
Importance of Out-of-Plane Dispersion of the Excitation
Spectrum of Superconducting Bilayers with
Josephson Coupling

We study the effect of Josephson coupling between adjacent superconducting layers on the
BCS energy spectrum. We find that the interference between the gap functions of two layers
can lead to vanishing condensation energy for perpendicular momenta corresponding to the
formation of standing waves. We therefore predict a conventional energy spectrum for large
interlayer spacings, if the gap of the single layers has no nodes, and in all cases a gapless
spectrum for small spacings. Within the experimental error, our numerical results account for
the low-temperature dependence of the penetration depth reported in Ndl85Ceo.lsCu04 and
YBa2Cu306.9.
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An important yet unresolved aspect of high-tem-
perature superconductivity in the cup rates is the
qualitatively different low-temperature dependence of
the normal density p<n) found in different compounds.
In Nd1.8sCeo.lsCu04 (NCCO), for example, measure-
ments of the magnetic penetration depth Aab in the
CU02 (ab) plane [1] show the characteristic exponen-
tial dependence Aab(T) - Aab(O) ~ p(n) ~exp( -!:i/T)
expected for conventional BCS superconductors with
no nodes in the gap !:i. On the other hand, in
YBa2Cu306.9 (YBCO), the same measurements show
a linear dependence p<n) ~ T [2] which gives evidence
for the presence of lines of nodes. This possibility is
supported for the cases of YBCO and ThBa2Cu06 by
recent results on tricrystal Josephson junctions [3]
and for the case of BizSr2CaCU20g (BSSCO) by the
linear dependence of the differential conductance of
tunnel junctions on bias voltage [4] and of the optical
conductivity on frequency [5]. While such gapless

'Laboratoire de Physique du Solide, UPR 5 CNRS, Ecole Superie-
ure de Physique et Chimie Industrielles de la Ville de Paris, 10,
rue Vauquelin, 95231 Paris, France.

behavior of the excitation spectrum is of fundamental
importance for applications, it has attracted attention
mostly for the implications for the pairing mechanism
in the cuprates. This is because the above linear tem-
perature dependence of p(n) is consistent with a gap
with d-wave symmetry !:ikl~cos(kxa)-cos(kya), a
being the lattice constant in the ab plane, which has
been predicted by the spin-fluctuation theory of super-
conductivity [6]. Since one would expect that the pair-
ing mechanism is the same for all cuprates given their
similar structural and electronic properties, it is of
interest to find a model which accounts for the divers-
ity in the excitation spectrum found in different com-
pounds. Proposed models are based on the existence
of normal layers in the layered structure [7], thermal
fluctuations of the phase of the order parameter [8],
magnetic impurities in a two-gap structure [9], the
inclusion of a weak repulsive interaction [10] in the
BCS Hamiltonian or interlayer coupling via multi-
phonon exchange [11]. Another possibility is that
nodes in the gap appear due to residual antiferromag-
netic correlations which coexist with the supercon-
ducting state, as suggested by Ismagilov and Kopaev



[12] and by Kulic' et al. [13]. Their argument is based
on a generalization of the predictions by Larkin and
Ovchinnikov [14] and by Fulde and Ferrel [15] that
residual ferromagnetic order in a conventional BCS
superconductor can produce a spatially inhomogene-
ous gap function which vanishes at certain points of
the Fermi surface.

In this paper we study the effect of Josephson
coupling between two neighboring superconducting
layers on the BCS energy spectrum. We show that
this coupling also leads to a spatially inhomogeneous
gap. This corresponds to a dispersion of the gap along
the direction z perpendicular to the layers and arises
from the interference between the gap functions of
the two layers. We find that, for strong couplings, this
interference leads to a vanishing condensation energy
for Cooper pairs with momenta kz and -kz corre-
sponding to the formation of standing waves. The
application of this result to NCCO and YBCO, which
have respectively one and two CU02 layers per unit
cell, accounts quantitatively for the exponential and
linear low-temperature dependences of Aab found
experimentally.

Our result is based on two assumptions which
are well established experimentally for the cuprates:
(1) the two-dimensional character of the single-par-
ticle electronic states in the CU02 planes. This is dem-
onstrated by the incoherent character of normal
transport along the c-axis [16,17] and is confirmed by
band structure calculations [18]. (2) The existence of
Josephson coupling between adjacent CU02 layers,
which is demonstrated by recent experiments on
YBCO single crystals [19]. We note that the absence
of bilayer effects in photoemission experiments on
BSSCO [20] suggests that the two-dimensional nor-
mal electron states are confined in one single CU02
layer and that there exists no coherent coupling of
the wavefunctions of neighboring planes. This can be
understood by noting that the interlayer tunneling
matrix element tc is small as compared to the charac-
teristic energy of in-plane fluctuations [16,21,22]. A
small value of tc is nonetheless necessary to account
for the existence of Josephson coupling in the super-
conducting state. We conclude that the normal elec-
tron states are determined only by the in-plane
momentum (and by the spin index oJ We therefore
write for the creation and annihilation operators for
the electrons confined in the layer located at z = 0:

number of quasiparticles. Obviously, the a-distribu-
tion does not correspond to the real distribution. In
particular, the a-distribution is incompatible with the
existence of normal transport and of Josephson effect
along the out-of-plane direction. The a-distribution
is an effective distribution which simplifies the calcula-
tions without affecting the final result. It is straight-
forward to verify that a more realistic distribution,
such as a gaussian distribution, with a characteristic
width of ~ I A, would simply contribute to an addi-
tional small kz-dispersion in Eq. (4). Moreover, the
use of the a-distribution shows the qualitative differ-
ence between the two cases of purely two-dimensional
and purely three-dimensional superconductors. These
two cases correspond to respectively zero and strong
interlayer couplings. Indeed, it is straightforward to
verify that, in the absence of interlayer coupling or,
equivalently, in the case of one single layer, also the
BCS gap function is a delta distribution at z = O. The
contrary situation is found in the case of particles
with well-defined momentum in three dimensions. In
this case the gap function is approximated by a delta
distribution at the Fermi surface in k-space rather
than in real space. The existence of Josephson cou-
pling between layers produces the intermediate situ-
ation in which the kz-dispersion of the gap function
of two layers is no longer trivial, as it is in the above
limiting cases of purely two- and purely three-dimen-
sional systems. To find this dispersion, according to
(1), we write the z-dependence of the gap as follows:

L1kn(z) = 1L1kll'0 e;'p(z)[ a(z - s12) + a(z + sI2)] (2)

where L1kll,O is the gap of one single layer, cp expresses
the variation of the phase along z, s is the interlayer
spacing, and the factor 1/2 is needed for
normalization.

The physically relevant quantity that enters in
the expression of the BCS excitation spectrum [see
Eq. (6) below] is the spectral density I L1k 1

2. Its physical
meaning is the condensation energy for a Cooper pair
with momenta k and -k times the coupling constant
[23]. In our case, the above quantity is obtained by
taking the Fourier transform of (2):

L1 =f+oo e-ik,zL1 (z)dz=L1 ei('P>cosL1cp-kzs
k ~ ~~ 2

-00

(3)



It follows that

l~kl2= ~I~k"oI2[1+ cos ~Ip cos(kzs)] (4)

where the odd powers of ~Ip do not appear if no
net Josephson current flows across the layers. The
physical meaning of (4) is as follows; if the phases of
the gap function of two layers are strongly correlated
(cos ~Ip~ 1), the operation of spatial translation of a
Cooper pair with perpendicular momenta kz and -kz

from one layer to the other corresponds to multi-
plying the gap function by the phase factor eik,s. Hence
the gap functions of the two layers interfere with
opposite sign if the condition for the formation of
standing waves kz=n/s is satisfied (see Fig. 3). The
condensation energy is thus redistributed in kz-space,
becoming larger (smaller) when the interference is
constructive (destructive). The total condensation
energy is conserved [23]:

E =2f ~ 2 d
3
k dg=f ~ 2 d

2
kll dg

cand I kl (2n)3 g2 I knl (2n)2 g2

where g is the coupling constant for a single layer. We
note that the above interference effect is analogous to
the Fano effect [24]. In the latter case, the transition
probability in atomic spectra can vanish at certain
values of transition energy due to the interference
between two transition amplitudes with opposite sign.

In the following section we verify whether Eq.
(4) accounts for the experimental low-temperature
dependence of Aao reported in NCCO [I] and YBCO
[2]. We calculate Aao by using the expression for the
normal density tensor p~Jl~ Aij (T) - Aij (0) derived
from the two-fluid model [23] :

PCnlm'k=-nlifkkka!(Sk) d3k (6)
IJ J I aSk (2n)3

where mjk is the effectivemass tensor, 17 is the electron
density, ! is the Fermi distribution, Sk= JI~kI2 + 17~
is the BCS energy spectrum, and 17kis the quasi-par-
ticle energy. The application of our result in the calcu-
lation of (6) consists of using expression (4), instead
of the gap ~kll'Oof one single Cu02layer, in the expres-
sion of Sk. We extract 17kfrom photoemission data
available for BSSCO [25-26], which is in agreement
with band structure calculations for NCCO [27] and
YBCO [18]. For all these compounds, 17kis known
to be well described by the following tight-binding
form:

17k= -2tao[cos(kxa) + cos(kya)] (7)

with tao~0.25 eV and where we have neglected the

weak dispersion along the c-axis which is estimated
to be tc~0.07tao in YBCO from band structure calcu-
lations [18]. We take for the in-plane effective mass
mao ~ 5-6me (electron mass) according to electrical
resistivity and optical measurements [28] and 17 con-
sistent with the experimental value of the zero-tem-
perature penetration depth Aao(O) ~ 1500A [29]. To
calculate (6) numerically, we have employed an
auto adaptive algorithm [30] which controls the trun-
cation error below 0.001 in relative units. The main
point of our analysis concerns the value of the phase
coupling factor cos ~Ip in Eq. (4) to be chosen for
the two compounds NCCO and YBCO. The large
distance (~12 A) between adjacent CU02 layers in
the unit cell of NCCO implies weak coupling, hence
cos ~1p~0. However, in YBCO cos ~Ip~ 1 because in
this case the two adjacent layers are separated by the
small yttrium ion. Figure 1 shows that, by assuming
a conventional isotropic gap without nodes for one
single layer, a crossover from exponential to linear
behavior of ~Aao=Aao(T)-Aab(O) is observed as
cos ~Ip increases from 0 to 1. Hence, Eq. (4) with
cos ~Ip= 0 does indeed account for the experimental
temperature dependence of }.ab found in NCCO, since
it has been already shown in [1] that quantitative
account for this dependence is given by assuming a
conventional isotropic gap ~o~ 2Tc. For the gap of
YBCO we assume two forms: (1) the d-wave
~kll'O= ~2[cos(kxa) - cos(kya)] in one single layer
[cos ~1p=0 in Eq. (4)], according to the spin fluctua-
tion picture; (2) the "extended s-wave" proposed by
Mahan [31] ~ki,O=~O+~4cos(4a) [a=arctan(ky/kx)]
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Fig. 1. Dependence of the normal fraction x(n) ~ 2L'iAj A(0) of a
superconducting bilayer as a function of reduced temperature for
different values of the phase coupling factor cos L'irp in Eq. (4). The
in-plane gap function has been taken isotropic with
L'ik,I•O = L'io = 1.76T,.. The other numerical parameters used for the
calculations are mab= 6m" A"b(O)= 1500 A, l"b= 0.25 eV, and a=
3.85 A (in-plane lattice parameter).
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Fig. 2. Comparison between the experimental data of the variation
of the in-plane penetration depth ofYBCO reported in [2] and our
numerical calculations in the case of: (I) "d-wave" gap in one
single layer [cos ~tp= 0 in Eq. (4)]; (2) "extended $-wave" gap with
strong Josephson coupling between two adjacent layers [cos ~tp=
I in Eq. (4)). The parameters used for the calculations are ~2 =

8 meV and mab= Sm, in the first case and ~o= 13 meV, ~4 = 7 meV,
and mab= 6me in the second case. The other numerical parameters
are as in Fig. I.

with strong coupling between adjacent layers
[cos ~qJ= 1 in Eq. (4)], according to our picture. We
recall that both forms are in quantitative agreement,
within the experimental error, with angular resolved
photoemission data on BSSCO by setting ~o ~
14±5meV, ~4~6±5meV, and 2~2~20±5meV
[25-26]. We also use these values for YBCO as
Tc differs in the two compounds. by only
~5 K~O.4 meV, while the resolution of photoemis-
sion data is ~5 meV. The above values refer precisely
to the in-plane gap ~kl'O' since the light beam is inci-
dent onto the ab plane in photoernission experiments.

In Fig. 2 we compare our numerical result with
the experimental data given in [2]. We note that quan-
titative agreement is obtained within the experimental
error for both forms of the gap described above,
although the prediction based on the d-wave form
deviates from the experimental data at temperatures
above ~ 10K. We conclude that our picture of
Josephson-coupled superconducting bilayers
accounts for the diversity in the low-temperature
behavior of the normal density observed in NCCO
and YBCO by simply assuming that this coupling is
respectively weak and strong. It would, therefore, be
important to verify whether this picture could account
for the experimental behavior of other cuprates, both
with and without adjacent CU02 layers in their unit
cell. Since there exists several compounds with three
and four layers per unit cell, it might be of interest to

generalize Eq. (4) to the case of N layers. The result
is straightforward:

2 1 2I~kl = N21~kl,ol

x [N +2 :~: (N - m) cos ~qJm COS(mkzS)] (8)

where ~qJm is the phase difference between two layers
separated by ms. Figure 3 shows that, in the above
general case, the spectral density (8) is peaked around
kz = 0 if the phase correlation extends over several
times the interlayer distance (cos ~qJm~ 1 for all m up
to N» 1), because the oscillating terms with wavevec-
tor mkz cancel one another at kz=f.O. This corresponds
to the limit of a three-dimensional superconductor
with large coherence length Sz ~ 1/ ~kz, where ~kz is
the width of the peak of the spectral density.

In conclusion, we have shown that the interfer-
ence between the gap functions of two adjacent super-
conducting layers which arises from the Josephson
coupling can lead to vanishing spectral density I ~k,12
of the BCS energy gap at certain values of the perpen-
dicular momentum kz. By applying this result to the
cuprates, we predict that the compounds with large
spacing between adjacent CU02 layers, such as the
systems with one layer per unit cell La2-xSrxCu04,
NCCO, TlBa2Can-1Cun02n+3, ThBa2Can-1Cun02n+4,
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Fig. 3. Dispersion of the spectral density I~kl of the energy gap
of N superconducting layers as a function of the perpendicular
momentum k, in the case of complete phase locking through the
Josephson effect [cos ~tpm= I for all m:5,N in Eq. (8)). Note that
the flat dispersion that corresponds to a single layer collapses pro-
gressively into a delta distribution at large N. This corresponds to
the limit of a three-dimensional superconductor. In a bilayer, the
spectral density vanishes when the momentum satisfies the condi-
tion for the formation of standing waves k, = 1rIs, where s is the
interlayer spacing.



and Bi2Sr2Can~ICun02n+4with n= 1, always exhibit
conventional BCS behavior if the gap of the single
layers has no nodes. On the other hand, all the systems
with two or more adjacent layers per unit cell, such
as YBCO, BSSCO, and the above compounds with
n> 1, are expected to exhibit in all cases gapless
behavior. Within the experimental error, our numeri-
cal results account for the exponential and linear low-
temperature dependences of the penetration depth
reported in NCCO and YBCO.
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