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Basic idea: 2 X 2 matrix depending on control parameter r
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Sign of a3 determines behavior of eigs where o1 (7) and o¢(r) intersect.



Simple Model: 2D Thermosolutal Problem

T, —AT C, —AC $p=0_¢=0
h
7 1 periodic
in x
0
0 K > 2V'2
T, C, $=0,,¢=0

Vertical thermal and solutal gradients imposed at z = 0, 1

Boundary conditions: free-slip at z = 0, 1; periodic in = with length 22
Streamfunction U = V X ¢ (x, 2)e,



Density: p(T, C) = po + pr(T — To) + pc(C — Co)
Diffusivities: <1 (thermal), k¢ (solutal), v (momentum)

Conductive solution:
T =Ty — zAT/h, C =Cy— zAC/h, U=V X1e, =0

Four nondimensional parameters:

Fix: Lewis number L = Z—g <1 Prandtl number P = é > 1.
Vary:  Rayleigh number R = % Separation ratio S = 227

Subtract conductive solution and nondimensionalize.

Governing Equations:

T = 9,p+ey-(Vp x VT) + VT
8,C = 8,9 +e,- (Vi x VC) + LVC
8, V%p = PRO,(T + SC) + ey - (Vip x VVZp) + PV



Linear Analysis:

T T cos(kx) .
C 3 (z,z,t) = { Ccos(kx) }sin(mz)elr 7)ot
P  sin(kz)

k=ke=7/v2,  ~¥*=k*+7w%  r=RK/yS
P=oco — ¢ =—r(T+ SC)¥y*/k

2 % 2 svstem: T\ (r—1 rS§ T
system: o\ o) = . S L -

“thermal eigenvalue” o =r — 1  has threshold rr =1

‘“solutal eigenvalue” oc=7rS— L rc =L/S
Eigenvalues intersect at 7,y = % with coupling Sr?



Eigenvalues:
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complex coalescence (S < 0), cross transversely (S = 0), or avoided crossing
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Inverting:
_oi+o:(1+L)+L

cr(1+S)+ (S+L)

Each value of o corresponds to a unique value of 7.
In particular, unless S = — L, d exactly one pitchfork bifurcation o = 0 at

L
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If S < 0, eigenvalues are complex over the range where g; < 0:
1— L cr< 1—L
E rc_ T rc+ E
(1++/—95)2 (1 —+/—85)2

There is a Hopf bifurcation if f;, = 0 in this range, i.e. if —1 < § < —L2
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Lorenz Model:
including nonlinear interactions

J["pa _72¢]
= aa:"vb az(_’72",b) - 8x(_72¢)8z¢ =0

J ¢, V9

J[p, T] = T [8,(sin qx sin w2).(cos gz sin 7wz)
— 0, (cos gxr sinz)0,(singx sinmz)]
— 9T qm [cos qx sinTz cosqx cos Tz
+ singx sin 7z sinqx cos wz]
+T qm (cos? gz + sin® qx) sin7z cosmz
= ﬁT % sin 27z
T TT

functions scalars



P(x,z,t) = (t)sinqge sinwz
T(x,z,t) = Ti(t) cosqr sinmz + Th(t) sin 27z

J[p, Ty] = T [0(sin gz sin w2)d. (sin 27z)
— 0, (sin 272) 0, (sin gz sin 7wz)]
= &Tz g 27T cosSqx SInTTZ COS2Tz

— @TQ q ™ cos qx (sinmz + sin 37wz)

Including 75(t) cos gz sin 3wz = new terms =—>
Closure problem for nonlinear equations

Lorenz (1963) proposed stopping at 7T5.



Op = Pr(qly/v? — 72) sin gz sin 7z

O,y + qnyTy, = Ra q ¢ — T} cos g sin 7z
0, Ty + %'oﬁf} = —(27)2T, sin 272
Deﬁne}:{_ rq ,,7; v ﬂ-qui“ , ﬂ-qZT
TV T VT T T v
T = ~%t, rEi—ZRa, 547—722:2, o = Pr

Famous Lorenz Model:

X = o(Y — X)
_XZ4i1rX—-Y
Z = XY —bZ
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Do the same for C

Nonlinear interactions generate terms of form { C’2 } sin(27z)
2

Truncating at this order yields:

T —~2 0 —k 0 0 T
C 0 —L~? —k 0 0 C
0| v | =| —P~y*r/k —PS~*r/k —P~*> 0 0 (0
T2 0 0 0 —471'2 0 T2
Cz 0 0 0 0 —L47T2 C2
_CZ"2
—C, Veronis (1965)
+ wky 0
:T Steady states obey strange eigenproblem



After eliminating 1, T5, C>, steady states obey:

("o wostn) (6)=3(3) @rsor(2)

i.e. an eigenvalue problem for the square amplitude or energy:

1 'r’yz
E==(-L) (T+8C)?
2(2)( 1 50)

Solutions are:

(r=1+LrS—L) \/((r—l)—L(rS—L)
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Creation of two pairs of real solutions change of curvature between
+ ./ F 4 via saddle-node bifurcations weak solutal (‘“‘Soret”) and strong

thermal (‘‘Rayleigh”) convective regime:



Exact analogy between growth rate and energy eigenproblems

e Translation from growth rate to energy via:

o — F
L — L?
S — LS

e Complex or negative o indicate oscillating or decaying transients
—— Only real and positive values of £/ are meaningful

e Velocity streamfunction obeys 1) = —r (T + SC)~?/k for:
P = oo in growth rate problem —— all P in energy problem

e Coupling has sign of S:
Sr? for growth-rate matrix — L S7? for energy matrix



e Each value of o and of E is achieved exactly once:

o4+ o(1+L)+L . E*+EQ+L?+ L
T o(1+8+(S+L) T EQ+LS) +L(S+1IL)
e At the pitchfork bifurcation, both o and E necessarily vanish:
L L? L
"P=sir T IStz S+L

e Transition from complex to positive real F is a saddle-node:
1—L 1 — L?
Tetr = > r =
T (1 - V/=9) N1 - v=LS)?

e Codimension-two bifurcations at f = g = 0:

1 Takens-Bogdanov —— 1 degenerate PF
T~ =1-L J (PF/Hopf 1-L2 ) (PF/SN)
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Lorenz-like Hybrid Model:
paile) = (720 (2)

. %<§)2<T+SC>2<(1) i) (c)

S = 0is an organizing center.

Reproduces:

e linear stability diagram

e nonlinear steady states

e limit cycle created by Hopf, annihilated by global bifurcation

Assumptions:
o P =
e truncate C5, T3, Cy, T}, etc. despite slow damping of C, etc.



Lorenz-like Hybrid Model for S < 0:
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Conclusions

e Organizing center S = 0: complex coalesce / avoided crossing.

Complementary to Takens-Bogdanov point S..

e Simple 2 X 2 matrix model captures all bifurcations.

Yields analytic formulas.

e Steady-state problem is also eigenproblem.

Nonlinear problem reduced to eigenproblem + one scalar equation.

e Analogy between growth-rate and steady-state problems.

Exact, quantitative correspondence.

e Hybrid model also captures limit cycle and global bifurcation.



