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Dynamical Systems



Dynamical Systems

T = f(x), x, f vectors in R
Examples:

—Normal form of saddle-node bifurcation (N = 1)

T =p— x

—Lorenz model (N = 3)

P 10(y — x)

—ly | = —xz+rer—y

dt \ xy — 8z/3
—Navier-Stokes equations (N > 1)
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U= —(u-V)u-— Vp—I—EAu



Navier-Stokes:
u(x) = (u(x,y, 2),v(x,y, 2), w(x,y, 2)) N = oo
3D Numerical Discretization:

N=3xN,x N, x N, =3 x100° =3 x 10°

Non-autonomous system:

;lt<a0:> _ (f(wlae)> with 6 = ¢

= f(x,t) = —

Higher-order system:



Fixed points and linear stability. © = f(x)

unstable
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Fixed point x

Linear stability of x

stable
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F(@) + ' @)e+ S f" (@) + - = f(@)e
increases if f'(z) > 0
decreases if f'(Z) < 0
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Saddle-node Bifurcations
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Normal form: &= f(x) = p— 22

Fixed points: 5 _ +vu forp >0
Stability:
f(Zs) = =23+ = —2(k/1) = F2v/1

f(z4) = f'(Vr) = —24/n < 0 = T, stable
f'(@-) = f'(—v/p) = 24/ > 0 = Z_ unstable



f(x, ;) = coo + cro + corpt + cox® + ...  general quadratic polynomial

C%O C1o0 2
= 001M+000—4 + c20 ZL‘—I-z

C20 C20
= +4p+ 22 four cases, depending on signs of c’s




Pitchfork Bifurcations
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one fixed point three fixed points
Normal form: & = f(x) = pr — =*

Symmetry —> f(x) odd in .



Supercritical Subcritical
f(z,p) = pr — o f(x, p) = px + «*

3

fl@p) = —pz —a f(@, 1) = —pz + 2



Supercritical pitchfork bifurcations

Fixed points:
_ _ r =0 for all p
0= —
az(M w):>{£::|:\/ﬁ for 1 > 0
Stability:

forx =0
"(Z) = u—3732 = H
f'(z) H—OT { pw—3u=—-2u forx = :I:\/ﬁ stable

Subcritical pitchfork bifurcations
Fixed points:

8l

=0 for all
=++y/—u forpu <0

8I

Stability:
p forr =0

'(=\ =2 __
() = p+3x _{u+3(—u)=—2ﬂ for £ = +,/p unstab



Variations of pitchfork bifurcations
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stabilizing term

prevents trajectories
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pitchfork + 2 saddle-nodes
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imperfect
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Simple mechanical examples

Wire loop: straight or leaning?
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Transcritical Bifurcations
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Normal form: i = px — x
Fixed points: _ _ x =20
1xXed pol Ozm(u—w)ﬁ{i_u

Stability:
() = — 2 =
R Py



Unfolding of the pitchfork: & = o« + px + Bx? — =3
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General conditions

& = f(x,p) with £(z) = 0

F 1 Jo| fu Sfaa | Jou| Foza
steady state | 0
bifurcation 0| 0|#0
saddle-node | 0| 0|40|#0
transcritical | 0| 0| 0 #0 | #0
pitchfork 0| 0| O] 0 #0| #0




Systems with two or more dimensions
&= f(z), =z, feR"

Fixed points: 0 = f(x)
Stability:

—(@+¢€) = f(T+e)
é = f(Z)+Df(x) e+ e D*f(x) e+..
& = fi(Z) + Df(Z)ij € + € [D*f(@)]ijn er + -

i 0
= @)+ @) e 5o (@) et

z; dx; Oy,

¢ = Df(x) e D f(x): Jacobian matrix of f at

€(t) = exp(Df(z)t)e(0)



Exponential of a matrix: real eigenvalues

t2
edl = I—|—tA—|—5A2—|—...
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Stability in several dimensions

& stable < Re(\;) < 0 for ALL \;

Z unstable < Re(A1) > 0 even for ONE value of )\,
since perturbation in v, direction will increase

Scalar product with adjoint eigenvector 'vf:

'Uffo(i) = vflr)\l
— 1D (or 2D) equation

Directions (Re(\;) < 0) are uninteresting: contraction only



Physical system —> Polynomial equation:

e Complicated equations in /N > 1 variables.

Calculate fixed points z, Jacobians D f (Z) and spectra {\q, Ao, .. .}.

—> Bifurcation if Re(}\;) changes sign.

e Project onto corresponding adjoint eigenvector

—> Function of a single variable.

e Taylor expansion about fixed point.
Minimal truncation giving observed behavior

——> Normal form of the bifurcation.



Imaginary Eigenvalues

0 —w .
A_<w O) Ay = Fiw

P U 0 —w)\ [ —w? 0
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Complex Eigenvalues:

-
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Mixed spectrum:
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Jordan blocks and transient growth

n 0

Star node: multiple of the identity ( 0 p

> with eigenvalues A\ = u

Eigenvectors:  px1 + Oxz = px; — ; arbitrary
Oxq + pxry = pxrey —> x, arbitrary

. . . 1 0
Two-dimensional eigenspace: « [ 0 ] + 3 [ 1 ]

Degenerate node: Jordan block ( pol ) with eigenvalues A\ = p

0 p
Eigenvectors: M1+ T2 = pry —> 22 =0

Oxq + pxry = pxrey —> x; arbitrary

One-dimensional eigenspace: [ 1 ]
0



Jordan blocks and transient growth
Eigenvector: (A — AI)x =0
Generalized eigenvector for Jordan block:

(A—Al)v =z, (A, x) eigen (value,vector), v }fx
pol) N 10 viy_ (¢ c#0
0 p 01 va )] \O vy # 0

(B=XNv2=0 = A=p
(p — ANv1 + 1lvg = ¢ = v2 = ¢ # 0, v; arbitrary

e (3) S = ()



T2

eigenvector x

e (21(0) 4 z2(0)t)

= eMx,(0)

generalized eigenvector v




Linear behavior near a 2D fixed point

Name

Node:
stable (A2 < A1 < 0)
unstable (A, > A\; > 0)

Star node:
stable (A < 0)
unstable (A > 0)

Degenerate node:
stable (A < 0)
unstable (A > 0)

Non-isolated fixed points:

stable (A < 0)
unstable (A > 0)

Saddle:
A <0< Ny

(

(

Matrix

A1 O
0 A

A1 O
0 A

)

)

Behavior

x, = eMtz(0)

Ts = e 2z, (0)

x, = e xq(0)

Ty = eMxoy(0)

x, = e (x1(0) + tx,(0))

x2 = e Mxy(0)
2 2

r1 = fBl(O)

Ty = eMxy(0)

x, = eMtz(0)

Ts = e tx,(0)

el

el
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Linear behavior near a 2D fixed point

Name Matrix Behavior

Spiral: )
ae(e <o) (5070 ) (o) —e(ed men ) (20))
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Center: ( 0 —w)
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Tr

Linear behavior near a 2D fixed point

non-isolated

unst|

fixed points
0

saddle

able

ﬁoj unstable spiral
i
centers

saddle

non-isolated

stab

e

fixed points

% stable spiral

stable node

Det

(o)
c d
% (Tr + VT2 — 4Det)

a+d= A1+ A
ad—bC:>\1>\2



Hopf Bifurcation

/ u>0
K




Normal Form:
2= (pu+iw)z — alzl]’z

Cartesian Form:

&+ iy = (p+iw)(x +iy) — (ar +i05) (2 + y°) (z + iy)
& = pr—wy — (2* + v%) (v — auy)
Yy = wx + py — (2 + ¥¥)(auiz + a,y)

Polar Form:, . .
(7 + ir@)ew = (n+ iw)'rew — (o + iai)rzrew
* o= pur — o,r’
) = w— o;r?

Trajectory: 2(t) = m eiw(t—to)

Subcritical Form:
2= (p+iw)z + alz|’z (o, > 0)



Global bifurcations —> limit cycles

Saddle-node bifurcation OF two limit cycles
<f >
| |

< g M>M
y \ y
e //

r o= ar(p— pe— (r* —r})?)
w

.
|



Saddle-node bifurcation IN a limit cycle

/"L</J’c /"L:/"LC /"L>/J’c

P = r(1 —1r?)

0 = pu+ 1+ cos()



Homoclinic bifurcation
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Global bifurcations

Non-uniform trajectory:
slow phases near saddles or near ‘‘ghosts”of fixed points

t

uniform trajectory  non-uniform trajectory

Amplitude Period

Supercritical Hopf O(u%) O(1)
Saddle-node of limit cycles O(1) O(1)
Saddle-node in limit cycle O(1) O(p2)
Homoclinic O(1) | O(log(p))




Limit cycles in fluid dynamics

T,-T/2

Axisymmetric convection: H

6020 a0 60 80 100 120 140
Time




Bifurcation diagram: Phase portraits:
project trajectories
onto two eigendirections

() (d) (e) (f) (9) L

SNIPER global bifurcation: Saddle-Node In PERiodic Orbit

or Saddle-Node Infinite PERiod



Cylinder Wake: Hopf bifurcation

Ideal flow with downstream recirculation zone
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Laboratory experiment Off Chilean coast
(Taneda, 1982) past Juan Fernandez islands



