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Explicit methods approximate exponential by a polynomial  
so they will ALWAYS diverge for sufficiently large Δt

Implicit methods approximate exponential 
 by a rational function.



Some second-order implicit methods

|Amp. factor| < 1 but spurious 
large-k behavior: slow oscillatory decay



Newton’s method for computing  
steady states and traveling waves 

starting from a timestepping code



∂U
∂t

= LU + N(U)

Navier-Stokes

0 = LU + N(U)
Steady states

BΔt ≡ (I − ΔtL)−1(I + ΔtN)
FEBE: Forward Euler for Nonlinear, Backward Euler for Linear:

Why use backward (implicit) Euler for L and forward (explicit) Euler for N? 

Because L ≈ Laplacian ≈ -k2  is responsible for large range of time scales (≈ stiffness)  
                                                          → large range of eigenvalues (≈ poor conditioning) 

Fortunately, it is also easier to invert L (linear) than N (nonlinear)



≈ Δt(L + N)
≈ − L−1(L + N) for Δt large

for Δt small{

BΔt − I = (I − ΔtL)−1(I + ΔtN) − I
= (I − ΔtL)−1[(I + ΔtN) − (I − ΔtL)]
= (I − ΔtL)−1Δt(L + N) has same roots as L+N

Hence Δt interpolates between 

for Δt large
for Δt small{no preconditioner

preconditioning by L-1 

Note that these operations are only algebraic:  
We do ΝΟΤ rely here on BΔt ≈ exp (Δt (L+N)) for Δt << 1 and so can take Δt large



Find roots via Newton’s method

⟺ (I − ΔtL)−1Δt(NU + L) u = (I − ΔtL)−1Δt(N + L) U

DFU u = F(U)

⟺ [(I − ΔtL)−1(I + ΔtNU) − I] u = [(I − ΔtL)−1(I + ΔtN) − I] U

(L + NU) u = (L + N) U

Solve linear systems via BiCGSTAB, GMRES, or IDR

U ← U − u

difference between two long  
consecutive timesteps

difference between two long  
consecutive linearized timesteps
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Trick: use trivial phase condition, store (C,c) in corresponding element of (U,u) 

φ φ



Challenge:  
go to low Ek

Ek ≡
ν

Ωd2



Ek = 10−3



Ek = 10−5Ek = 10−4Ek = 10−3Ek = 10−2

M ∼ Ek−1/3 (rmax − rin) ∼ Ek2/9



∂U
∂t

+ (U ⋅ ∇) U − ∇2U =
1

Ek [−∇P + Ra Tr − 2ez × U]
implicit implicitexplicit absorb

Block diagonal matrix Block pentadiagonal matrix

Ym
ℓbecause Coriolis term couples spherical harmonics
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Explicit Coriolis  
diverges

Error still  
below 5%

Can take Δt to be  
400 times larger!



Ek = 3.53 × 10−5 Ra = 6.5 × Ek−1/3

Branch following via Newton’s method: going around saddle-node bifurcations

Automatic change in numerical 
resolution along branch!

The system LOVES some drift 
frequencies and HATES others!
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straighten out the diagram





10−10

10−2

|λ − λ |

linearized timesteps 
(operator actions)

linearized timesteps 
(operator actions)

Nr × Nθ











But….





Calculations of 2D snaking using Stokes preconditioning 



Ulam= y ex Ulam= (1-y2) exUlam= (1-r2) ez



For a long time, the only regular solutions 
known were the analytic laminar ones. 
First new solution found numerically for 
plane Couette flow by Nagata (1990).  
Then many many other solutions were found. 
Is turbulence a chaotic attractor, with these 
solutions forming a skeleton?

Gibson, Halcrow, Cvitanovic, J. Fluid Mech. (2008)



Methods used in hydrodynamics for  
computing steady states and traveling waves

Newton with full direct Jacobian inversion: 
from 1980s: Keller, Busse & Clever, Nagata, Generalis, Kerswell, Eckhardt 
scales like M3, so limited to small resolutions

non-Newton or variants of Newton: 
Newton-Picard with subspace iteration: Lust & Roose 
Selective frequency damping: Akervik 
Recursive projection method: Keller & Shrof

Newton with matrix-free Jacobian inversion via Stokes preconditioning: 
from 1989: Tuckerman, Henry/Bergeon/Beaume, Mercader, Mellibovsky

Newton with matrix-free Jacobian inversion via integration: 
from 2004: Sanchez-Umbria, Viswanath, Duguet, Gibson, Willis



∂U
∂t

= LU + N(U)

0 = LU + N(U)

Navier-Stokes

Steady states

Steady states OR T-periodic orbits
0 = U(T) − U(0) ≡ (ΦT − I)U(0)

ΦT ≈ (BΔt)T/Δt

In theory ΦT : U(0) → U(T)

In practice

BΔt ≡ (I − ΔtL)−1(I + ΔtN)

where a single small timestep is



Gint
T ≡ (BΔt)T/Δt − I

ΦT − I = U(T) − U(0)

finds roots of

many timesteps (T/Δt)  
per action of G

GStokes
T ≡ BT − I

finds roots of

L + N =
∂U
∂t

single timestep  
per action of G



Steady state in plane Couette flow using Channelflow (Gibson) 
Fourier x, Chebyshev y, Fourier z

Nagata solution (Gibson, Halcrow, Cvitanovic 2008)



GStokes Gint

factor of 11

Computation of steady state using Channelflow 



Total number of timesteps is product of K and (T/Δt) 
Integration method has lower K and higher (T/Δt) 
Stokes method has higher K and (T/Δt) = 1

Computation of steady state using Channelflow 



Computation of traveling waves in pipe flow using Openpipeflow (Willis) 
Fourier in θ, z / finite differences in r



factor of 35

Computation of traveling waves using Openpipeflow



As Re increases,  
the performance ratio measured by timesteps remains nearly constant. 
But the performance ratio measured by CPU time decreases drastically.

Why?



Operator spectra for Re = 500



Operator spectra for Re = 1750



λmodel
k = − k2/Re ± ikU

λStokes
k ≈

λmodel
k

k2/Re
= − 1 ± iURe/k

( 1
Re

∇2 + U∂x) u



U = Ulam(y) ex + Ũ

Seek to reduce large imaginary eigenvalues of GStokes

λStokes
k ≈

λmodel
k

k2/Re
= − 1 ± iURe/k

Lu =
1

Re
∇2uimplicit NUu = − [U ⋅ ∇)u + (u ⋅ ∇)U]explicit

NUu = − [Ulam(y)∂xu + vU′￼lam(y) ̂ex + (Ũ ⋅ ∇)u + (u ⋅ ∇)Ũ]
term of NU most responsible for bad conditioning AND easiest to make implicit !

Lu ≡ ( 1
Re

∇2 − Ulam∂x) uincorporate

Another case: rapid rotation 1
Re

∇2u − 2Ω × u

Lu

∂tu = − ∇p − (u ⋅ ∇)u +
1

Re
∇2u − 2Ω × u




