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Vortex-shedding frequency of cylinder wake
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Temporally periodic wake flow

Linearise about steady base flow
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Linearise about temporal mean

Strange and unjustified procedure, but quite successful !
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linearisation about base flow

linearisation about mean flow

frequency of nonlinear flow

linearisation about mean flow

linearisation about base flow

Mean flow eigenvalue has RZIF property: 
Real part is near Zero. 
Imaginary part is near exact nonlinear Frequency. 



linearisation about base flow

linearisation about mean flow

frequency of nonlinear flow

linearisation about mean flow

linearisation about base flow



Malkus theory: Temporal mean of turbulent flow should be marginally stable



When is RZIF satisfied ? 

Why is RZIF satisfied?







Hopf  bifurcation to SW (standing waves) and  TW(traveling waves) 

E. Knobloch, J. Swift 1980s:  
Hopf bifurcation breaking O(2) symmetry
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Hopf  bifurcation to SW (standing waves) and  TW(traveling waves) 

Drift pitchfork to/from TW
Saddle-node

Heteroclinic to/from  SW

SW TW+

TW-

E. Knobloch, J. Swift 1980s:  
Hopf bifurcation breaking O(2) symmetry



Thermosolutal Convection

super/sub pitchfork
 (nonlinear codim-2 point)

Hopf/pitchfork
Takens-Bogdanov 

(linear codim-2 point)

Tuckerman, Physica D (2001)



Hopf  bifurcation to SW (standing waves) and  TW(traveling waves) 

E. Knobloch, J. Swift 1980s:  
Hopf bifurcation breaking O(2) symmetry



Traveling wave

Standing wave



Traveling Waves
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Standing Waves
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Assume:

Then:

Applies only to component 1, since:

Justification:

ϵ2 ϵ2

ϵ ϵ ϵ3

ϵ3 ϵ3



Do TW generally have highly peaked temporal spectra? 
Do SW generally have broad temporal spectra? 

Mean flow eigenvalue has RZIF property: 
Real part is near Zero. 
Imaginary part is near exact nonlinear Frequency. 

N (u1, u1) N (u1, u�1)u2 u0feeds feeds

||un|| ⇠ ✏|n| =)

Yes!

feedsN1 ⌘ N (u2, u�1) +N (u�1, u2) + . . . u1

N1 ⌧ (i! � LŪ )u1



temporal spectrum for r=2.5

And WHY do TW have highly peaked temporal spectra? 
And WHY do SW have broad temporal spectra? 



We’ve had RZIF = Real Zero Imaginary Frequency 

Now introduce SCM = Self-Consistent Model

Other terms: 

Harmonic balance:  
decomposing equations and fields into Fourier components 

Quasilinear and generalized quasilinear approximation 
quasilinear ≈ SCM



Mean flows without time integration:
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Yields almost exact                            !    
Find A  such that � = 0
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N1

Much better to solve 
single coupled problem 
with Newton’s method 







SCM vs RZIF vs exact for cylinder wake

Exact nonlinear frequency 
RZIF and SCM all agree
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SCM: linearization about mean flow 
generated by                              onlyN (u1, u�1)

RZIF: linearization about exact mean flow
Exact nonlinear frequency

SCM vs RZIF vs exact for thermosolutal TW

Need u2 for its effect on meanflow, but not for its effect on u1 
RZIF includes terms like                             but not like 
SCM contains neither

N (u2, u�2) N (u2, u�1)
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Higher-order SCM (include u2, u3, …)



Other Flows

Counter-rotating Taylor-Couette flow 
Shear-driven and square cavity 

(seeking more counter-examples) 



Counter-rotating Taylor-Couette flow

Willis, SoftwareX 6, 2017
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The ribbons (RIB) are stable within this range of Re
The spirals (SPI) are unstable: obtained by imposing their symmetry
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Mean flow for ribbons 
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Mean flow for spirals 
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Stability analysis about laminar and mean flows

mean ﹦ exact : RZIF for spirals and ribbons !
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Linear stability about base flow and about mean flow

limit cycle 2

limit cycle 3



Resolvent Analysis

R(!)�j(x,!) = µj(!) j(x,!)

i!u1 = LŪu1 +N1

u1 = (i! � LU )
�1 N1 ⌘ R(!)N1

u(!) = R(!)N (!)More generally:

Singular value decomposition:

If resolvent has a highly dominant singular value              , 
then        extracts and amplifies the component of mode              in        
Independent of the details of N

N
µdom

�domR

u(x,!) ⇡

u = R(!)
X

j

hN ,�ji�j =
X

j

hN ,�jiµj j ⇡ hN ,�domiµdom dom

scalar amplitude spatial dependence

hN ,�domi(!) µdom(!)| {z }  dom(x,!)| {z }
⇤(!)

McKeon & Sharma, JFM 2010



ω

McKeon & Sharma,  
JFM 2010 

A critical-layer framework  
for turbulent pipe flow

How to obtain mean flow  ? 
One possibility is from experimental measurements 
How to obtain scalar amplitude? 
One possibility is by fitting correspondence between u and ψ  

Αlso works for spatial wavenumbers and spatial averages.

U

scalar amplitude spatial dependence

hN ,�domi(!) µdom(!)| {z }  dom(x,!)| {z }
⇤(!)

u(x,!) ⇡

σi



Fully turbulent flow with broad spectrum,  
rather than periodic flow with only !, 2!, . . .

N (x,!) ⌘ �(ũ ·r)ũ+ h(ũ ·r)ũi

u(x,!) ⇡
scalar amplitude spatial dependence

hN ,�domi(!) µdom(!)| {z }  dom(x,!)| {z }
⇤(!)



dominant optimal response 
of resolvent

simulation

Spatial dependence

Scalar amplitude

choose amplitude             so that dominant optimal 
response and simulation agree at two points

 dom(x,!)

u(x,!)

⇤(!)



Dominant singular value 

Spectrum reproduced! 
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Relationship to Quasi Linear (QL)  
and Generalized Quasi Linear (GQL) 

These divide modes into two categories:  
small set of  low (mean) modes and large set of  high modes. 

Retain low-low interactions. 

Retain low-high interactions, leading to linear equations for the high modes. 

Retain only high-high interactions which generate low modes 

RZIF is neither, since it is not a closed system (uses full  in linear equations) 

SCM is neither, since it includes all interactions between included modes

U



linearize about  
base flow

linearize about  
mean flow 

RZIF

linearize about  
approximate base flow 

SCM

cylinder wake 

thermosolutal TW 
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Conclusions / Questions 

RZIF: prediction of nonlinear frequency from mean flow 

SCM: frequency without DNS by using inexact mean flow 

When?  

Why?



Stay tuned …

Thank you!


