface, pointing from fluid 1 to fluid 2 :

—h'
(=)
n= ,where h' = —
1 ox
V14 h'?

General case : surface described by S(x, z,t) = Cs*

Normal to the interface :

vSs

"TIvS]

dS:O:S(a:+dx,z+dz,t+dt)—S(m,z,t):%dx—l—%dz—k%dt

S
=+ V-VS=0,

dz

where V = %ew + €z is the velocity of the interface.



Normal velocity of the interface = Normal velocity of the fluid particles :

V.n_V-VS_v-VS__ 1 08
VS| VS| |VS|ot
%—F’IJ-VS:O
Oh u —h'
S(:c,z,t)—z—h(x,t)é—a—k(w)-( ] )—0
Kinematic boundary condition: oh _ wi(x, h) —u;(x, h)@, i=1,2

ot ox



Dynamic boundary condition in z=h(x,t)
Thomas Young (1773-1829)
Pierre-Simon de Laplace (1749-1827)

Young—Laplace equation :

p2 — p1 = Yk (Static interface)

0%h | 0
(14 (Oh/0x)2)3/?

(m~)

2D curvature: Kk =

0?h | Ox*

Z:h(xat):pQ(xvh) _pl(ajvh) :’Y[l_'_ (8h/8x)2]3/2



Equations and boundary conditions

8£i—|—%—|—gz20,i:1,2

82<pi
Ox?

82<pi

+ 022

.Oh D

Op; oh
e=h(x,t): 2= ="z, h) - af;

(:U,h)%,z:l,Z

0?h | Ox*

Z:h(aj,t):p2($7 h) _p1<$7 h) — 7[1 4 (8}1/8513)2]3/2

V@l—_>0 and VQOQ—+>O



1 0p 10p

Basic state : (¢o,, po,), i =1, 2, flat interface : 0 = ~ % and 0= —> 9
D0, = Pref — Pig2,1=1,2
Continuity of the pressure in z=0 = prer= po,(0) = po,(0)
o(x,z,t)=po(x,2)+ ¢'(x, 2, t) p(x,z,t)=po(x,2)+ p'(x, 2,t)
1 _Z:O
ot " Pi
oh 0%h oh
A~ 1 ~__ _
5y “E<L = Koo and |u(x, h)&c| < |w(z, h)
_ LOh _ Op1 _ Opy
z=h(x,t): % 0 s
0%h

z=h(z,t): —pagh+pa(z, h) + prgh — pi(z, h) = T or?

h(x,t)



Equations and boundary conditions

z=2h(z,t) : Aps=0
z<h(z,t) : Api=0

/
z< h(z,t) : p18§1+p120
/
z>h(x,t) : pgﬁgf%—pé:O
) , 0%h
z=h(z,t) : —p29h+p2($7h)+P19h—p1($ah):7w
Oh  0Op] O3
z=h(z,t) o ail: 522

z— 400 : Vs —0

z— —00 : Vpi1—0

Problem : Boundary conditions in z = h(z,1).

Example :

0y’ 0 ( 0p’
—(:U,h,t)——(as,O,t)—kh@( n )(SE,O,t)—|—



Equations and boundary conditions:

220 @ Apsy=0
2<0 @ Ap1=0
a /
2<0 : p1 g;l +p1=0
/
220 : pzangrpéz()
0°h
2=0 : —pgh+patprgh—pi=15-3
L0 Oh _ 0p1 _ Opy
ot 0z 0z
z— 400 : Vps—0
z——00 : Vpi—0
Normal modes: ¢ = &gy (z)e! ko=t
Spé _ 5¢2<Z)62(k;a7—wt)
pi — 5p1(z)€i(kx—wt)
pé — 5p2(z)ei(kx—wt)

h — 5h€i(k’a7—wt)



Laplace’s equations give :

—k%5p1(2) + 001 (2) = 0
—k25p1(2) + 001 (2) = 0

5@1(2’) = A sz—|—B1ﬁ/_kz
dpa(z) = Ag/ekz + Bye k2
Kinematic boundary conditions :

—iwoh = Alk = —ng

5p1(0) = A; = —%M 5p2(0) = By = %&L

Dynamic boundary conditions :

—iwp10p1(0) +0p1(0) = 0
—iwp20p2(0) + dp2(0)
— p2g0h 4 0p2(0) + p1gdh — op1(0) = —~k*Sh

I
-



Dynamic boundary conditions :
—iwp1<—%5h> +dp1(0) = 0
—iwp2<%5h> +dp2(0) = 0
0p2(0) — op1(0) = pagdh — p1gdh — vk*6h

iwp2<%5h> — iwm(—%éh) = p2gdh — p1gdh — vk*5h

w2 2
—7(p1+ p2) = (p2— p1)g—k

Dispersion relation :

w2:<p1_p2) k4 T3
pP1+ p2 g pP1+ p2

p1> p2 = w € R, noinstability = travelling waves
p1< p2 = unstableif vk3 < (p2— p1)gk



p2 > pP1

w2:<p1—p2) T
P11 p2 g P11 p2

h = Re(6he!kr=w)) = ewrt Re(|5h| e/ F* —wrt+8)) = |5h| e“rtcos(ka — wrt + @)

Hypothesis : v=0

. P2 — P1 .
w =41 k=wp+iw
\/(P1+,02>g 1 !

wj—i\/(pz_pl)gk
P1 T P2

Remark : There is no length scale.
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gnuplot] plot [0:1][] sqrt(x) w1l 1t 3 1w 4 t ??, -sqrt(x) w1l 1t 10 1w 4 t *?

gnuplotl]



gnuplot 4.6 patchlevel 7

gnuplot] plot [0:1][] sqrt(x) w 1 1t
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p2 > P1

w2:<p1—p2) ket — k3
p1+ p2 7 pP1+ p2

Hypothesis : v 0

p1+ p2 p1+ p2 v

. P2 — P1 i 3 '
w =i k———k =wp+iw
\/<P1+P2>g Pt P2 A

=k B
\/g(pQ — p1)

- — B 3/2
w%:<p2 p1>gk*\/9(/)2 p1)  y k,*:s(g(pz m))

P1+ P2 gl p1+ P2 v

(ﬂ1—02>gk+—7 k3 <0< k2<g<p2_p1)<:>)\>27r\/g< 2 =27l

wlgzg(p2_p1)\/g(p2_p1)[k*_k*g]jwf*:j: k*—]{*g
p1+ P2 v



gnuplot 4.6 patchlevel 7

gnuplot] plot [0:1][] sqrt(x) w1l 1t 3 1w 4 t ??, -sqrt(x) w1l 1t 10 1w 4 t ’’, sqrt(x-
x*¥%3) w 1 1t 3 1w 4 1lc rgbcolor "red" t ’’, -sqrt(x-x**3) w 1 1t 10 1lw 4 lc
rgbcolor "red" t ?°
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Remark: if p; =0, there is only one length scale in the problem : /.= /v / pag.



gnuplot 4.6 patchlevel 7
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Remark: if p; =0, there is only one length scale in the problem : /.= /v / p2g.



Waves : p2 < pq

w2:<p1_p2>gk+ T k3>0
p1+ p2 p1+ P2

pP1— P2 g 3
W=wRr=1= E+—"k
" \/(Pl+02)g p1+ p2

Travelling wave

h = Re(Sheikz=wt)) = Re(|6h| ¢! k= —wrt+9)) = |5h | cos(kx — wrt + ¢)

: w p1—p2 \g vy ow : :
Phase velocity: c=— = - T )L+ k = Dispersive waves
Y k \/(p1+p2)/€ p1+ p2 #&% b

dc* —1
cC —0e

dk* k*2+1:O

Minimum phase velocity : ¢*=/1/k* + k* =

Fomin= 1= Chin =12
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gnuplot] set term pdf dashed enhanced; set key center right; set xlabel ’k’; set ylabel
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