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Codimension-two points



The 1:2 mode interaction

System with O(2) symmetry with competing wavenumbers m = 1 and m = 2
Solutions approximated as:

u(B,t) = 21(1)e” + zo(t)e* + 5(t)e ™ + H(t)e "
with 21 (1) = z1(t) + iy1(t) = r1(£)e® W), 25(t) = 2o(t) + d12(t) = ro(t)e’®?®
O(2) generated by rotation by 6, and reflection about § = 0:

So, (21, 22) = (ewozl,e%%zz)

KJ(Zl,ZQ) = (271,2’_2)



Define
21 F Z_l 29
29 — —Z%

Show that F' is equivariant with respect to O(2):

21 F 2129
Z29 — —Z%

21 22 590
21 Sgo Z0021 F
29 — 21002 —

Essentially 1 +1=2and2—-1=1
Dynamical system for evolution of z, 2o is:

4= Zizm+ a1 (i — ol ]? = Bilz)?)

dy = —z + 2 (1o — Bol 1] — a]2e])



Steady states

(Phase is arbitrary: z — x)

0 = z1 (22 + (o1 — oz} — Bra3))
0 = —x% + 9 (,u2 — [3290% — 042333)

Trivial state: x1 = x5 = 0
Mode-two (“pure mode”) state: x1 = 0, xo # 0:
x5 = o/
If z; # 0 then x5 # 0! Instead, have “mixed-mode state”:
0 = x4 (11 — a1z} — 5137%)

0 = —x% + 9 (,ug — [32:1:% — W%)

(intersection of two conic sections)



Stability

Jacobian in Cartesian coordinates (even if y = 0, Jacobian must include )

p1 + x2 — oy (rf + 223) — B3 Y2 — 201®1Y1 1 — 2B171®2 y1 — 2B1T1Y2
—Yy2 — 20121Y1 p1 + x2 *2011(7"%+2yf)*/317”§ y1 — 2B1x291 —x1 — 2B1Yy1Y2
2z — 2PB2z172 —2y1 — 2B2x2y2 wo — Bar? — as(r? + 223) —2a2x2Y2
2y1 — 2B2w1y2 2z1 — 2B2y192 2B2x2y2 p2 — Bari — ax(r + 2v3)

Trivial state:

Two 2D eigenspaces. Circle pitchforks at ;4 = 0 and ps = 0



Mode-two state: 1 = y; = yo = 0, 9 = £/ 2/ s

H1 + To — ﬁﬂf% 0 0 0
7 - (1 p — xo — B3 0 0
0 0 Mo — 30[215‘% 0
0 0 0 o — ozgx%
= By 0 0
_ 0 mFJE=BE 00
0 0 —2us 0
0 0 0O O

Eigenvalues —2u5 and 0 are usual results of circle pitchfork.

Other two eigenvalues concern instability to (1, y1).

They are different because mode-two state has a phase (no CP from mode-two).
Mixed-mode branch bifurcates from trivial state at ;11 = 0

and from mode-two branch at

p — N e
%) %)

=0



Polar representation
21(t) = (1) D 25(t) = ro(t)ei®®)
Evolution equations:
(f1 +ird)e' " = rie el 4 el (pd —ayri — 617“%)
(79 + z’rggb'g)ei"52 = —r1e 1 e 4 roet? (,UQ — Bor? — 0427"3)
Dividing equations by €/** and by e??:
Frtarigr = riree 72 4oy (g — anr} — Bir)
Fo +iragy = —rie?N0) 4 py (12 — Bor} —0427“5)
Separating real and imaginary parts and dividing imaginary parts by r; # 0:
Fi = rirgcos(de — 2¢1) + 1 (1 — aari — Bir3)
le = 7rosin(¢y — 2¢1)
ry = =7} cos(201 — da) + 1 (112 — Bori — 0427“3)
Gy = —(r}/r2)sin(20; — o)



Substitute & = 2¢; — ¢o:

fo= 11 (racos® + py — arr? — Bir})
ry = —r% cos ® + 7y (MQ - 52?”% - 0427’3)
¢ —rosin® L 2 -
b = —(rysing | = B=—@nori/n)sne

Suppose 11 =19 = P =0, but 1,79 # 0
0 = r9cos® + g — 0417“% — ﬁﬁ%
0 = —ricos® +ry (M2 — Bor? — 0427“%)
0 = (2r; —r?)sind
Mixed modes
P=071=snP=0= ¢ = =0 = steady states:

0 = :i:?“Q—I—,ul—O{l”r’%—ﬁlT%
0 = Fri4my (,ug—ﬁgrf—ozgr%)



Traveling Waves

0 = &= —(2ry—r?/ry)sin®
Sin® £0=>0 = 22 — 2 = 2 = 22
0 = &=2¢1— ¢

Definition:
u(f,t) = u(@ — ct,0)

w(@,t) = (1) PO Loy (1)el@20420) L complex conjugate
w(@ —ct,0) = r(0)e @O+~ ) (0)ei(@20420=ct) L complex conjugate

ri(t) =1(0) and y(t) = 61(0) —ct
:{ (1) = 72(0) and 6s(t) = 3a(0) — 2et

= 2¢1(t) — ¢a(t) = 2¢1(0) — ¢2(0) = &(t) = (0)



0 = 27”%—7"% :>rf:2r§
0 = 7 =rocos® + juy — a1 2r5 — Birs

0 = 7= —2r5cos® +ry (,uz — [3y2r3 — agrg)
Add 2x blue equation to (1/r9) x green equation

0 = 2u1 + po — (dog + 281 + 262 + )13
2000 + po
dag + 201 + 262 + o

2
ry =

Can also obtain:

p1 (200 + Bo) — po(2a1 + )
(2001 + i) (dovy + 281 + 209 + )]

cos P =

Traveling waves bifurcate from mixed mode branch when | cos ¢| = 1 <=

(11 (200 + B2) — pa(20n + 51))2 = (2p1 + po) 4oy + 2581 + 200 + Bo)



Time-dependent states

e Traveling waves via drift bif from mixed-mode branch
e Modulated waves via secondary Hopf bif from traveling waves

e Heteroclinic orbit connects two opposite-phase mode-two sad-
dles with eigenvalues —A_ < 0 < A

Can prove orbit is stable if A > A, i.e. if contraction more
important than expansion

2 [ 142
_(Ul_ﬁl&_ &) > H1— 1'u—+ =
Qa9 (o) &%) 0%

— /2 >
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Takens-Bogdanov normal form

Meeting of Hopf and steady bifurcations

T =y
J o= —ma+ ppy — 20 — 2’y
Steady states:
0=y
0 = —uxr — } = = +v/— 11
Jacobian:
0 1
J = (—M1—3$2—2$y M2—33’2)
0 1 42 f2\?
J(0,0 :( ):M:_i\/(_)_
(0,0) s 5 5 M1



J 1s Jordan block at codimension-two point (1 = o = 0
Hopf bifurcation at pus = 0 for p; > 0
Pitchfork bifurcation at p4; = 0

Real eigenvalues coalesce to form complex conjugate pair
At collision, imaginary part is zero

At a nearby Hopf bifurcation, frequency is near zero

—> period is near infinity
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Takens-Bogdanov codim-two point in thermosolutal convection
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Heteroclinic cycles
in the
French washing machine

Caroline Nore LIMSI-CNRS, France
Laurette Tuckerman
Olivier Daube o}é/
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The French Washing Machine (von Karman flow)
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Symmetry Group:
Rotations in 6 and
Combined reflection in z and 6
Rot/Ref don't commute = O(2)

Douady, Brachet, Couder, Fauve et al
Le Gal et al, Rabaud et al, Daviaud et al.
Gelfgat et al, Lopez & Marques et al



Numerical Methods

””“I-i‘-1,]',k) Qi
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(a) rezular ozll

Figure |: The MAC gnd

Time-integration code for Navier-Stokes eqns by Daube

Spatial: finite differences in (r,z), Fourier in 0
Temporal: 2™ order backward difference formula

Adaptations:
-Steady state solving via Newton for axisymmetric flows
-Linear stability about axisymmetric and 3D flows



Growth rate

Linear Stability of Basic Axisymmetric Flow
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Bifurcation Diagram for 1:2 mode interaction

Unstable mixed
-—
177 o/

Pure

Mixed

349 401 418 452

Normal Form
21 =Z127 + zvl(,u.l + €11 |Zl|2 + €12|22|2)

2y = 427 + (o + ear|z1|* + exnlza?)

Tquadratic terms

Armbruster, Guckenheimer & Holmes, Proctor & Jones (1988)
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Travelling Waves (Re=415)

TW = Mixed Mode + Eigenvector
Reflection-Symmetric  Antisymmetric



—-0.01fF

-0.02F

-0.03

Two types of heteroclinic cycles
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Heteroclinic Cycle (Re=430)




Linear stability analysis about nonaxisymmetric flows

Eigenvalues about
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Conclusion

counter-rotating von Karman flow with diameter=height
is almost perfect realisation of 1:2 mode interaction

© steady states (mixed and pure modes)

& travelling waves

& robust heteroclinic cycles of two kinds

& possible Kelvin-Helmholtz instability mechanism



Convection + counter-rotation

(Rayleigh-Bénard + von Karman)
Tuckerman with Bordja, Cruz Navarro, Martin Witkowski, Barkley
Pr=1 I=1  axisymmetric

Symmetry: Ry

Z—>Zmid — Z
T—>Thig=T
0 — 09— 0
U, — — Uy
ug — — Ug

(Nore et al. 2003)
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. Re=110
* |u, near Hopf bif
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SH: subcritical
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Takens-Bogdanov normal form:




Eigenvalues: from real to complex
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