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abstract
The problem of how a wave propagates in an infinite medium filled with scatterers
has revealed the notion of an effective medium: the mean wave propagates as in an
homogeneous medium with complex index. Is this notion of an effective medium still
valid when the scatterers are bounded in space? The problem is treated here for isotropic
point scatterers. It is shown that (i) the waves propagate inside the slab with an effective
wavenumber K being the same as that in an infinite medium, (ii) the reflection and
transmission coefficients of the slab mainly behave as R ' (1 − eiKL )(k − K )/2k and T ' eiKL
at leading order, (iii) the reflection and transmission coefficients of a single interface are
related to R and T with the usual law of optics and (iv) the boundary conditions to be applied
at the interface are the continuity of the field and its first derivative for isotropic scatterers.
Finally, numerical experiments in one dimension show satisfactory agreement with the
presented theory.
© 2009 Elsevier B.V. All rights reserved.

1. Introduction
The problem of multiple scattering by randomly distributed scatterers has been widely studied and a large part of the
literature is devoted to the derivation of the index of the so-called effective medium. This medium corresponds to a fictitious
homogeneous dissipative medium felt by the ‘‘mean’’, or coherent, acoustic wave when it propagates, the coherent wave
being the wave averaged over all realizations of the scatterer configurations, such as their positions and their characteristics.
These studies have attracted considerable interest because of their practical applications from at least two domains: the
geophysics literature seeks to understand the effect of inhomogeneities within the Earth’s crust on seismic waves [1,2] and
the non-destructive evaluation literature seeks to gauge the effect that flaws in elastic materials have on elastic waves [3].
Until recently, most of the studies on the properties of the coherent wave focused on the determination of the complex
index only. However, questions that reasonably arise are: (1) Does the multiple scattering medium still behave as a
homogeneous (effective) medium when the scatterers occupy a bounded region of the space only? In the case of a slab
of finite width, the questions are for instance whether or not the forward mean wave still propagates with an effective
wavenumber, whether or not the backward mean wave propagates with the same wavenumber, and (2) if yes, what are
the boundary conditions to be applied at the fictitious interface between the homogeneous effective medium and the
homogeneous medium free of scatterers? Over the past 10 years, there has been an increasing response to both questions
(1) and (2). In addition to the fundamental interest in the notion of an effective medium and whether or not this notion
is robust, motivations come from practical situations in which the coherent backward wave is available (see e.g. [4]).
Many studies have extended Foldy’s method to the problem of a slab of finite width, yielding predictions on the reflection
and transmission properties in two dimensions [5–7] and in three dimensions [8,9], including or not the finite size of
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Fig. 1. Slab of finite width L filled with randomly distributed scatterers of characteristic size a (with volume Vs ), with a filling fraction ϕ ≡ Vs /dD . The
incident wave in free space has a wavenumber k. The slab can be one, two or three dimensions (in two and three dimensions, the calculations are restricted
to the case of incidence normal to the ‘‘fictitious’’ interfaces).

the scatterers. Furthermore, following Berryman’s work, homogenization techniques have been used to characterize the
reflection and transmission properties of a periodic set of scatterers in terms of effective parameters [10,11].
In the present paper, we adopt an alternative method avoiding Foldy’s approach that is known to use an unjustified
closure assumption (see also [12]). To do that, the total field v scattered by an ensemble of randomly placed scatterers is
written in the second Born approximation to get an explicit expression of the mean field hvi. An expansion for small scatterer
size is then performed. In the resulting expansion, terms up to O( 2 ) and O[(ka)2 ] are retained. The limitations of the study
are: (i) the scatterers are assumed to be of small size ka → 0 and (ii) the  -parameter, in which the expansion is performed,
implies weak scattering strength. Finally, the present approach is not free of criticism because of the non-uniformity that
might arise in the Born expansion. That is, the expansions are in principle valid only for short propagation distances. To
increase the range of validity of this expansion, renormalization techniques are used, the simplest one being the one used
in the present study (see [13] and the references herein).
2. Effective wave field in the limit of point scatterers
We consider a distribution of N scatterers, in dimension D = 1, 2 or 3, with a size a randomly distributed in a region
sandwiched between x = 0 and x = L as pictured in Fig. 1. The region inside the scatterer centered at ri is denoted by Di
(with volume Vs ). The effect of the scatterers is embedded in a potential V written as in the right-hand side term of the wave
equation (see Eq. (1)). The propagation of the wave is described by the wave equation

∆v(r) + k2 v(r) = V (r)v(r),

V (r) = k2

X

i Πa (r − ri ),

(1)

i

where Πa (r) = 0 for r 6∈ Di and Πa (r) = 1 for r ∈ Di , i is a small parameter that accounts for the small scattering
strength, k is the wavelength of the incident wave, and ri is the position vector of the i-th scatterer. Typically, for a scatterer
with a contrast in the sound speed from ci inside the i-th scatterer to c in the background medium, Eq. (1) applies with
i = 1 − ci2 /c 2 .
For clarity, we now use non-dimensional quantities r̃ ≡ kr, and Eq. (1) becomes

∆v(r̃) + v(r̃) =

X

i Πka (r̃ − r̃i ).

(2)

i

Using the Green function G0 in the free space, which satisfies (∆ + 1)G0 (r̃) = δ(r̃), the integral representation for v(r̃) is
v(r̃) = v inc (r̃) +

X Z
0
0
0
i
dr̃ G0 (r̃ − r̃ )v(r̃ ),

(3)

D̃i

i

with D̃i the region in the kr-space corresponding to Di . Expanding the expression of the field v in Eq. (3) to second order in
 gives

Z
Z
X Z
XX
0 0
0
00
0
00
00
0 0
0 inc 0
v(r̃) = v (r̃) +
i
dr̃ G (r̃ − r̃ )v (r̃ ) +
i j
dr̃ G (r̃ − r̃ )
dr̃ G0 (r̃ − r̃ )v inc (r̃ ) + O( 3 ). (4)
inc

D̃i

i

i

j

D̃i

D̃j

The limit ka → 0 of Eq. (4) involves three integrals; two of them are easily derived:

Z

dr̃ G0 (r̃ − r̃ )v inc (r̃ ) = V G0 (r̃ − r̃i )v inc (r̃i ) 1 + O[(ka)2 ] ,
0

lim

ka→0

0





D̃i

Z

dr̃ G0 (r̃ − r̃ )
0

lim

ka→0

0

D̃i

0

(5)

Z

dr̃ G0 (r̃ − r̃ )v inc (r̃ ) = V 2 G0 (r̃ − r̃i )G0 (r̃i − r̃j )v inc (r̃j ) 1 + O[(ka)2 ] ,
00

0

00

00





D̃j6=i

where V = kD Vs is the volume of D̃Ri , (V = O(ka) in one dimension, O[(ka)2 ] in two dimensions and O[(ka)3 ] in three
0 0
dimensions). Note that we have used D̃ dr̃ (r̃ − r̃i ) = 0 with r̃i the barycenter of D̃i . The limit of the third integral is taken
i
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Fig. 2. A region (a slab (a) or single interfaces (b)) filled with scatterers is sought as an effective medium.

by expanding v inc (r̃ ) and G0 (r̃ − r̃ ) in a neighborhood of r̃i , both functions having continuous partial derivatives in D̃i :
00

Z

dr̃ G0 (r̃ − r̃ )
0

lim

ka→0

0

0

Z

D̃i

dr̃ G0 (r̃ − r̃ )v inc (r̃ ) = G0 (r̃ − r̃i )v inc (r̃i ) lim
00

0

00

Z

00

ka→0

D̃i

dr̃ dr̃ G0 (r̃ − r̃ ) [1 + O(ka)] ,
0

00

0

00

(6)

D̃0

with D̃0 the region for kr with r inside a scatterer centered at the origin. The integral g ≡ limka→0

R
D̃0

dr̃dr̃ G0 (r̃ − r̃ ) can be
0

0

shown to be divergence free in one dimension, two dimensions and three dimensions. It can be written as g = V 2 G0 (kb),
with b scaling on a: in one dimension, we get b = a. In two dimensions, the same result b = a has been shown for cylindrical scatterers in [12]. Depending on the geometry of the scatterer and on the form of the potential V that describes the
microscopy of the scatterer (here, we have chosen a step function potential), the relation between b and a can change, but
we expect b ∼ a in all cases. In the limit ka → 0, the wave field is, from Eq. (4),
v(r̃) = v inc (r̃) + V

X

X


i2 G0 (r̃ − r̃i )v inc (r̃i ) [1 + O(ka)]
i G0 (r̃ − r̃i )v inc (r̃i ) 1 + O[(ka)2 ] + V 2 G0 (kb)
i

i

+ V2

XX

i j G0 (r̃ − r̃i )G0 (r̃i − r̃j )v inc (r̃j ) 1 + O[(ka)2 ] + O( 3 ).




(7)

j6=i

i

Note that the term G0 (kb) is related to the so-called ‘‘self-irradiation’’. For a single scatterer located at ri = 0, Eq. (7) appears to be an approximation of the exact expression of v using the scattering function v(r̃) = v inc (r̃) + fG0 (kr )v inc (0), with
f '  V +  2 V 2 G0 (kb). This is because  encapsulates a single scattering process although a multiple scattering process
occurs even for a single scatterer (because of the finite size of the scatterer).
2.1. Effective wave field
The goal is to study the possibility that a slab filled with scatterers behaves as an effective medium Fig. 2.
The calculation for the case of a slab is performed using the integral representation in Eq. (7) averaged over all realizations
of disorder:
hvi(r̃) = v

inc

(r̃) + V hi

*
X

+V 2 h 2 iG0 (kb)

+
G (r̃ − r̃i )v
0

inc

1 + O[(ka)2 ]

(r̃i )



i

p

*
X

+
G0 (r̃ − r̃i )v inc (r̃i )

i



[1 + O(ka)]
p

*
2

2

+ V hi

+
XX
i

G (r̃ − r̃i )G (r̃i − r̃j )v
0

0

inc

(r̃j )

1 + O[(ka)2 ] + O( 3 ),



j6=i



(8)

p

R
n
the average over the scattering strength (p() is the distribution function for  ) and where
R d p()−N is
P
P
h f (r̃i )ip = dr̃1 ḋr̃N VT
f (r̃i ) denotes the average over the positions of the scatterers (VT is the volume accessible to
where h n i ≡

the scatterers, in kr̃-space).
The case of a scattering strength with zero mean hi = 0, observed for instance for scattering by vortices envisaged
in [14,15] or for scattering due to different anisotropies from grain to grain in polycrystals [16], simplifies to
hvi(r̃) = v

inc

(r̃) + h iV G (kb)
2

2

0

*
X
i

+
G (r̃ − r̃i )v
0

inc

(r̃i )

[1 + O(ka)] + O( 3 ).
p

(9)
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We denote ϕ = N V /VT the filling fraction of the scatterers. It is easy to see that

V

*
X

+
G (r̃ − r̃i )v
0

inc

(r̃i )

i

+
X

V G (kb)
0

G (r̃ − r̃i )v
0

inc

(r̃i )

i

V

2

dr̃1 G0 (r̃ − r̃1 )v inc (r̃1 ),

p

*
2

Z

=ϕ

*
XX
i

Z

= ϕ V G0 (kb)

dr̃1 G0 (r̃ − r̃1 )v inc (r̃1 ),

(10)

p

+
G (r̃ − r̃i )G (r̃i − r̃j )v
0

0

inc

(r̃j )

j6=i

= ϕ2

Z

dr̃1 dr̃2 G0 (r̃ − r̃1 )G0 (r̃1 − r̃2 )v inc (r̃2 ).

p

The assumption of uncorrelated scatterersR has been used for the derivation of the third integral in Eq. (10). If correlation
p(r̃2 |r̃1 ) was assumed, it should appear in dr̃1 dr̃2 p(r̃2 |r̃1 ). Here p(r̃2 |r̃1 ) = 1.
We deduce that the expansion for the scattered wave hvi(r̃) − v inc (r̃) is of the form
hvi(r̃) − v inc (r̃) = hiϕ a0 (r̃) + h 2 iϕ b0 (r̃, ka) + hi2 ϕ 2 c0 (r̃) + O[ 3 , (ka)2 ],

(11)

with
a0 (r̃) =

Z

dr̃1 G0 (r̃ − r̃1 )v inc (r̃1 ),

b0 (r̃, ka) = g (ka)a0 (r̃),
c0 (r̃) =

Z

(12)

dr̃1 dr̃2 G (r̃ − r̃1 )G (r̃1 − r̃2 )v
0

0

inc

(r̃2 );

a0 , c0 are O(1) and b0 = O[V G0 (kb)]. In the above expansion, we have retained terms up to O( 2 ) and then choose the
order in (ka)2 . It is interesting to notice at this stage a difference between the one-dimensional and two-dimensional cases
and the three-dimensional case: in the former cases, b0 is respectively O(ka) and O[(ka)2 log(ka)] and has to be retained
in the expansion. In the three-dimensional case, however, b0 = O[(ka)2 ] and has to be omitted (otherwise, additional
terms in Eq. (5) should be accounted). Thus, g (ka) = V G0 (kb) in one dimension and two dimensions and equals 0 in three
dimensions.
Note incidentally that expansion in  implies expansion in ϕ (here, the expansion is valid up to ϕ 2 ).
3. Reflection and transmission coefficients
3.1. The case of a slab of finite width
With an incident wave of the form v inc (x̃) = eikx in Eq. (8), hvi(r̃) is sought as (in one, two and three dimensions)
x ≤ 0,

hvi(x) = eikx + Re−ikx ,

0 < x ≤ L,
L < x,

hvi(x) = B+ eiKx + B− e−iK (x−L) ,

hvi(x) = T e

ik(x−L)

(13)

,

where R and T are the reflection and transmission coefficients of the slab of length L, and K is the complex wavenumber
that characterizes the effective medium. The task reduces to the derivation of a0 (r̃) and c0 (r̃) in Eq. (12); afterwards, the
expressions of hvi(x̃) in Eq. (11) can be identified to the forms sought in Eq. (13) expanded up to second order in  to get K ,
R, T , B+ and B− . After recasting the expressions (see Appendix A), we get
K 2 = k2 1 − hiϕ − h 2 iϕ g (ka) + O( 3 , (ka)2 ) ,





h

R = (1 − e2iKL ) hi
T =e

iKL



2

1 − hi

ϕ

+

4

ϕ2

16

ϕ
8

(1 − e

(14)

i

2h 2 ig (ka) + hi2 ϕ + O( 3 , (ka)2 ) ,



2iKL



) + O( , (ka) ) .
3

2

o

ϕ  2
−
4h ig (ka) + 3hi2 ϕ + O( 3 , (ka)2 ) eiKL
4
16

ϕ
ϕ  2
B+ = 1 + hi +
4h ig (ka) + hi2 ϕ(2 + e2iKL ) + O( 3 , (ka)2 ).
n

B− = −hi

(15)

ϕ

4

(16)

16

Incidentally, it is easy to see that the wavenumber K of the wave propagating in the slab is the same as the modified
wavenumber propagating in an infinite medium, solving the Dyson equation at second order [17,18] (see Appendix B).
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Fig. 3. Moduli of the reflection |R| and transmission |T | coefficients, obtained in one dimension for  = 0.1 (identical scatterers), a = 1; (a) for L = 10
and (b) L = 100. ϕ = 0.1 (full line), 0.5 (dashed line) and 1 (dotted line). (In a non-dimensional form, axis k stands for ka, with kL/ka = 10, 100.)

The typical behaviors of |R| and |T | are shown in Fig. 3: (i) T mainly behaves as eiKL , |T | ' e−Ki L , with Ki the imaginary
part of K in Eq. (14) being due either to the leading-order imaginary part of hi (if non-zero), or to the second order. (ii) R
mainly behaves as (1 − e2iKL )(k − K )/(k + K ) at second order, reducing to (1 − e2iKL )(k − K )/(2k) at leading order. Thus
|R| ' | sin Kr L|(k − Kr )/2k, with Kr the real part of K , and |R| presents minima for Kr = pπ /L, p integer. This behavior has
been observed in [6–8]. In [6], it is observed that the positions of the minima are displaced to the left as the scatterer density
increases. In [8], the reverse displacement is observed. Examining Eq. (14), it is easily seen that for a positive potential (here
given by the sign of the real part of  ), an increase in ϕ is expected to produce a displacement to the right (for the real
part of  negative, an increase in n is expected to produce a displacement to the left). Namely, minima are expected for
kp ' pπ /[L(1 − hiϕ/2)]. Finally, if  is a function of ka, more complexity can be found in the behavior of R and T , which is
not included on Fig. 3, where  is constant.
3.2. Reflection and transmission at a single interface
There are two interfaces 1 → 2, and 2 → 1, where 1 refers to the medium free of scatterer and 2 to the medium filled
with scatterers. The reflection and transmission coefficients (r , t ) for the interface 1 → 2 are defined by

v(y ≤ 0) = v0 (eiky + re−iky ),
v(y > 0) = v0 teiKy ,

(17)

and (r 0 , t 0 ) for the interface 2 → 1 by

v(y ≤ 0) = v0 (eiKy + r 0 e−iKy ),
v(y > 0) = v0 t 0 eiky ,

(18)

where v0 denotes the (arbitrary) amplitudes of the incident waves and where y is a spatial coordinate deduced from x to get
y = 0 at the interface. The case of the interface 1 → 2 is directly obtained by identifying Eq. (17) with Eq. (13) for L → +∞
(y = x and v0 = 1): r = limL→∞ R and t = limL→∞ B+ ; thus
r =

hi
4

ϕ+

ϕ
8

2h 2 ig (ka) + hi2 ϕ+ + O  3 , (ka)2 ,





t = 1 + r.

(19)

The case of the interface 2 → 1 is obtained with y = x − L. We get v0 = B+ eiKL , r 0 = limL→∞ e−iKL B− /B+ and t 0 =
limL→∞ e−iKL T /B+ . It follows that r 0 = −r and t 0 = 1 + r 0 . It can be easily checked that the coefficients (R, T ) of the slab
and the amplitudes (B+ , B− ) can be expressed as a function of (r , t ), (r 0 , t 0 ) as in classical optics:
R=r+
B+ =

r 0 tt 0 e2iKL
1−
t

r 02 e2iKL

1 − r 02 e

,
2iKL

,

T =
B− =

tt 0 eiKL
1 − r 02 e2iKL
r 0 te2iKL

1 − r 02 e

,
(20)

.
iKL

3.3. Continuity at the interfaces
The relations of continuity of the field and of its first derivative at the interfaces x = 0 and x = L can be easily checked.
They translate into 1 + R = B+ + B− eiKL , B+ eiKL + B− = T for the continuity of the field hvi(x) and k(1 − R) = K (B+ − B− eiKL ),
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Fig. 4. The scatterers are randomly distributed in [0, L]. In [xn−1 , xn ], the waves propagate with the wavenumber k of the free space and with amplitudes
an and bn .

K (B+ eiKL − B− ) = kT for the continuity of its first derivative (these relations are verified by expanding K to second order
in  ).
The relations of continuity of the field and of its first derivative at a single interface 1 → 2 are simply deduced from the
preceding relations as L → ∞, leading to 1 + r = t, k(1 − r ) = Kt. Also, the relations t = 1 − r 0 , 1 − r = t 0 give the continuity
relations for the interface 2 → 1. Similar continuity relations can be checked in [8,9]. In [5], the case of extended scatterers
is studied and it is found that the field is continuous across the interface but its first derivative presents a discontinuity,
potentially due to non isotropy.
4. Numerical results in one dimension
We present in this section one-dimensional numerical calculations of the field propagating inside and outside a bounded
region filled with N randomly distributed point scatterers. The mean spacing is d = a/ϕ . Performing a large number Nr of
calculations varying the random positions of the scatterers allows one to obtain a mean field hvinum (x) whose characteristics
can be compared with the theoretical results presented in the preceding sections. Here,  is real, which implies that the
attenuation Im(K ) appears only at second order in  . Of course,  can be imaginary, in which case the attenuation appears
at first order.
We consider Eq. (1) in the limit ka → 0:

v 00 (x) + k2 v(x) = k2 a

X

n δ(x − xn )v(x).

(21)

n

Solving the above equation is similar to solving

v 00 (x) + k2 v(x) = 0,
(22)
[[v ]]xn = 0,
[[v 0 ]]xn = k2 an v(xn ),
where [[f ]]xn = limδ x→0 [f (xn + δ x) − f (xn − δ x)]. Between two scatterers, v(x) is expected to be of the form (see Fig. 4)
x n −1 ≤ x < x n ,

v(x) = an eik(x−xn ) + bn e−ik(x−xn ) ,

(23)

where (an , bn ) satisfy the boundary conditions in Eq. (22). The problem can be easily solved by introducing Zn ≡ bn /an ,
which satisfies the boundary condition of radiation ZN +1 = 0 (corresponding to bN +1 = 0), and we find

n kae−iϕn + (2i + n ka)Zn+1 eiϕn
,
(24)
(2i − n ka)e−iϕn − n kaZn+1 eiϕn
where ϕn ≡ k(xn+1 − xn ). Starting from the radiation condition at x = xN , the
until the position
 Zn values can be calculated

of the first scatterer x = x1 . Then, the fields v num (xn−1 ≤ x < xn ) = an eik(x−xn ) + Zn e−ik(x−xn ) are calculated from the
Zn =

recurrence relation on an :
an + 1 =

eiϕn
2i

[2i + n ka(1 + Zn )] an ,

(25)

with the initial value a1 = eikx1 , which translates the fact that the incident wave eikx hits the first scatterer x1 with amplitude
1. To get the mean field hvinum (x), Nr realizations are performed, and

hvinum (x) =

1

X

Nr i=1,...,N
r

vi (x).

(26)

The reflection R and transmission T coefficients are then simply deduced as Rnum = hvinum (0) − 1, T num = hvinum (L), in
agreement with their expressions in Eq. (13).
4.1. An illustration
As an illustrative example of the numerical procedure, Fig. 5(a) shows some fields v num (x) using  = 0.9, ka = 0.22
(for identical scatterers), kd = 1 (ϕ = 0.22), kL = 100. Fig. 5(b) shows the mean field hvinum (x) averaged over Nr = 500
realizations of the scatterer positions. It can be seen, as expected, that the mean field behaves as a propagating field in a
medium with a complex index in the region 0 ≤ x ≤ L, while it conserves the same amplitude outside. The mean field and
its first derivative do not present any visible discontinuity, in agreement with the theoretical result.
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Fig. 5. The scatterers are randomly distributed in [0, 100], and the fields are calculated in [−20, 120] for  = 0.9, ka = 0.22 (d = 1, L = 100, k = 1). (a)
v num (x) obtained for particular realizations, (b) mean field hvinum (x) averaged over Nr = 500 realizations. (In a non-dimensional form, axis x stands for kx,
with ϕ = 0.22, kL = 100.)

Fig. 6. Variation of the reflection R and the transmission T coefficients with the incident wavenumber k. The calculations have been performed with
N = 100, d = 1, a = 0.1, (a–b) for identical scatterers  = 0.5 and (c) for scatterers with zero mean scattering strength i = ±0.1. (In a non-dimensional
form, axis k stands for 10ka, with ϕ = 0.1.)

4.2. Variation of R and T as k varies
For identical scatterers, the leading order in  is expected to dominate the behavior in R and T . Using N = 100, ϕ = 0.1
(d = 1, a = 0.1),  = 0.5, ka has been varied between 10−4 and 1. Fig. 6 show a good agreement between the theory
and the numerical results for Nr = 100, with a relative error smaller than 10−1 for ka < 10−2 . However, increasing the
k-values requires an increase in the Nr -value: for ka = 5 × 10−2 , the theoretical value R is found to be R ' 0.0252 + 0.007i;
the calculation with Nr = 100 gives Rnum ∼ 103 + 1.2i (not shown on Fig. 6) while the calculations with Nr = 105 give
Rnum ' 0.0254 + 0.012i.
For zero mean value of the scattering strength, R and T are expected to depend on h 2 i, at second order in the scattering
strength. To get this law numerically, one has to perform many averages to observe the first order indeed to vanish. Again
using N = 100, ϕ = 0.1,  = ±0.1 (randomly chosen for each scatterer), ka has been varied between 10−4 and 0.1. For
Nr = 103 , we have been able to get a good agreement for T , as shown in Fig. 6(c). Obtaining the same curve for R would
require many more realizations and we have been unable to get a reasonable agreement until Nr = 105 .
4.3. Variation of R as L varies: Results on an interface
To test the result theoretically predicted in Eq. (19) for a single interface, one has to mimic L going to infinity. To do
that, we have calculated numerically the reflection coefficient as L increases. |R| is expected, from Eq. (15), to experience an
oscillation with a decreasing amplitude around the asymptotic value r. As the numerical calculation increasing L is costly
and the decrease of the amplitude depends on  , we choose a ‘‘large’’ value of  = 1. L varies between 10 and 1000 (an extra
point for L = 2000 has been calculated).
Fig. 7 shows that |Rnum | indeed exhibits the behavior expected in our analytical calculation and tends to the value of |r |
in Eq. (19).
5. Concluding remarks
The problem of the reflection and transmission by a slab containing a random distribution of isotropic point scatterers
has been studied in the limit of weak scattering. The results on the effective wavenumber and the reflexion and transmission
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Fig. 7. |R| as a function of the slab length L (the dotted line correspond to the theoretical value, the full line to the numerical value, and the dark circle
shows the extra value calculated for L = 2000).  = 1, k = 0.1, d = 1, a = 0.5 and Nr = 500. The horizontal dotted line at |R| ' 0.1563 indicates the
theoretical value of |r | of a single interface. (In a non-dimensional form, axis L stands for 10kL, with ka = 0.05, ϕ = 0.5.)

coefficients are obtained in the second Born approximation in the form of an expansion valid up to O( 2 ), and then truncated
in (ka)2 in the limit of small scatterers.
It has been shown that: (i) the multiple scattering medium indeed behaves as an effective (homogeneous) medium with
a complex index similar to that one found when the scatterers fill the whole space, (ii) the reflection and transmission
coefficients of the single interfaces (r , t ) and (r 0 , t 0 ) are linked to the reflection and transmission coefficients (R, T ) of the
slab with the usual laws of classical optics, (iii) the condition to be applied at the interfaces are the continuity of the field
and its derivative, probably a general result for isotropic scatterers.
In one dimension, numerical experiments allow one to compare the mean wave propagating inside and outside a region
with random isotropic point scatterers with the theoretical results. We obtain satisfactory agreement, in the two cases of a
slab and of a single interface.
The present approach has the advantage of being very simple, and the results obtained are readily obtained, without any
additional (numerical) calculations in one, two and three dimensions. It is of particular interest when the scattering strength
has zero mean, in which case the second order has to be determined.
A natural extension to increase the range of applicability of the present approach is to consider a scattering potential
that accounts for non-isotropic scattering and finite size effects (ka ∼ 1 or larger). However, we stress again that using
any perturbative approach with the free space as the unperturbed reference medium is not suitable for strong scattering
effects [19]. Namely, in these approaches, K is expected to be close to k, and K − k ∝ n implies both effects to be ‘‘small
enough’’ in practice.
Appendix A. Derivations of a0 (r) and c0 (r) in Eq. (11)
The aim of this appendix is to briefly present the derivation of K , (R, T ) and (B+ , B− ) defined in Eq. (13) by identifying
with the expression of hvi in Eq. (8). The first step is to derive a0 (r̃) and c0 (r̃) in Eq. (12) outside the slab (for x ≤ 0 and
x ≥ L) and inside (0 ≤ x ≤ L). It turns out that the result, whatever dimension is considered, is
a0 (r̃) =

L

Z

1
2i

dx1 eik(|x−x1 |+x1 ) ,

0

c0 (r̃) =

1

(2i)2

Z

L

dx1 dx2 eik(|x−x1 |+|x1 −x2 |+x2 ) ,

(A.1)

0

that can be easily derived

 2ikL
(e − 1)e−ikx
a0 (r̃) =
(2ikx − 1) eikx + e2ikL e−ikx
(2i)2 
2ikLeikx

 
2
1 − e2ikL (1 − 2ikL) e−ikx



1
2 + e2ikL − 4ikx − 2(kx)2 eikx + e2ikL (−3 + 4ikL − 2ikx) e−ikx
c0 (r̃) =
4

(2i) 
−2(kL)2 − 2ikL + (e2ikL − 1) eikx .
1

(A.2)

The identifications with the forms sought for Eq. (13) give a set of coherent equations from which we deduce the expressions
in Eqs. (15) and (16). To do that, each quantity Z in Eq. (13) (namely, K , R, T , B± ) is written as an expansion up to  2 : Z =
Z0 + Z1 + 2 Z2 + O( 3 ); afterwards, the identification is performed. The expressions obtained correspond to expansions that
are in principle valid only for short propagation distances. To increase their ranges of validity, renormalization techniques
are used, the simplest one being the one used in the present study. Basically, the expected solution being eiKx , the Born
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expansion gives a solution in eikx (1 + i k1 x). To obtain a more uniformly valid solution, the Born expansion is recast into an
exponential: ei(k+ k1 )x [13]. This procedure is used here for a second-order expansion in x.
Appendix B. Derivations of K using Dyson approach
The Dyson approach consists in deriving the effective wavenumber by deriving the effective Green function, that is the
−1

Green function of the effective medium [17,18]. The effective Green function is hGi = [G0 − Σ )−1 , where Σ is the socalled mass operator. The expression below is given for small scattering strength (the scattering is measured by  for the
potential V (r) =  k2 Πa (r) in our Eq. (1)) and for uncorrelated scatterers: Σ (k) = Σ1 (k) + Σ2 (k) with

Σ1 (q) = n

Z

dreiq.r V (r)e−iq.r ,

Σ2 (q) = n

Z

drdr0 eiq.(r−r ) V (r)G0 (r − r0 )V (r0 )e−iq.r ,
0

(B.1)

0

where n = ϕ/Vs is the density of scatterers. It is easy to see that Σ1 (q) =  q2 ϕ and Σ2 (q) =  2 q4 ϕ
0 −1

O(ka)]. With G

hGi(q) =

R

drdr0 G0 (r − r0 )[1 +

(q) = k − q , we get

q2

2

−

k2

+

2

q2

ϕ + 

2 q4

ϕ

−1
R

drdr0 G0 (r − r0 )[1 + O(ka)]

.

(B.2)

The effective wavenumber K is the pole of hGi and is expected to be close to k, so we get
K 2 = k2



1 − ϕ −  2 ϕ k2

Z



drdr0 G0 (r − r0 )[1 + O(ka)] ,

(B.3)

which coincides with our expression in Eq. (14).
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