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A multimodal method is used to analyze the wave propagation in waveguides containing restric-
tions (or corrugations) with circular arc shapes. This is done using a geometrical transformation
which transforms the waveguide with complex geometry in the real space to a straight waveguide
in the transformed space, or virtual space. In this virtual space, the Helmholtz equation has a modi-
fied structure which encapsulates the complexity of the geometry. It is solved using an improved
modal method, which was proposed in a paper by A. Maurel, J.-F. Mercier, and S. F!elix [Proc. R.
Soc. A 470, 20130743 (2014)], that increases the accuracy and convergence of usual multimodal
formulations. Results show the possibility to solve the wave propagation in a waveguide with a
high density of circular arc shaped scatterers. VC 2015 Acoustical Society of America.
[http://dx.doi.org/10.1121/1.4913506]
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I. INTRODUCTION

Since the pioneering works of Stevenson1 in the context
of horns, modal methods have experienced successive
improvements to describe wave propagation in waveguides
having varying cross sections2–5 and with bending.6,7

Following earlier works,8–10 we have shown that the use of
an enriched set of modes allowed us to get an efficient modal
method for waveguides with varying cross sections4,5 or
with curvature.7 The formulation used in this last paper is
based on a geometrical transformation for a waveguide with
varying curvatures and varying cross sections, which trans-
forms the waveguide, with complex geometry in the real
space, to a straight waveguide in the transformed, virtual
space. In this virtual space, the Helmholtz equation has a
modified structure which encapsulates the geometric
complexity.20,21

In the present paper, we consider the particular geome-
try of a waveguide with restrictions that have the shape of
circular arcs. This corresponds typically to classical crystal-
lographic arrangements, such as the primitive square or
hexagonal lattices11,12 [Fig. 1(a)]. This also corresponds to
corrugations in a waveguide14,16 [Fig. 1(b)]. Beyond these
classical applications in wave physics and acoustics, such
geometries are also known as Lorentz channels and are
extensively studied in transport theory in dynamical sys-
tem15,17 [Fig. 1(c)].

The obvious difficulty with such geometries (see also
Fig. 2) is that the classical transformation Y ! y ! Y=hðXÞ,

with hðXÞ the local height of the waveguide, as used in Refs.
2–5, is not possible basically because hðXÞ can be multival-
uated. Even in the limiting case of a half circle, where this
usual transformation is possible, it makes the derivative h0

appear in the transformed wave equation, and h0 takes infi-
nite values. In this paper, we use a different geometrical
transformation by considering the straight waveguide with
restrictions as a guide with variable sections and variable
curvature; the introduced, and somehow artificial, curvature
is thought to solve the aforementioned problems.

The paper is organized as follows. Section II presents
the general geometrical transformation for a single circular
restriction with an arbitrary arc. An alternative transforma-
tion is also proposed, which allows for waveguides with
multiple, close to each other, semi-circular restrictions, as in
Fig. 1(c). The modal formulation in the transformed space
and the resolution scheme are briefly presented in Sec. III,
which basically summarizes the method recently proposed
by the authors7 that remains valid in the present geometries.
Notably, it is shown how the classical modal basis is
enriched with supplementary modes to increase the accuracy
and convergence of the method. We end with illustrative
examples (Sec. IV).

II. COORDINATE CHANGE

In this section, we use a geometrical transformation,
from the real space, ðX; YÞ, to a transformed, virtual space,
ðx; yÞ, in which the waveguide is straight with a constant
cross-section. First, this is done in the general case of a sin-
gle circular restriction with an arbitrary arc. If generalized to
several circular restrictions, this case presents, in general, a
limit appearing in the distance between two consecutive
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restrictions. Next, we focus on semi-circular restrictions, as
it corresponds to configurations of particular interest;11,12,15

in this case, the transformation can be adapted to avoid
the previous limiting distance between two consecutive
restrictions.

A. General geometry

To begin with, the geometry is represented in Fig. 2.
The position of the circular arc (of radius R) is given by the
distance !R from the center of the circle to the “waterline”
Y ¼ H. In the following, it will be assumed that the center of
the circle is below this “waterline” ð! 2 ½0; 1½Þ, otherwise
the usual multimodal method can be used to solve the
problem.2–5

Next, we define the geometrical transformation. The
goal is to build a line beam that will be the constant x-value
in the transformed space, and this requires a bijection
between X and x. To do that, we define a cone with a sym-
metry axis AY and an opening angle a (Fig. 3). We want any

line AS2, issued from A within the cone, to intersect the arc
at S2 only once. It is easy to see that this is automatically
verified for all the lines if it is verified for the limiting case
being the lines AA1 and AA2. By means of the parameter l
which measures the elevation of A with respect to the water-
line, the desired condition is satisfied if

0 < l <
1& !2

!
; (1)

and the opening angle a can be expressed in terms of the

ðl; !Þ parameters as a¼ atan ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1& !2
p

=lÞ.
The resulting well built beam of lines, defined within the

cone, can be prolongated in a natural way outside the cone by
two transitory zones, until the usual coordinates x ¼ X are
recovered. Regarding the turning point of these transitory
zones, we prevent a multivaluation of x at the lower wall by
introducing an offset distance d from the lower wall (the final
x-mesh is shown in gray lines in Fig. 3). If d ¼ 0, the turning
point would correspond to a unique value of X but to a whole
segment of x.

Finally, the x-values are defined as the arc length along
a reference curve S0 being locally perpendicular to the con-
stant x-lines. In the present case, S0 is piecewise defined by
arcs of a circle, otherwise straight lines, as shown in Fig. 3.
This reference curve is not unique (notably, it does not need
to be inside the waveguide), and we denote q0, q1 its radii of
curvature in the transitory zones and in the central cone,
respectively. For simplicity, we impose q0 and q1 positive,
with the geometrical constraint

FIG. 3. Coordinate change, ðX;YÞ! ðx; yÞ, and notations. The new coordi-
nate system is defined in a local Frenet-Serret frame ðt;nÞ.

FIG. 1. Examples of waveguides with circular arc shaped restrictions. (a)
Owing to the symmetries of the problem, a rectangular cell with rigid boun-
daries and circular restrictions is used to model the sound propagation within
an hexagonal lattice of scatterers [from Perrot et al. (Ref. 13)]. (b) Typical
corrugated waveguide [from Tonon el al. (Ref. 14)]. (c) Periodic and disor-
dered Lorentz channels [from Dittrich et al. (Ref. 15)].

FIG. 2. Uniform waveguide containing a circular restriction with arbitrary
arc. The geometry is defined by the parameters H, R, and ! in the real space
ðX; YÞ.
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q0 ¼
H þ d þ lR

cos a
& q1: (2)

The coordinate y can be defined along the lines of the beam
(constant x-values), and for convenience, we will use
y 2 ½0; 1(. The new coordinate system ðx; yÞ is defined in a
local Frenet-Serret frame ðt; nÞ according to

OM ¼ Xiþ Yj ¼ OS0ðxÞ þ gðx; yÞnðxÞ; (3)

where gðx; yÞ ! h1ðxÞ þ y½h2ðxÞ & h1ðxÞ( is the distance S0M
along n, with h1 and h2 defined by

S0S1ðxÞ ! h1ðxÞnðxÞ;
S0S2ðxÞ ! h2ðxÞnðxÞ;

(

(4)

being the local signed distances between the reference line
and the waveguide boundaries along n. O is an arbitrary ref-
erence point. The modified wave equation, when expressed
in ðx; yÞ will be deduced from the Helmholtz equation as
written in its classical form in ðX; YÞ owing to the Jacobian
of the transformation ðX; YÞ! ðx; yÞ, which is entirely
defined by the relations Eq. (3). Thus, one needs to provide
closed forms for S0ðxÞ, h1ðxÞ, and h2ðxÞ. To do that, let us
first recall the various independent parameters that have
been used, and the constraints if any: geometrical parame-
ters, H, R, and ! 2 ½0; 1½; and free parameters of the transfor-
mation, d, q1, and l 2( 0, ð1& !2Þ=!½.

Once the parameters are known or chosen, S0ðxÞ is
defined by the position of the point A ¼ ð0; lRÞ and the ra-
dius of curvature q1. It is given in the sequel by its local cur-
vature jðxÞ. Afterward h1ðxÞ, h2ðxÞ are calculated, Eqs. (4).
The coordinate change being defined piecewise, we define
the regions (1) jxj ) x2 ¼ ðq0 þ q1Þa, (2) x1 * jxj < x2, with
x1 ¼ q1a, and (3) 0 * jxj < x1. This yields the following:

jðxÞ ¼
0 in ‹;

&1=q0 in ›;

1=q1 in fi;

8
><

>:

h1ðxÞ ¼
q0 & d in ‹;

d= cosððx2 & jxjÞ=q0Þ & q0 in ›;

q1 & ðH þ lRÞ= cosðx=q1Þ in fi;

8
><

>:

h2ðxÞ ¼
H þ d & q0 in ‹;

ðH þ dÞ= cosððx2 & jxjÞ=q0Þ & q0 in ›;

q1 & ½lþ ! þ gðxÞ(R cosðx=q1Þ in fi;

8
><

>:

(5)

with gðxÞ !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ½1& ðlþ !Þ2( tan 2ðx=q1Þ

q
.

Note that the transformed region has an extension

along X equal to 2½Rþ ðH þ dÞ=l(
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1& !2
p

, which, because
of Eq. (1), cannot be lowered arbitrarily (its minimum
value, taking d ! 0 and the largest possible value of l, is

2½Rþ H!=ð1& !2Þ(
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1& !2
p

Þ. Consequently, this also limits
the minimal distance between two consecutive restrictions.

B. Case of the semi-circular restriction

The case of semi-circular restrictions ð! ¼ 0Þ is of par-
ticular practical interest, notably the case of periodically

distributed restrictions because it is equivalent to a periodic
array of cylinders.11,12,15 For this reason, we will focus in
the following on the case of equally spaced identical semi-
circular restrictions, though the method would still apply in
more general cases.

Besides its practical interest, this case does not suffer
from limiting distance between two consecutive restrictions.
This is because the upper limit for point A realizing the tan-
gent to the circle is sent to infinity [! ¼ 0 in Eq. (1)], which
makes a situation where, theoretically, the transformed
region can be reduced to the close vicinity of the restriction.
Therefore, similar coordinate transformations as described
previously for a single restriction can be performed for
several restrictions, by giving l the value given in Fig. 4(a).

Besides, we choose q1 ¼ q0 ¼ D
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD& 2RÞ2 þ H2

q
=

½2ðD& 2RÞ(. We do not obtain substantial simplifications
with respect to the expressions of jðxÞ, h1ðxÞ, and h2ðxÞ
in Eqs. (5). The domains ‹, ›, and fi are shown in
Fig. 4(a), and their values in the whole domain are deduced
by symmetry. However, this transformation suffers from a
constraint on the distance, denoted by D, between two
consecutive restrictions, namely, it needs to be D > 2R.
Therefore, we adapt this first transformation in a slightly
different way.

FIG. 4. (Color online) Two transformations for the case of semi-circular
restrictions alternating on both sides of the waveguide. (a) Transformation
1, corresponding to the coordinate change proposed in Sec. II A; it imposes
the value of the elevation parameter l. (b) Transformation 2, allowing the
restrictions close to each other ðD < 2RÞ. Here, the free parameter l is given
the value 1, somehow arbitrarily. The values of the parameters jðxÞ, h1ðxÞ,
h2ðxÞ in regions fl to ‡ are given in Eq. (6).
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The second transformation allows for circumvention of
the above mentioned constraint, and it actually only excludes
the case for D ¼ 0 of vertically aligned circular restrictions.
To do that, we choose the beam boundaries in a different
way than previously; this is presented below and illustrated
in Fig. 4(b). First, l is given a fixed value, and each succes-
sive coordinate transformation is performed in the angular
range ½&b; b( instead of ½&a; a(, with b ¼ atan ½D=ðH
þ 2lRÞ( so that D can be either lower or larger that 2R. It is

naturally assumed that b < a ¼ atan ðl&1Þ, otherwise the
first transformation given above can be efficiently applied.
Then, and assuming for simplicity that l ¼ 1 and

q1 ¼ q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ ðH þ 2RÞ2

q
=2, the geometrical parameters

jðxÞ, h1ðxÞ, and h2ðxÞ are

jðxÞ ¼
&1=q1 in fl–!;

1=q1 in ––‡;

(

h1ðxÞ ¼
R= cos h& q1 in fl–!;

q1 & ðH þ RÞ= cos h in ––†;

q1 & u= cos h in ‡;

8
>><

>>:

h2ðxÞ ¼
ðH þ RÞ= cos h& q1 in fl;

u= cos h& q1 in !;

q1 & 2R cos h in ––‡;

8
>><

>>:

hðxÞ ¼
x=q1 in fl–!;

x=q1 & 2b in ––‡;

(

(6)

where

u ! ½ðH þ RÞ þ D tan h& D( cos2h; (7)

D !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2ð1þ tan2hÞ & ðD& ðH þ RÞ tan hÞ2

q
; (8)

and where x ¼ 0 is the left extremity of the dashed bold axis
in Fig. 4(c). The parameters in regions following regions fl
to ‡ can be straightforwardly deduced from these first five
cases.

Note, finally, that, unlike for the first presented transfor-
mation, this second one can be generalized to waveguides
with arbitrary varying positions and the radii of the semi-
circular restrictions.

III. MODIFIED WAVE EQUATION AND MODAL
FORMULATION

A. Wave equation and boundary conditions
in the virtual space

In this section, we recall the main steps leading to the
modal formulation, which was presented in a recent publica-
tion by the authors.7 In the real space, ðX; YÞ, the wave field
satisfies the Helmholtz equation with a Neumann boundary
condition at the wall

ðDþ k2Þp ¼ 0 in X; (9)

Ni +rp ¼ 0 at Si; i ¼ 1; 2; (10)

with Ni being the normal to the boundary. When written in
the new system of coordinates, the wave equation becomes

r +
tJJ

det J
rp

" #
þ k2

det J
p ¼ 0; (11)

with the boundary conditions

tJJ

det J
rp

$ %

y¼0;1
+ n ¼ 0; (12)

where J is the Jacobian of the transformation ðx; yÞ
! ðX; YÞ. It is sufficient to use

dOM ¼ dX iþ dY j ¼ ½ð1& jgÞtþ g0n(dxþ hndy;

from Eq. (3), with hðxÞ ! h2ðxÞ & h1ðxÞ, and where we used

dOS0

dx
¼ t;

dn

dx
¼ &j xð Þt; (13)

to get

@x

@y

" #
¼ J&1 @X

@Y

" #
; with J&1 ¼ f g0

0 h

" #
R&h;

where g0 stands for @xg; f ! ð1& jgÞ, and Rh is the rotation
matrix of angle h (Fig. 3), with h0ðxÞ ¼ jðxÞ.

We now introduce a new field qðx; yÞ related to pðx; yÞ
to reformulate the wave equation (11) in terms of a system
of first order equations. The field q is chosen related to
Eq. (11):

q x; yð Þ !
1

f
h@xp& g0@yp
& '

; (14)

which leads to a reformulation of Eq. (11):

@

@x

p

q

 !

¼

g0

h
@y

f

h

&@y
f

h
@y

" #
& fk2h @y

g0

h
:

" #

0

BBB@

1

CCCA
p

q

 !

; (15)

and the boundary conditions, Eq. (12), are ½&hg0@xp
þðg02 þ f 2Þ@yp(y¼0;1 ¼ 0, that is, using Eq. (14) to eliminate
@xp,

½f@yp& g0q(y¼0;1 ¼ 0: (16)

In the following section, we project Eq. (15), using Eq. (16),
onto a set of transverse functions unðyÞ that are given in the
standard multimodal method (MM) and the improved multi-
modal method (IMM).7

B. Multimodal formulation

1. The standard multimodal formulation (MM)

In the usual formulation, p and q are simply expanded
onto the set of the N first rigid transverse eigenfunctions
unðyÞ:
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pðx; yÞ ¼
XN&1

n¼0

pnðxÞunðyÞ;

qðx; yÞ ¼
XN&1

n¼0

qnðxÞunðyÞ;

8
>>>>><

>>>>>:

(17)

where fung is the set of transverse functions

unðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2& dn0

p
cos npy (18)

that fulfill the orthogonality relations

ðum; unÞ ¼ dmn;
ðu0m;u0nÞ ¼ c2

mdmn;

(
(19)

with cn ¼ np the eigenvalues and ðf ; gÞ !
Ð 1

0
"f g dy the scalar

product. The projection of the coupled evolution Eq. (15),
accounting for the boundary conditions (16), then leads to a
new set of coupled equations governing the variations along
x of the vectors p ! ðpnÞ and q ! ðqnÞ,

d

dx
p
q

" #
¼ 1

h

h0 Eþ h01 F 1& jh1ð ÞI& jhC

1& jh1ð ÞK2 þ jh khð Þ2C& D
h i

&t h0Eþ h01 F
& '

 !
p
q

" #
; (20)

where I is the identity matrix and

Cmn ! ðyum;unÞ;
Dmn ! ðyu0m;u

0
nÞ;

Emn ! ðyum;u
0
nÞ;

Fmn ! ðum;u
0
nÞ;

KmnðxÞ ! j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkhðxÞÞ2 & c2

m

q
dmn ¼ jknhðxÞ: (21)

The above system, Eq. (20), has an important property:
outside the transformed region, say, at the input and output
leads where hðxÞ ¼ H is constant, the system is decoupled,
with p0n ¼ qn=H and q0n=H ¼ &k2

npn. This leads to the
expected behavior pn / e6iknx these parts, that can be used to
translate the radiation condition and this is essential for the
numerical implementation.5,7

However, because the boundary condition (12) is not
satisfied by the transverse modes, the series (17) have poor
convergence. This situation can be remedied by adding to
the usual expansion additional terms, which are thought to
be able to restore the right boundary condition. This is
briefly explained in the following.

2. The improved multimodal formulation (IMM)

The usual expansion (17) is enriched with two supple-
mentary modes whose derivative does not vanish at y ¼ 0, 1.
These two additional functions are built to ensure the ortho-
gonality relations (19), namely,

u&i ¼ a&i viðyÞ &
XN&1

n¼0

vinunðyÞ

 !

; i ¼ 1; 2; (22)

where

v1 yð Þ !
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2=p
p cos py=2ð Þ þ sin py=2ð Þ½ (;

v2 yð Þ !
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1& 2=p
p cos py=2ð Þ & sin py=2ð Þ½ (; (23)

and vin ! ðun; viÞ. The projection of Eq. (15), with the
boundary condition (16), on the enriched set of transverse
functions un, &2 * n * N & 1, leads to the same matrix of
Eq. (20) and the definitions of the matrices C, D, E, F, and K
remain unchanged (details can be found in Ref. 7). This
improved multimodal formulation mainly results in an im-
pressive increase of the convergence from 1=N to 1=N3:5 on
the wave field and from 1=N to typically 1=N5 (with some
variability) on the scattering coefficients. This dramatic
improvement of the method efficiency is also illustrated in
the following.

IV. RESULTS

A. Waveguide containing a single circular restriction

Figure 5 shows two examples of an incident plane wave
scattered by a single circular restriction in an otherwise uni-
form, rigid waveguide. The frequency is such that kH ¼ 4,

FIG. 5. (Color online) Wave field examples (real part, arbitrary units).
d ¼ 0, kH ¼ 4, incident plane wave, N ¼ 15. (a) R ¼ 0:4H, ! ¼ 0:9,
l ¼ 0:16, (b) R ¼ 0:7H, ! ¼ 0, l ¼ 1. In both figures, the dashed bold line
is the S0 axis (Fig. 3). In this figure as for all following results, the computed
waveguide segment is assumed to connect two semi-infinite straight
waveguides.
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and 15 modes, among which are the two supplementary
modes [Eq. (22)], are taken into account in the multimodal
formulation.

As a precaution, an offset distance d was introduced in
Sec. II (Fig. 3) to avoid multiple valuation of x and possible
subsequent numerical artifacts, as previously commented in
Sec. II A. It actually appears that the numerical results are
largely insensitive of the value of d, and in particular, d can
be set to zero, as soon as the IMM is chosen to solve the
problem.

Indeed, as shown in the following, using the modal basis
enriched with the supplementary modes is a key point to
accurately solve such a nontrivial problem, particularly in
the first example, Fig. 5(a), where the restriction in the wave-
guide is almost a full circle.

Two other parameters can a priori be chosen arbitrarily:
the radius of curvature, q1, of the S0 axis in the central
region (dashed bold curve in Figs. 3 and 5), and the elevation
of the center of curvature, l, in the limits ]0, ð1& !2Þ=![
(Fig. 2). To check the sensitivity of the numerical method to
these parameters, we compute the reflection coefficient R of
the mode 0 for an incident mode 0 [Eq. (18)].

With the parameters of the two examples shown in Fig.
5, when varying d in the range [0, 3H], R varies by less than
0.01% in both case (a) and (b). When varying q1 between
ð1þ lþ !ÞR (the axis is tangent to the upper wall) and
H þ lR (the axis is tangent to the lower wall), R varies by
less than 0.03% in case (a) and 0.01% in case (b). However,
results are more sensitive to the l parameter, though the var-
iations remain weak [Figs. 6(a) and 6(b), solid line]. The
more significant variations appear, notably, near the limits of
the l-range, ]0, ð1& !2Þ=![ [Eq. (1)]. This can be simply
understood since, at the junctions between the circular wall
and the flat upper wall, h02ðxÞ, hence h0ðxÞ, tends toward
infinity when l tends toward 0 or ð1& !2Þ=!. Increasing the
number of modes taken into account naturally improves the
solution and lowers its sensitivity to l. Note, also, that when
! is close to 1 as in Fig. 5(a), since the upper limit for l is
low, then the range of “appropriate” values for l is limited.

Figure 6(a) also illustrates the dramatic increase in the
method efficiency when using the supplementary modes.
Due to the poor convergence of the MM,7 the reflection coef-
ficient R remains very sensitive to the variations of l, even
with a large number of modes ðN ¼ 50Þ.

B. Waveguide containing several semi-circular
restrictions

Two methods have been proposed in Sec. II B for the
coordinate change in the case of several semi-circular
restrictions alternating on both sides of the waveguide.
Figure 7 illustrates the equivalence of the two methods for
restriction with R ¼ 0:8H and D ¼ 2H > 2R (and
kH ¼ 0:3). Beyond the qualitative resemblance of the
obtained fields, we get a relative error difference below 2%
(spatial average of the relative error has been considered).
This residual error is rapidly reached when increasing the
number of modes, including the two supplementary modes,
and is mainly attributable to the interpolation between the

FIG. 6. Deviation of the reflexion coefficient R from a reference value
RðrefÞ when varying the “elevation” parameter l, in the two case presented
in Fig. 5. The reference value is the reflection coefficient obtained with 100
modes taken into account in the IMM.

FIG. 7. (Color online) Comparison of the two geometry transformations pro-
posed in the paper to solve the wave equation in a waveguide with semi-
circular restrictions (real part, arbitrary units). The frequency of the incident
plane wave is such that kH ¼ 3, the radius of the restrictions is R ¼ 0:8H,
and D ¼ 2H; 15 modes are taken into account, among which the two supple-
mentary modes. (a) First geometry transformation, as described in Sec. II A,
(b) Alternative transformation, as described in Sec. II B.
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two set of computational points. It indeed decreases while
refining the spatial discretization. Obviously, in this case, the
first transformation is preferable since it is much more easy
to implement.

As mentioned earlier in the paper, the second method
allows us to consider waveguides with very close restric-
tions. This is illustrated in Fig. 8, where we report the field
in a waveguide with R ¼ 0:6H and D ¼ H < 2R; the fre-
quency is kH ¼ 4 and kH ¼ 7, and 15 modes have been
taken into account (including again the two supplementary
modes).

It is visible that on a relatively narrow range of frequen-
cies, the wave transmission through the waveguide strongly
varies, from a high value at kH ¼ 4 to almost 0 at kH ¼ 7.
This is most likely attributable to the emergence of partial
band gaps, because of the periodicity of the restrictions
distribution.

As an illustration, in the high frequency regime and
using a beam as incident wave, Figs. 8(c) and 8(d) illustrate
the propagation in cases where D < 2R. The geometries,
with in Fig. 8(c) R ¼ 0:45H and in Fig. 8(d) R ¼ 0:53H
ðD ¼ 0:6HÞ, are equivalent by symmetry to a periodic
Lorentz gas with infinite and finite horizons, respectively
(that is, those which support collision free trajectories, or
not, respectively),17 and the limiting case between both is
given by R ¼ HD=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ H2
p

. The beam—a cluster of

propagating modes—is built by weighting the modal compo-
nents pðiÞn of the incident wave by a Gaussian window so that
it follows the direction given by its central mode n0, at the
angle h ¼ a sinðn0p=kHÞ.6 These two configurations of infi-
nite and finite horizons are of particular interest, since this
property can be related to the classical, or say, ray dynamics
in such a channel, in the asymptotic geometrical limit, and to
its quantum or wave counterpart. The presented multimodal
formulation could thus be a valuable method to investigate
in its wave picture this fundamental problem of quantum-
classical or wave-ray correspondence.

V. CONCLUSION

We have presented a multimodal method for the wave
propagation in waveguides with circular arc shaped inclu-
sions that are used as a model, e.g., for corrugated wave-
guides or lattices of scatterers. The key point in the
formulation is the use of an appropriate geometrical trans-
formation that considers the original waveguide into a
waveguide with a variable cross-section and curvature and
that transforms it in a straight waveguide. Moreover, fol-
lowing previous works,4,5,7–10 the multimodal formulation
is written with an enriched basis of transverse functions
that increases both the accuracy and convergence of the
method.

Nontrivial extensions of the present work concern the
geometry shown in Fig. 9. Figure 9(a) shows the case D ¼ 0,
which corresponds to symmetrical restrictions; although this
case can be treated using symmetry arguments in a truncated
half waveguide, as in the case of the Fig. 1(b) for instance,
this is not possible anymore if other restrictions in the guide
do not possess the same symmetry, as in Fig. 9(a). Figure
9(b) shows the case !¼ 1, which coincides with a circular
restriction entirely contained in the guide with a single

FIG. 8. (Color online) Wave fields in guides with a high density of semi-
circular scatterers, periodically spaced. (a) and (b) Wave field (real part, ar-
bitrary units) obtained from the scattering of a low frequency incident plane
wave with frequency kH ¼ 4 and 7, respectively. The radius of the restric-
tions is R ¼ 0:6H, and D ¼ H; 15 modes are taken into account in the IMM.
(c) and (d) Wave field (modulus, arbitrary units) obtained from the scatter-
ing of a high frequency incident Gaussian beam; 150 modes are taken into
account, among which 100 are propagating in the left and right leads, of
width H. The distance between the scatterers is D ¼ 0:6H, and the radius of
the restrictions is (c) R ¼ 0:45H and (d) R ¼ 0:53H, such that the horizon is
infinite in (c) and finite in (d).

FIG. 9. Extensions to nontrivial cases: (a) waveguide containing two sym-
metrical restrictions (with respect to the X-axis) and other which are non
symmetrical, (b) circular restriction (or circular rigid inclusion) being tan-
gent to one wall, (c) circular arc-shaped “expansion” along a waveguide, of
Helmholtz resonator type.
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contact point at the waterline. Here our first Eq. (1) fails
essentially because the beam defining the constant x-values
lines is unbounded. This limiting case also corresponds to a
rigid inclusion inside the waveguide and approaching one
wall, but as far as we know, no modal method has been pro-
posed for the case of guides containing rigid inclusions.
Besides, to solve a Laplace problem with a Neumann bound-
ary condition in a domain strongly singular due to the pres-
ence of a cusp is known to be difficult from both the
mathematical and the numerical points of view. The usual
existence, well-posedness, and regular results of Laplace
problems for Lipschitz domains do not hold anymore for
domains with cusps.18,19 Moreover a finite element method
cannot be performed straightforwardly because the cusp do-
main is not adapted to be meshed with triangles, and the
usual results for the convergence rate of the method do not
hold. Finally, it is tempting to consider a guide with circular
arc-shaped “expansions” rather than restrictions [Fig. 9(c)].
These geometries are much more involved than the one con-
sidered in the present paper. Today, we did not find a trans-
formation able to establish a bijection between X and x in
the real space and a virtual space.
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