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TAYLOR-COUETTE FLOW: 
THE LATER DAYS
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Colorized version from Grossmann, Lohse, Sun, Annu Rev Fluid Mech, 2016
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axisymmetric Taylor vortex flow
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T. Brooke Benjamin, Proc R. Soc Lond A, 1978
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Inner-cylinder rotation: wavy vortices

Coles, JFM 1965
η ≡ rin

rout
= 0.874

Reynolds  
number

number of  
azimuthal waves number of axial cells



Mechanism for wavy vortices
Axial dependence (shear) of azimuthal velocity of Taylor vortices:  

Kelvin-Helmholtz-like mechanism (explains wide range of azimuthal wavenumbers)

KH



Waleffe: self-sustaining process (SSP)
F.  Waleffe & J. Kim, How streamwise rolls and streaks sustain in a shear flow: Part 2, AIAA paper 98-2997 (Albuquerque, June 1998)
F.  Waleffe, On a self-sustaining process in shear flows, Phys. Fluids 9, 883-900 (1997)
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Hopf bifurcation Secondary Hopf or 
Neimark-Sacker bifurcation



Nonlinear dynamics on a torus →  
frequency locking

saddle-node bifurcations create  
finite-period limit cycles on the torus



t →



Chaotic flow: strange attractor

Featureless turbulence
Unexplored

Spiral turbulence

Intermittency

Interpenetrating
spirals

Couette !ow
Couette !ow

Ripple

Turbulent
Taylor vortices

Modulated
waves

Wavy spirals
Spirals

Taylor-
vortex

!ow

Wavy
vortex

!ow

Wavy
vortex

!ow

Wavy in!ow

Wavy
out!ow

Twists

Wavy in!ow
plus twists

Vortices
with two
waves

Corkscrew

Wavelets

1,000–1,000
Reo

Rei

0–2,000–3,000–4,000
M

odulated waves

1,000

0

2,000

Rein

Reout



Phase portraits

Poincaré sections 
defined by 

V(t + 2τ) = V*

V(t + τ)

V(t)

R/Rc = 10.1 R/Rc = 12.0 R/Rc = 15.2

V(t + τ)

V(t)



Spirals
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Spirals and Ribbons

S+

S−

S+ + S−
2

spirals

spirals

ribbons

reflect



Normal Form

dS+
dt

= [μ − a |S+ |2 − b |S− |2 ] S+

dS−
dt

= [μ − a |S− |2 − b |S+ |2 ] S−

Solutions 
Trivial 

Spirals 

Ribbons 

S+ = S− = 0
S+ = μ/a, S− = 0 S− = μ/a, S+ = 0

S+ = S− = μ/(a + b)



This normal form occurs in many cases. 
D4 (symmetry of a square) 
Hopf bifurcation in O(2) leads to traveling or standing waves 
Steady bifurcation on square lattice leads to stripes vs square patterns 
Knobloch, Swift, Golubitsky, … 

theoretical prediction of ribbons by Demay & Iooss (1984) 
experimental observation by Tagg, Edwards, Swinney, Marcus (1989)



Knobloch, Phys Rev A 1986 TW → spirals 
SW → ribbons



Periodicity: geometric vs assumed
Taylor-Couette: azimuthal vs axial

p(θ) = pper(θ) + aθ p(z) = pper(z) + az
dp
dθ

= p′ per(θ) + a
dp
dz

= p′ per(z) + a

Periodic directions ALWAYS require additional condition, 

e.g. flux or pressure gradient or combination

p must be single-valued function of θ

Geometric/azimuthal: no pressure gradient.  Assumed/axial: choice. 
Finite boundaries: no flux



experiments in finite-length TC apparatus 
simulations with no axial flux

simulations with periodic axial pressure

W.S. Edwards, R. Tagg, H.L. Swinney,  
Center for Nonlinear Dynamics, Univ of Texas at Austin

Difference only appears at nonlinear level and when axial reflection symmetry is broken
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η = rin/rout
Re

in
Reout
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region of subcritical  
transition to turbulence

Transient growth



shear

rotation

Dubrulle et al, Phys. Fluids 2005

quasi-Keplerian regime

In quasi-Keplerian regime, maximum transient growth is achieved for  
axially independent perturbations, i.e. Taylor columns. 

Τransient growth of axially independent perturbations is independent of RΩ
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2 rolls 4 rolls

2 rolls

2 rolls 
4 rolls

2 rolls

Re

Γ=L/d

saddle-node

Hopf

Neimark-Sacker

2 rolls 
rotating waves



Re

Γ=L/d

SNIP (saddle-node infinite period) bifurcation of limit cycles



Unfolding of codimension-two fold-Hopf bifurcation
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Transition to turbulence in counter-rotating Taylor-Couette flow: 
Universal scenario of directed percolation (DP)

η = rin
rout

= 0.998

height-to-gap 16 
circumference-to-gap 5500

θ

Tim
e          

Very short Taylor-Couette apparatus:  
only extended direction is azimuthal

Re



θ θ θ

z

Directed Percolation in TC with two extended directions

Re→



η = rin/rout = 0.99

↑  
t

Lemoult, Maier, Hof, 2014

θ→

Transition to turbulence in counter-rotating Taylor-Couette flow 
Universal scenario of directed percolation (DP)
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1985 International Couette-Taylor Workshop in Karlsruhe


