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Discretization in Two or Three Dimensions

Classification of second order linear partial differential equations

auxx + buxy + cyy + dux + euy + fu = g

Depends on coefficients a, b, c. Compare to quadratic functions:

ax2 + bxy + cy2 + dx + ey = g

Ellipse: b2 − 4ac < 0

Examples: x2 + y2 = g Poisson (∂xx + ∂yy)u = g

Laplace (∂xx + ∂yy)u = 0

Helmholtz
(
∂xx + ∂yy − k2I

)
u = 0

Parabola: b2 − 4ac = 0

Examples: x2 + y = g Heat ∂tu = ∂xxu

Hyperbola: b2 − 4ac > 0

Examples: x2 − y2 = g Wave ∂ttu = ∂xxu



Elliptic Partial Differential Equations: Poisson or Laplace equation

b2 − 4ac < 0

∆u = uxx + uyy = g

Periodic boundary conditions in x and y: Fourier-Fourier

u(x, y) =
∑

k,m

ûk,meikxeimy g(x, y) =
∑

k,m

ĝk,meikxeimy

∆u =
∑

k,m

(−k2 − m2)ûk,meikxeimy =
∑

k,m

ĝk,meikxeimy

ûk,m =
−ĝk,m

k2 + m2

Have used interval [0, 2π) for simplicity. More generally,

domain is [0, Lx) × [0, Ly) and basis functions are eikx2π/Lxeimy2π/Ly



For u(x) real, ûk is conjugate symmetric: û−k = û∗
k so that

u(x) ∼ ûke
ikx + û−ke

−ikx = ûke
ikx +

(
ûke

ikx
)∗

= 2Re
(
ûke

ikx
)

is real.

For u(x, y) real, û−k,−m = û∗
k,m so need half of (k,m) plane.



Multidimensional Fourier Transform:

Transform in x: Ny independent transforms, each takes time O(Nx logNx).
Transform in y: Nx independent transforms, each takes time O(Ny logNy).
Total: NyNx logNx + NxNy logNy = NxNy log(NxNy).

Three dimensions (x, y, z):
Total: NxNyNz(logNx+logNy+logNz) = NxNyNz log(NxNyNz)

Even without FFT (SFT= Slow Fourier Transform), multidimensional Fourier

transform would be fast because the different dimensions are decoupled:

NxNyNz(Nx + Ny + Nz)
Decoupling also applies in other non-Fourier contexts.

Fourier transform in x is action with matrix F x
kx,k′

x
δky,k′

y
δkz,k′

z

Fourier transform in y is action with matrix F y
ky,k′

y
δkx,k′

x
δkz,k′

z

Fourier transform in z is action with matrix F z
kz,k′

z
δky,k′

y
δkx,k′

x



Periodic boundary conditions in x, Dirichlet boundary conditions in y:

Fourier-Finite Differences

u(x, y) =
∑

k

ûk(y)e
ikx g(x, y) =

∑

k

ĝk(y)e
ikx

∆u =
∑

k

(

−k2ûk(y) +
ûk(y + ∆y) − 2ûk(y) + ûk(y − ∆y)

(∆y)2

)

eikx

=
∑

k

ûk(y + ∆y) −
(
2 + k2(∆y)2

)
ûk(y) + ûk(y − ∆y)

(∆y)2
eikx

1

(∆y)2










−(2 + k2∆y) 1
1 −(2 + k2∆y) 1

1 −(2 + k2∆y) 1
. . .

1 −(2 + k2∆y)



















ûk(y1)
ûk(y2)
ûk(y3)

...

ûk(yN)












Boundary conditions needed, e.g.

1

(∆y)2










1 0 0 . . . 0
1 −(2 + k2∆y) 1

1 −(2 + k2∆y) 1
. . .

0 0 0 . . . 1



















ûk(y1)
ûk(y2)
ûk(y3)

...

ûk(yN)










=










γ
−

ĝk(y2)
ĝk(y3)

...

γ+










Elliptic equations need boundary conditions (Dirichlet, Neumann or peri-

odic) along all boundaries of domain



How should a system like this be solved?

LU decomposition ⇐⇒ Gaussian elimination






a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44







=







1
ℓ21 1
ℓ31 ℓ32 1
ℓ41 ℓ42 ℓ43 1













u11 u12 u13 u14

u22 u23 u24

u33 u34

u44













1
ℓ21 1
ℓ31 ℓ32 1
ℓ41 ℓ42 ℓ43 1



















u11 u12 u13 u14

u22 u23 u24

u33 u34

u44













f1

f2

f3

f4













︸ ︷︷ ︸

h

=







g1
g2
g3
g4













u11 u12 u13 u14

u22 u23 u24

u33 u34

u44













f1

f2

f3

f4







=







h1

h2

h3

h4







Find f4 = h4/u44, then f3 = (h3 − u34f4)/u33, . . .



LU decomposition preserves bandedness







a11 a12

a21 a22 a23

a32 a33 a34

a43 a44







=







1
ℓ21 1

ℓ32 1
ℓ43 1













u11 u12

u22 u23

u33 u34

u44







For N × N matrix, operation count is

O(N3) for LU decomposition and O(N2) for backsolve.

For N × N matrix with J diagonal bands, operation count is

O(J2N) for LU decomposition and O(JN) for backsolve.

LU decomposition is done once, backsolve done for each right-hand-side.



Periodic boundary conditions in x, Dirichlet boundary conditions in y:

Fourier-Chebyshev

u(x, y) =
∑

k,n

uk,ne
ikxTn(y) g(x, y) =

∑

k,n

gk,ne
ikxTn(y)

∆u =
∑

k,n

−k2uk,ne
ikxTn(y) +

∑

k,n

uk,ne
ikxT ′′

n (y)

=
∑

k,n

−k2uk,ne
ikxTn(y) +

∑

k,n

uk,ne
ikx
∑

m

Rm,nTm(y)

=
∑

k,n

−k2uk,ne
ikxTn(y) +

∑

k,m

(
∑

n

Rm,nuk,n

)

eikxTm(y)

=
∑

k,n

−k2uk,ne
ikxTn(y) +

∑

k,m

(Ruk)meikxTm(y)

=
∑

k,n

−k2uk,ne
ikxTn(y) +

∑

k,n

(Ruk)ne
ikxTn(y)

=
∑

k,n

(
−k2uk,n + (Ruk)n

)
eikxTn(y)

where (Ruk)m ≡
∑

m Rm,nuk,n



∆u(x, y) =
∑

k,n




∑

k′,n′

∆k,n,k′,n′uk′,n′



 eikxTn(y)

where ∆k,n,k′,n′ = −k2δk,k′δn,n′ + Rn,n′δk,k′

Operators in x commute with operators in y.

Odd and even Chebyshev polynomials are decoupled.

Recall: second-derivative Chebyshev matrix R is upper triangular

tridiagonal matrix B is such that BR is tridiagonal.

B∆u(x, y) =
∑

k,n,n′

(
−k2Bn,n′ + (BR)n,n′

)
uk′,n′eikxTn(y)



Boundary conditions needed







1 1 1 1 1
(BR − k2B)2,0 (BR − k2B)2,2 (BR − k2B)2,4

(BR − k2B)4,2 (BR − k2B)4,4 (BR − k2B)4,6
(BR − k2B)6,4 (BR − k2B)6,6 (BR − k2B)6,8







LU preserves bandedness and full rows at bottom or columns on right.

UL preserves bandedness and full rows at top or columns on left.

=



Dirichlet BCs in x and y: Finite differences/Finite differences

Five-point stencil:
d2u

dx2
(xj, yk) +

d2u

dy2
(xj, yk)

≈
1

h2
(u(xj+1, yk) − 2u(xj, yk) + u(xj−1, yk))

+
1

h2
(u(xj, yk+1) − 2u(xj, yk) + u(xj, yk−1))

Error is
h2

24
(∂4

x + ∂4
y)u + . . .

This error is not isotropic, unlike the Laplacian itself.



We show that the continuous Laplacian IS isotropic:

Rotate (x, y) → (x′, y′) : x′ = αx+βy, y′ = −βx+αy, α2+β2 = 1

∂

∂x
=

∂x′

∂x

∂

∂x′
+

∂y′

∂x

∂

∂y′
= α

∂

∂x′
− β

∂

∂y′

∂2

∂x2
=

(

α
∂

∂x′
− β

∂

∂y′

)2

= α2 ∂2

∂x′2
− 2αβ

∂2

∂x′∂y′
+ β2 ∂2

∂y′2

∂

∂y
=

∂x′

∂y

∂

∂x′
+

∂y′

∂y

∂

∂y′
= β

∂

∂x′
+ α

∂

∂y′

∂2

∂y2
=

(

β
∂

∂x′
+ α

∂

∂y′

)2

= β2 ∂2

∂x′2
+ 2αβ

∂2

∂x′∂y′
+ α2 ∂2

∂y′2

∂2

∂x2
+

∂2

∂y2
=

∂2

∂x′2
+

∂2

∂y′2



Nine-point stencil is isotropic:

d2u

dx2
(xj, yk) +

d2u

dy2
(xj, yk) ≈

1

6h2
[4 (u(xj+1, yk)u(xj−1, yk) + u(xj, yk+1) + u(xj, yk−1))

+ u(xj+1, yk+1) + u(xj−1, yk−1) + u(xj+1, yk−1) + u(xj−1, yk+1)

−20u(xj, yk)]

Error:
h2

12

(

∂2
x + ∂2

y

)2

=
h2

12
∆2



Two-dimensional finite-difference Laplacian:

=

Fill-in until maximal bandwidth: bandedness not preserved

Alternative way of inverting: diagonalize in one or both directions.

Recall that operators in x commute with operators in y

so they are simultaneously diagonalizable.

∆(n,m, n′,m′) = Dxx
n,n′δm,m′ + Dyy

m,m′δn,n′

= V xxΛxx (V xx)−1 δm,m′ + V yyΛyy (V yy)−1 δn,n′

Transform to x and y eigenspace O(N2
xNy + N2

yNx)
Invert Laplacian in eigenspace: O(NxNy)
Inverse transform back from x and y eigenspace O(N2

xNy + N2
yNx)

Total: O(NxNy(Nx + Ny)).



What about other kinds of PDEs?

Parabolic, example of heat equation: ∂tu = ∂xxu

Need:

boundary conditions on boundary in x

(possibly also y, z in higher dimensions)

initial condition at t = 0

Spatial discretization: Finite differences, Fourier, Chebyshev

Temporal discretization: implicit or explicit multistep or Runge-Kutta

Implicit Euler:

U(t + ∆t) = U(t) + ∆tDxxU(t + ∆t)

(I − ∆tDxx)U(t + ∆t) = U(t)

Helmholtz equation – like Poisson equation

Same questions of discretization and solution of linear systems



Example of Navier-Stokes equations

∂tU = −(U · ∇)U − ∇P + Re−1∆U

∇ · U = 0

U = b at boundaries

Four equations for four fields: U, V,W, P .

Derive pressure Poisson equation using ∇ · U = 0

∇ · ∂tU︸ ︷︷ ︸
0

= −∇ · (U · ∇)U − ∇ · ∇P + Re−1 ∇ · ∆U︸ ︷︷ ︸
0

∆P = −∇ · (U · ∇)U

Use implicit Euler for viscous term, explicit Euler for other terms

U(t + ∆t) = U(t) − ∆t∇P (t) − ∆t(U · ∇)U(t) + Re−1∆t∆U(t + ∆t)

(I − Re−1∆t∆)U(t + ∆t) = U(t) − ∆t∇P (t) − ∆t(U · ∇)U(t)

Need to solve Poisson and Helmholtz equations at each timestep.



∂tU = −(U · ∇)U − ∇P + Re−1∆U

Timestepping the advective term explicitly:

U(t + ∆t) = U(t) − ∆t(U(t) · ∇)U(t)

or = U(t) −
∆t

2
(3 [(U · ∇)U] (t) − [(U · ∇)U] (t − ∆t))

(U(t) · ∇)U(t) ∼ C∂xU(t)

Motivates study of methods for solving model of first-order wave equation:

∂tu = c∂xu

Analytic solution: traveling wave

u(x, t) = u(x + ct, 0)



General definition of hyperbolic equation in one dimension:

∂tu = ∂xf(u)

First order wave equation has f(u) = cu.

Can generalize to x ∈ Rd, u ∈ Rs, f j : Rs → Rs

∂tu(x1, . . . xd) =
d∑

j=1

∂xj
f j(u(x1, . . . xd)) = ∇ · f(u)

such that partial derivatives ∂xj
f j
s have certain properties.

Think of d = 1, 2, 3 as dimensionality of spatial domain. Think of s as

number of variables, e.g. (u, v, w) but also temperature, concentration.

Conservation law for scalar u:
∫

Ω

dΩ ∂tu(x, t) =

∫

Ω

dΩ ∇ · f(u)

d

dt

∫

Ω

dΩ u(x, t) =

∫

∂Ω

f(u) · n

i.e. f(u) is the flux of u and change in quantity of u in domain is only due

to flux in or out through boundary ∂Ω (no source or sink terms in bulk).



Initial condition

Wave: ∂tu = ∂xu

Heat: ∂tu = ∂xxu

Hyperbolic PDE of order n is well-posed initial value problem for first

n − 1 derivatives.

For first order

∂tu = c∂xu

must specify u(x, t = 0).
For second-order

∂ttu = c2∂xxu

must specify initial conditions u(x, t = 0) and ∂xu(x, t = 0).



Finite difference methods for solving hyperbolic problems

∂tu = ∂xu

Leapfrog:

u(x, t + ∆t) = u(x, t − ∆t) +
∆t

∆x
(u(x + ∆x, t) − u(x − ∆x, t))

Upwind:

u(x, t + ∆t) = u(x, t) +
∆t

∆x
(u(x + ∆x, t) − u(x, t))

Lax-Wendroff:

u(x, t + ∆t) = u(x, t) +
∆t

2∆x
(u(x + ∆x, t) − u(x − ∆x, t))

+
∆t2

2∆x2
(u(x + ∆x, t) − 2u(x, t) + u(x − ∆x, t))



Leapfrog suffers from spurious high-wavenumber oscillations.

Lax-Wendroff damps these oscillations.



Accuracy of Leapfrog Method

u(x, t + ∆t) = u(x, t − ∆t) + ∆t
∆x

(u(x + ∆x, t) − u(x − ∆x, t))

u(x, t − ∆t) =
(
u − ∆tut +

1
2
(∆t)2utt + . . .

)
(x, t)

∆t
∆x

u(x + ∆x, t) = ∆t
∆x

(

✚✚u + ∆xux +
✘✘✘✘✘✘✘✘1
2
(∆x)2uxx + . . .

)
(x, t)

−∆t
∆x

u(x − ∆x, t) = −∆t
∆x

(

✚✚u − ∆xux +
✘✘✘✘✘✘✘✘1
2
(∆x)2uxx + . . .

)
(x, t)

Sum =
(
u − ∆tut + 2∆tux + 1

2
(∆t)2utt + . . .

)
(x, t)

u(x, t + ∆t) =
(
u + ∆tut +

1
2
(∆t)2utt + . . .

)
(x, t)

Error = 2∆t(ut − ux) + O(∆x,∆t)3 = O(∆x,∆t)3



Stability of Leapfrog Method

Leapfrog method used to solve ∂tu = ∂xu

with initial condition: u(x, t = 0) =

{
cos2 x |x| ≤ π

2

0 |x| ≤ π
2

λ =
∆t

∆x
= 0.9 λ =

∆t

∆x
= 1.1



Fourier or von Neumann stability analysis: insert eiξx

u(j∆x, n∆t) = zneiξxj λ ≡ ∆t/∆x

Leapfrog: zn+1eiξxj = zn−1eiξxj + λ
(
zneiξxj+1 − zneiξxj−1

)

z = z−1 + λ
(
eiξ∆x − e−iξ∆x

)

z − z−1 = 2iλ sin(ξ∆x)

u(x, t + ∆t) = u(x,t − ∆t) + ∆t
∆x

(u(x + ∆x, t) − u(x − ∆x, t))

Upwind: zn+1eiξxj = zneiξxj + λ
(
zneiξxj+1 − zneiξxj

)

z = 1 + λ
(
eiξ∆x − 1

)

Lax-Wendroff: zn+1eiξxj = zn−1eiξxj + 1
2
znλ

(
eiξxj+1 − eiξxj−1

)

+ 1
2
λ2zn

(
eiξxj+1 − 2eiξxj + eiξxj−1

)

z = z−1 + 1
2
λ
(
eiξ∆x − e−iξ∆x

)
+ 1

2
λ2
(
eiξ∆x − 2 + e−iξ∆x

)

z = z−1 + λi sin(ξ∆x) + λ2(cosh(ξ∆x) − 1)



z − z−1 = 2iλ sin(ξ∆x)

0 = z2 − 1 − 2iλ sin(ξ∆x)

z = iλ sin(ξ∆x) ±

√

1 − λ2 sin2(ξ∆x)

λ < 1 =⇒ 1 − λ2 sin2(ξ∆x) > 0 =⇒ a =

√

1 − λ2 sin2(ξ∆x) real

|z|2 = λ2 sin2(ξ∆x) + 1 − λ2 sin2(ξ∆x) = 1

λ > 1 =⇒ 1 − λ2 sin2(ξ∆x) < 0 =⇒ a =

√

1 − λ2 sin2(ξ∆x) imag

|z|2 = (iλ sin(ξ∆x) + a)2 > 1 for values of ξ∆x surrounding π/2

|z| > 1 =⇒ growth in time

◦ λ = 0.9
× λ = 1.1



Domain of Dependence (Courant, Friedrichs, Lewy = CFL)

continuous system discretized system

X(x, t) is the set of all points x where the initial data u(x, t = 0) may

have some effect on the solution u(x, t).

In parabolic systems such as ut = uxx, information travels infinitely fast.

Magnitude of influence of faraway data may decay exponentially with dis-

tance but influence will still be present. X(x, t) is the entire real line.

In hyperbolic systems such as ut = ux or utt = uxx, perturbations travel

at finite speed and so X(x, t) is finite for each x and t. Curves which

bound X(x, t) are the characteristic curves.

For convergence of a numerical approximation of a PDE, the continuous

domain of dependence must be contained in the limiting numerical domain

of dependence as k = ∆t → 0.


