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Rayleigh-Benard Convection
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Rayleigh-Benard Convection

Boussinesq Approximation
Calculation and subtraction of the basic state
Non-dimensionalisation

Boundary Conditions

Linear stability analysis



Boussinesq Approximation

1 (viscosity~ diffusivity of momentum) x (diffusivity of temperature),
p (density) constant except in buoyancy force.
Valid for T, — T not too large.

p(T) = po[l — (T —Tp)]
V.U =0
Governing equations:
pol0r+(U-V)JU = pAU - VP —gp(T)e.
0+ (U-V)|T = RAT
T T T

advection  diffusion buoyancy
Boundary conditions:

U=0 at z=0,d
T:T()’l at Z:O,d



Calculation and subtraction of base state

Conductive solution: (U*,T*, P¥)
Motionless: U™ =0

uniform temperature gradient: 7" = Ty — (Tj — Tl)E

d

density: p(T%) = py |1+ a(Ty — T1)=

d
Hydrostatic pressure counterbalances buoyancy force:

Pt = —g / dz p(T")
2

Z
= Py — gpo [Z + a(Thy — Tl)ﬁ]



Write:
T=T"+T P=P+P
Buoyancy:
p(T*+T) = po(1 — (T +T —Tp))
= po(1 — a(T* = Tp)) — poaT
= p(T7) — poaT
—VP—gp(T)é, = —VP" —gp(T") = VP + gpyaTée,
— —VP+ gpoozTéz
Advection of temperature:
U-V)T = (U-V)T"+(U-V)T
ya
= (U-V) (TO — (T — Tl)a
Ty — T,

)+(U-V>T




Governing equations:

po 0+ (U-V)U = =V P+ gppaTé, + nAU

UG
0+ (U -V)T = 0; LU - é, + kAT

Homogeneous boundary conditions:

U=0atz=0,d

T =0 atz2=0,d



Non-dimensionalization
Scales:

B _ K- LK UK ~
=dz, t=—t, U==U, T = T =—P
=T K d’ d3gpocr d?

K”po T ] T Mep | Migm, | MR A5
—— [0+ (U-V)|U = — VP +pTe, + AU

o Ty~ T - 2
0+ (U-9)]T = 220 e, + 10
h

d d z d5gpgoaAT
Dividing through, we obtain:
0r+ (U -V)|U = —[-VP+Té,+ AU]

0+ (- V)T = U-6.+AT




Non-dimensional parameters:

the Prandtl number: Pr = i

Pok
momentum diffusivity / thermal diffusivity

(Ty — Th)d?gpocr

K
non-dimensional measure of thermal gradient

the Rayleigh number: Ra =



Boundary conditions
Horizontal direction: periodiciter/q
Vertical direction: at: = 0, 1
T'=0[,_,, perfectly conducting plates

w=0[,_,, Iimpenetrable plates
Rigid boundaries at = 0, 1:

ul,_o, =v|,._o, =0 zero tangential velocity

Incompressibility
O u + Oyv + ,w =0

— 0.w = —(0,u + Oyv)

Ul,—p1 = U‘z:O,l =0= axu‘z:(),l = Oyv|
= Ow|,y; =0

z=0,1

~0



Free surfaces at= 0, 1 to simplify calculations:

O.u+dyw|, o, =[0.0+ ayw}z:og =0
zero tangential stress

w1 =0 = 0w|,_o; = 0wl _y, =0
= Qaul,_gy = O],y =0
— @;@fu\z:m = 0,0.v|__ 01 =70
= 0..w|._y, = — 0.(0,u+ Oyv)|,_

Not realistic, but allows trigopnometric functions(km )



Two-dimensional case .

1000000

X —
B . u = —0,1 B
U—waey:{ B }:V-U—O
No-penetration boundary condition:
=1 atz=1

Horizontal flux: 0 =w = dx¢ = { Y=1p atz=0

1 1
/ dz u(z, z) = —/ dz 0,0 (x,z) = — Y(z, Z)]izo = g — U1
2=0 z=0

Arbitrary constant=- ¢y = 0 Zero flux= ¢ =0
Stress-freet) = d.u = —021) Rigid: 0 = u =0,y atz=0,1



T=vy=0,,¥=0

Two-dimensional case 1

0 < - _2m/q
T=y=8,y=0

Temperature equation:

0T +U-VT =RaU - é,+ AT

OT + Ji, T) = Ra 8, + AT



Velocity equation

U+ (U-V)U=Pr[-VP+Té,+ AU]|
Takeé, - V x:

€,  VXoU = é,-VXVX0Oé, = —0AY
€y - VXVP =0

é, VxTeé, = —0,T

&y VXAU = &, - VXAV X9pé, = —A%)

QLAY — &, - VX (U - VU = Prio,T + A%

VXVXf=VV-f-Af



&, VXU -VVU = 8.(U-V)u—0,(U-V)w

0.(u0u + wo,u) — 9, (ud,w + wo,w)
O,u Opu + Oyw 0,u — Opu Oy — Oy 0w
U Oyt + W Oyt — U Opp0 — W Oy

O.u (Oyu + O, w) — dyw (Opu + O, w)

u 0y (0.u — Oyw) + wa,( 0,u — J,w)
(—0:4)0:(=0220 — D))

(0:1)0.(=0.2% — Opt))

(0:4)0:(AY) — (0,1)0- (A1)

i+ 1+ 1 + |

= —J[Y, Ay

O, + J[p, A = Pr[o,T + A*))



Linear stability analysis

Linearized equations:

oAy = Pr[o,T + A%

Solutions:

Y(x, z,t) = U singz sinkrzeM geR, ke ZF, NeC

T(z,z,t) = T cosqr sinkmz e™
T T
functions  scalars v = ¢* + (kn)?

~X% = Pri—qT +7"]
N = Raq—~°T



Seek:\ = ()




Convection Threshold

108
Ra (q,k)
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Conductive state unstable @t k) for Ra > Ra.(q, k)



Conductive state stable if

min
Ra < q€R Radq,k)
ke Z+
. ORa.(q, k)  ¢°3(¢° + (km)?)*2q — 2q(q” + (km)?)?
a dg q*
207 + (km)?)?
- 2B a2 — 2+ )
. qz _ (/WT)Q
2
km (km)?/2 + (km)?)? 27,
R c - T = k - -
‘ (q > ) (k)22 7 k)
Ra. = Ra, (q = %, k= 1) = ZZ?(W)4 = 657.5



Rigid Boundaries
OO OO
0
0 V2 22 o 1 2

Calculation follows the same principle, but more complicated.

Boundaries damp perturbatioas> higher threshold

q. 4 = (. = 1 /q. T = rolls = circular

| Ra. | q | L

a7 4 T
stress-free boundari %w — 657.5 NG 1.4
rigid boundaries ~ 1700 |~x|~1




Instabilities of straight rolls: “Busse balloon”

Rayleigh cross-roll
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skew-varicose instability

cross-roll instability

Continuum-type stability balloon in
oscillated granulated layers, J. de
Bruyn, C. Bizon, M.D. Shattuck,
D. Goldman, J.B. Swift & H.L. Swin-
ney, Phys. Rev. Lett. 1998.



Complex spatial patterns in convection

f«i%) <

Experimental spiral defect chaos Spherical harménic28
Egolf, Melnikov, Pesche, Ecke P. Matthews
Phys. Rev. E57 (2003)




Geophysics

Convection and plate tectonics

Thermal convection, constant viscosity
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Numerical simulation of convection in earth’s mantle, shayyplumes and
thin boundary layers. By H. Schmeling, Wikimedia Commons.
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Convection cells in the sun

The Structure of Stars
EE0 P Fhotd 20T (0 Juy 2007



Atmospheric circulation

Abttude (ken) 75 =
A: Tropopause in arctic zone TR

B: Tropepause in temperate zone

i o,
Folar _ellﬂ___;,_g.ﬁ_ ™y

Mid-latitude cell

Hadley cell

Hadley cell

Mid-latitude cell

Latitudinal circulation—- Hadley cell, mid-latitude cell, polar cell



Solutal Convection
Mixture of two species whose density depends on the relative concentration:

p(C) = po [l = B(C = Co)]
Impose concentratio, below andql above. Base state has uniform concen-
tration gradient”"*. Define deviatiorC' from base staté€’™*:
0*:00—(00—01)2 C=C"+C

Governing equations

P[0+ (U - VU = —VP+gpBCeé. + uAU
VU =0
. .\ —C .
0+ (U-V)]C = %U-éﬁmc
lead to solutal Rayleigh number and Schmidt number:
— a3 . i . .
Rac = (Co — C1)d’gs non-dimensional measure of concentration gradient
Iel%

Se=-""" momentum diffusivity / mass diffusivity
KC

The convection in the earth’s mantle is solutal.



Thermosolutal Convection

p(T,C) = po[l — (T —Tp) + B(C — Cy)]

OAY + J[p, AY] = Pr[o,T + 0,C + A%
OT + J[, T] = Ra d,p + AT

P
8,C + J,C] = Rac duib + S—ZAC
Linear Stability Analysis: sef|., .| = 0 and substitute

P(x, z,t) = U singz sinkrz e geR, ke Z, NeC

C(x,z,t) = C' cosqr sinkrz e

T(x,z,t) = T cosqr sinkrz e
T T
functions  scalars v = ¢ + (kr)?
M) = —qPr [T +C + 7412]

A\ = Raq@@—nyT

A N Pr A
MO = Racq — §V2C



If thermal and solutal convection oppose each othean be complex
—> time-dependent states, like traveling and standing waves:

[
| -

Standing waves Travelling waves

N B om0 O
08,9, 9,9, 8, 3,9, 9.9, %,
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Marangoni Convection: Mechanism

Surface tension varies with temperature. Define Marangoni number.
(TO — Tl)dO'()’}/

o(T) = op[l + (T —Ty)] Ma = o
Marangoni boundary condition at upper surface:
ou do oT
—=—=—y—andw=0
0z ox T ox v
Along free surface, fluid moves towards region with lower surface ¢@nsi
Temperature low Temperature high
Surface tention: Strong Surface tention: Weak
222 i
R B\ W ¥ = ﬂ(
ey 2 Jg 8
—.Il IPulled toward this way

ety TE

Under region with high (low) surface tension, fluid rises (falls).



Marangoni Convection: Pattern

Experimental visualization of Marangoni convection by L. Koschmieder:

Hexagonal cells are formed in Marangoni convection because of asymmetry
between top and bottom (theory of dynamical systems and pattern formation).



Marangoni Convection: History

Henri Benard, “Les tourbillons cellulaires dans une nappe liquide transportant
de la chaleur par convection eagime permanent”’, Annales de Chimie et de
Physique2362-144 (1901).

Bénard (1901) and Rayleigh (1916) thought that the motion was dpé&ltp
Block (1956) and Pearson (1958) showed tham&d’s cells were due (7).
Bénard’s experiment showed hexagonal cells. In fact, buoyancy-drinénh)(
convection usually forms rolls, not hexagons. But we still call buoyancy-driven
convection “Rayleigh-Bnard convection”, even thougleBard did not see it.
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