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A quantitative theory of the elastic wave damping and velocity change due to interaction with dislocations
is presented. It provides a firm theoretical basis and a generalization of the Granato and Liicke model [J. Appl.
Phys. 27, 583 (1956)]. This is done considering the interaction of transverse (7) and longitudinal (L) elastic
waves with an ensemble of dislocation segments randomly placed and randomly oriented in an elastic solid. In
order to characterize the coherent wave propagation using multiple scattering theory, a perturbation approach
is used, which is based on a wave equation that takes into account the dislocation motion when forced by an
external stress. In our calculations, the effective velocities of the coherent waves appear at first order in
perturbation theory while the attenuations have a part at first order due to the internal viscosity and a part at
second order due to the energy that is taken away from the incident direction. This leads to a frequency
dependence law for longitudinal and transverse attenuations that is a combination of quadratic and quartic
terms instead of the usual quadratic term alone. Comparison with resonant ultrasound spectroscopy (RUS) and
electromagnetic acoustic resonance (EMAR) experiments is proposed. The present theory explains the differ-
ence experimentally observed between longitudinal and transverse attenuations [Ledbetter, J. Mater. Res. 10,

1352 (1995)].
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I. INTRODUCTION

Ultrasonic attenuation and velocity change in materials
have been shown to be very sensitive to defects, such as
dislocations, and their measurement go back at least to the
1950s.! In recent years, improvements in experimental and
computational techniques have provided a strong motivation
to go beyond current theoretical understanding of these phe-
nomena. Indeed, there is now enough accurate data to exam-
ine on a quantitative basis the theoretical models. For ex-
ample, the recent development of the contactless techniques
of electromagnetic acoustic resonance (EMAR) and resonant
ultrasound spectroscopy (RUS) have greatly increased the
accuracy of internal friction measurements in high purity
crystals, and it is now possible to differentiate between lon-
gitudinal and shear wave effects.>”!3

Part of the current theoretical understanding of the elastic
wave-dislocation interaction is based on the model of
Granato and Liicke'*!° developed since the 1950s to the
1980s. That model, that will be discussed in some detail in
the body of this paper, considers the response to an external
stress wave of an ensemble of damped, stringlike dislocation
segments endowed with mass and line tension, subject to
viscous loss and pinned between two points. It is a scalar
model that captures the essence of the physics of the elastic
wave-dislocation interaction. However, it does not consider
many complexities of this interaction. For example, it does
not differentiate between edge and screw dislocations, nor
among the various polarizations available to an elastic wave.

In previous papers,?>23 we have studied the interaction of
an elastic wave with an ensemble of dislocations in a two
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dimensional elastic solid and in the absence of a drag force.
These papers presented the theoretical framework in which
the elastic wave-dislocation interaction is studied taking into
account its full vector nature. The purpose of the present
paper is threefold. To generalize the previous work to finite
length dislocation segments in three dimensions, to include
the effect of viscous drag in the previous framework, and to
show that the resulting theory contains the Granato and
Liicke theory as a special case. The requisite theory of the
interaction of an elastic wave with a single dislocation seg-
ment has been developed in Ref. 24 (hereafter Paper I).
The present paper is organized as follows: Section II starts
with a form of the theory developed in Paper I that is ame-
nable to a multiple scattering formalism. It is important to
remember that the wavelength of the incident wave 27/k is
assumed to be large compared to the segment length L and to
the amplitude of the dislocation motion, introducing a small
parameter kL. Then the formalism that is used to study the
multiple scattering of an elastic wave by a random distribu-
tion of dislocations is introduced. It is based on the deriva-
tion of a modified Green function.”®-3! This is done pertur-
batively with respect to the small parameter kL at first and
second order. The first order results are recovered using
Foldy’s approach,>-28 together with single-scattering results
of Paper I. Section III is devoted to the model of Granato and
Liicke. It is shown that their approach, based on physical
arguments, can be obtained within our framework if it is
assumed that dislocation segments are not randomly oriented
but have the same orientation, as well as the same Burgers
vector and that the incident wave propagates perpendicularly
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to the segment direction. A consequence is that a solid filled
with such a distribution of dislocations would not be macro-
scopically isotropic, in contrast with our configuration. Ex-
pressions for the attenuation and velocity changes are simply
deduced from the effective wave numbers for coherent wave
propagation. Section IV discusses the behavior of attenuation
and velocity change. It is shown that the attenuation has two
terms: a quadratic term due to the internal viscosity and a
quartic term due to the multiple scattering process that takes
energy away from the incident direction, even in the absence
of internal viscosity. The former term appears at first order
while the latter term appears at second order in the perturba-
tion approach. However, depending on the value of the drag
coefficient, the quadratic and quartic terms may become
comparable. Our determination of the attenuation allows us
to discriminate between longitudinal and transverse waves
and comparison with EMAR measurements is performed. In
Sec. V we present concluding remarks. Some useful but well
known relations and technical calculations are collected in
the appendixes.

II. MULTIPLE SCATTERING BY A RANDOM
DISTRIBUTION OF PINNED DISLOCATION SEGMENTS

We shall use the formalism and notation introduced in
Paper I. When many dislocation segments are present, it is
usual to define the total length of movable dislocation per
unit volume A instead of the density of dislocation segments
n,

A=Ln. (2.1)

For a fixed A, the length L of dislocation segments between
two pinners can change because of a change in the density of
impurity atoms. This is the picture of the change in L during
holding stress tests or compression tests, where A is assumed
to remain constant while the point defects migrate to the
dislocation lines and pin them into smaller segments, de-
creasing L.

Our results are valid in a low frequency approximation
meaning that kL<1 or w/w;<<1, where w;=cpm/L (as it
will be seen below in this section). With c¢;=3X10? m/s
and typical micrometer dislocation length L, we get w,
around few GHz. Usual experiments occur in the kHz to
MHz frequency range and only some very recent experi-
ments reach the GHz range.>>* We can thus conclude that
the low frequency regime approximation is largely satisfied
in the kHz and MHz frequency ranges, while the GHz fre-
quency regime falls in the limit of validity of our approxi-
mation, so that our derivation should be revisited in that
case.

The basic mechanism for the wave scattering, whose de-
tailed derivation can be found in Sec. II of Paper I, is as
follows: The incident wave hits the dislocation, causing it to
oscillate in response.’>~3° This motion follows

X(s.0) = - ~25s, )My d(Xo, ), (2.2)
T m
as in Eq. (2.7) in Paper I. The ensuing oscillatory motion
generates outgoing (from the dislocation position) elastic
waves, whose velocity field is given by
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vfn(x,t)zfjnhcijklff dt'ds biX,(s.t")7,
c

a
X—GY (x=Xp,t—1"), (2.3)
(7x1

as in Eq. (2.11) in Paper I. The scattered field given by Eq.
(2.3) can be viewed equivalently as the solution of the fol-
lowing modified wave equation, that accounts for the discon-
tinuity relation through a source term:

p?vi(x’t) - Uk(X,l) :Si(X’t)’ (24)

Cii
v &XJ &Xl

with

. 1%
Si(X,t) = cijklemnkj ds Xm(s’t)Tnbl 5(X - XO) (25)
r o'?xj

To see that Eq. (2.4) is the proper equation to study, it is
sufficient to remark that its solution is the convolution of the
Green function of free space with the source term

vfn(x,t)zfdt’dx’Ggm(x—x’,t—t’)sk(x’,t’). (2.6)

Writing the integral representation in Eq. (2.3) as
U;\,n(x,t) = f d[,dx,fjnhcijklj ds ban(S,t,)Th
c
J 0 ’ ’
X =G, (x = X, = 1) (x" = X)
r?xl
= f dt,dX,G]?m(X - X,,t - t,)ejnhcijkl
. J
Xf ds bX,(s,t'"),—ox" -X,). (2.7)
c 0x)

sp(x,2) in Eq. (2.5) is simply obtained identifying Eq. (2.7)
with Eq. (2.6).

The next step consists in writing the source term of Eq.
(2.5) using Eq. (2.2). We get

8 ubS(w) d d
(X,0) = ———5"L ¢;b— x = X)) My — v, (X, w),
si(x, ) 2 m o CijkiMi l&xj (x 0) lké,xlvk( 0> )

(2.8)

where we have used ekmnXan=—Xnk and with
2 (L2 2
TW ~ 1)
S(w) = —f ds S(s,w) = ——————.
2L —L2 w — wl + le/m
(2.9)

We now use c¢;jymib;=ubM;; to get
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FIG. 1. Configuration for the study of multiple scattering, the
incident wave has transverse (T) and longitudinal (L) polarizations
and propagates through an ensemble of randomly distributed and
oriented dislocation segments with pinned ends. Each segment is of
variable length L and its Burgers vector is of variable modulus.

8 MS(&))

si(x,w) = — LM, _5(X XO)Mlk vi(Xp, 0),
772 m (,O J X]

(2.10)
and use it to define the “potential” V;; through s,=V,v; in
Eq. (2.4),

8 (ub)? S(w)
k=2 Y, (x — X)) lk 0% |xex,

(2.11)

The source term in Eq. (2.10) and potential in Eq. (2.11)
describe the interaction of a single moving dislocation line
with the elastic wave. For a distribution of N dislocation
lines, the resulting source term and potential are simply ob-
tained by superposition. In this way, the formalism devel-
oped in Paper I is ready for generalization to multiple scat-
tering.

The configuration of interest for multiple scattering is
shown in Fig. 1. Multiple scattering is generally quite in-
volved. However, there may exist a coherent wave propagat-
ing with an effective wave velocity, its amplitude being at-
tenuated because of the energy scattered away from the
direction of propagation. We present in this section the deri-
vation of the coherent wave using the formalism of the modi-

fied Green function.?®3!
In this section, P,;Elzllg denotes the projector along the Kk

direction (k=Kk/k denotes the unitary vector along K).

A. Parameters of the average

In the theory of coherent propagation, the coherent wave
propagates in an effective medium that corresponds to the
average over all realizations of the disordered medium. One
realization corresponds to N(>1) dislocation segments, each
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segment being characterized by, as described in Paper I, (i)
its location X, and its orientation given by the Euler angles
O=(6,¢,&) through (B,T):R(el,e3)(ﬁzb/b), where R is
the rotation of Euler angles defined in Eq. (A1), (ii) the value
of the Burgers vector modulus b and the length L of the
segment. The probability function for a quantity x is denoted
p(x). Finally, assuming that the dislocation locations are un-
correlated, that the dislocations are uniformly distributed in a
volume V[p(Xy)=1/V], and uniformly oriented [p(Q))
=1/87*], averages are performed using the integrand

dX, d)

dC=— sz(b)db p(L)dL. (2.12)

The assumption that (l;, 7) can take any orientation could
be simply modified to account for a particular anisotropy
(see for instance Sec. IIT). In contrast, adding a correlation
between scatterers leads to significant complications.

In our calculations, the averages of the modulus b of the
Burgers vector can be performed with any probability func-
tion, without restriction. However, for the sake of simplicity,
we continue to use the notation b* for [db b*p(b), so in the
following, b has to be understood as an average value. In
contrast, averaging over L is less straightforward and we
shall consider L constant in the following.

B. Modified Green function approach

Following the usual multiple scattering notation, we de-
note by G° the Green tensor for the wave equation in free
space and by G the Green tensor for the wave equation modi-
fied in the presence of a given realization of random distri-
bution of dislocation segments,

P’ G, (X, ) + ¢t m—— G, (X, ) = = 5, 6(),

Ix j (? km
P’ G (X, 0) + iy ka(x w)
dx;dx
== E Vikam(X’ C!)) lm 5(X) (2 1 3)

disloc. lines

where V is the “potential” [Eq. (2.11)] that describes the
effect of a single dislocation segment. Properties of G° rel-
evant to our treatment are collected in Appendix B

In the multiple scattering formalism, the effective wave
numbers K, (a=L,T) characterize the coherent wave propa-
gation in an effective medium, defined as the average over
all random distributions of dislocation segments.?%>*-3! The
wave numbers are the poles of the modified, averaged, Green
function (G), related to the Green tensor in free space
through the Dyson equation

(G) =[G -1,

where 2, is the mass operator, whose relation to V is, in
general, quite involved. For weak scattering, X can be devel-
oped in perturbation theory for small V, to first and second
order,

(2.14)
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3=304+30
with

SO(K)=n f dxdC e ™V, (x)e™>,

Eﬁ?)(k) =n f dxdx'dC e_ikxvin(X)ng(X - X’)Vlj(x’)e"k",,

(2.15)

where 7 is the number of dislocation segments per unit vol-
ume and the integral over C corresponds to the average over
all realizations of random distributions, as in Eq. (2.12). The
calculations are detailed in Appendix C. The interest in the
calculation at second order is to determine the attenuation
due to the multiple scattering process that occurs even in the
absence of internal viscosity. Thus, only the imaginary part
of 3@ is used. We get

8 pb*S(w)

=00 = 157 m o ner

— pcis [Py + 311, with s, =

Im[3P(k)] = - pcik?s,[Py +31],  with
270058 "

Equation (2.14) being algebraic in Fourier space, it allows
for the derivation of the effective wave numbers as the poles
of (G)k). With G '(K)=p[ci(,k>=k2)(I-Py)+ci(k*
—I2)Pi], we get

(GY™ = pepd[1 +3(sy +is2) I = kpy(1 = Py)

+ pci{[l + 4y 2(s) + isy) K - ki}P.;, (2.16)

Cr.

m w

from which it is easily found that the effective wave numbers
K, (a=L,T) are

16 1 pb*S(w)
Kp=hi) 1= 15712')/ m " CL
64 3y5+2<pb2)2Re[Sz(w)] ) }
+1i ——— | — | ——————nlL%¢ |,
2257 Y \m w
4 ph*S(w)
:"T[ TS m @ T
; 16 3¢+2(pb2)2Re[52(w)]
75715 v m w Ler|.

(2.17)

It is shown in Appendix D that the first order result is
easily recovered using Foldy’s approach,?~?® where multiple
scattering is inferred from the response of a single scatterer.

Let us first comment on the results obtained at second
order with the modified Green function. With typically K
~k[1+nL3(1+(kL)%] in Egs. (2.17), weak scattering means
here

(1) small € =nL3. This assumption, with nL3=AL? is
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reasonably verified with typical micrometer L, and A ranging
from 10% to 10'° m™2

(2) small e=kL value. As previously mentioned, this low
frequency regime is verified in most experiments.

Finally, the phase velocities v,=w/Re(K,), a=L, T are
obtained from Egs. (2.17). At first order, they are

1 pb o’ - w% )
(w2 - w})? + W’B¥m*)’

16
or=el\ 4155

o — o )
T (w? - (1)%)2 + w’B*m*)’
(2.18)

The attenuation a,=Im(K,) has two origins. Because of
the internal viscosity, the first order gives a contribution in B
to the attenuation. The contribution at second order is due to
the multiple scattering process that takes energy away from
the incident direction. This latter attenuation exists even for
B=0. We get

16 1 pb2 (CLB o’
U572 4 V' m Lm (- a)%)z + w’B*m?
439 +2) pb* o[ (0 - w%)2 - szz/mz])
157 y* m [(0® - )+ *BYm*) )’
4 pb (CTB ?
“r= 57 m m(w -w ) + w’B*m?

43y +2) pb* 0'[(0” - 0])* - szZ/mz])
157y m [(0* - 0})?+ B /m*)?
(2.19)

Simplified expressions are presented in Sec. IV.

II1. DISCUSSION OF THE GRANATO AND LUCKE MODEL

The Granato and Liicke model (hereafter referred to as the
GL model) has been widely used to interpret experimental
results. It is a scalar model whose starting point is the fol-
lowing set of equations:

A ..
— up bzfds &(x,s,1),

(9 p—50(X,1) - ,u,ai%a'(x )=

mé+BE-TE = po (3.1)

where A is defined in Eq. (2.1) as the total length of movable
dislocation per unit volume. The system is then solved look-
ing for a solution of the form

O'()C2, t) — O_Oe—aGszelw(l—xz/vGL) ,

(3.2)

assuming ¢ independent of x;. While this system of equations
is eminently reasonable on physical grounds, to the best of
our knowledge it has not been derived from the vector equa-
tions of elasticity in conjunction with the vector equations of
dislocations dynamics.
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FIG. 2. Configuration of the GL model, the incident wave has
only transverse polarization and propagates through an ensemble of
randomly distributed dislocation segments having the same orienta-
tion along e3 and the same gliding direction along e, and they are
pinned at both ends. The dislocation segments can be of variable
Burgers vector modulus b. This picture must be contrasted with the
general case of our present study in Fig. 1.

X3

The solution for the stress o proposed by GL shows that
the system of equations is considered for averaged quantities.
Indeed, the interaction of an incident wave with a single
dislocation segment leads to a scattering process unable to
produce a plane wave (see Refs. 23,24). In contrast, the so-
lution (3.2) has the typical form of the solution for effective
propagation.

It is shown in this section that the GL model is indeed
recovered within the framework of our multiple scattering
formalism when the dislocation segments are randomly
placed but not randomly oriented. Rather, when they all point
along the same direction, as depicted in Fig. 2. Note, for
contrast, the more general configuration of the present study

(Fig. 1).

A. The configuration of the GL model

The GL model focuses on the behavior of an incident
wave propagating along the e, direction, that is, perpendicu-
lar to both the dislocation and the Burgers vector. This has an
important consequence since, in that case, only the shear
wave with polarization along the Burgers vector interacts
with the dislocation segment. This can be seen in the scatter-
ing amplitudes provided in Egs. (3.5) of Paper I, with 6,
=m/2, ¢o=0, we get ;=0 meaning that the incident longi-
tudinal wave does not give rise to a scattered wave along that
direction. Also, with fr=—cos &, (here &, gives the direction
of the transverse polarization with the e; axis of the Burgers
vector), only the component parallel to the Burgers vector
interacts with the dislocation segment (£,=0). This is why
the GL model is a scalar model.

The system of equations (3.1) is composed of a modified
wave equation for the stress o coupled with an equation of
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motion for the displacement &. The equation of motion is the
same as our Eq. (2.1) in Paper 1. Here, the gliding motion
occurs along the e direction, so that the Peach-Koehler force
along that direction reduces to F;=bo,. In the following, we
adopt the GL notation with 0= o,. The next step is to show
that Eq. (3.1), a modified wave equation for o, is similar to
our Eq. (2.4).

To recover this modified wave equation, we use the same
procedure used to obtain our Eq. (2.4). We start from the
integral representation for the stress tensor, whose detailed
derivation can be found in Appendix E,

. J
o(x,1) =— up bf J dt'ds X(s,t’)a—tGO[x -X,. 1],
L

(3.3)

where G°=GY, is the Green function in free space for scalar
shear waves. Identifying terms in the integral representation
for a convolution, [dt'dx'G(x—x',t—t")s(x’,t"), we easily
get the source term in the modified wave equation for o,

s
50X, 1) — uT—50(X, 1) =5(X,1
PR ,Uué,x%( ) =s(x.1)

with

s(x,0)=— up bf ds X(s,0)8(x - X), (3.4)
L

where X has been taken equal to X, in the limit kL <<1. As
stated, Eq. (3.4) clearly differs from the first equation in (3.1)
because our Eq. (3.4) concerns a single scatterer. Thus, one
needs to average this equation, which is done as follows:
Consider an ensemble of N dislocation segments as shown in
Fig. 2, all parallel to e; and having a Burgers vector b along
e;. The displacements ¢ for each segment depend on the
position of the center Xf), i=1,...,N, so that we denote in the
following é= §(Xi ,s,1). The source term for this ensemble of
dislocation segments is simply obtained by superposition and
the stress satisfies the new modified wave equation,

P N
wmgﬂpmn_ﬁwﬁmm%m
i=1 L

X2

X 8(x - X}), (3.5)

where we keep the same notation o for simplicity. Consider
now all possible realizations of the positions (Xg)-;. .
volume V. Assuming that there is no correlation between
these positions, we can perform the average as

dX,  dXg

¢ (x.1) bf
P B TEERY

P
pﬁo( X, 1) =
N
XE dsX(Xf,,s,t)&(x—Xf)).
i=1
r
(3.6)

The stress o on the left-hand-side term should be replaced
by the mean stress resulting from the average process but
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again, for simplicity, we keep the same notation. It is now
sufficient to note that the right-hand side term is formed of N
identical terms

dX ..
—Mp bf TOJ ds X(XO,S,t)(S(X_X())
L

1 ..
=—up b—J ds X(x,s,1). (3.7)
Ve
Finally, the averaged modified wave equation is
—o0(X,t) — u—o(x,t) =— b ds X(x,s,1),
praaoted = gotxn ==ppbn | ds X(xs)
(3.8)

where n=N/V is the density of dislocation segments. With

nL=A and X=£, the above Eq. (3.8) is the same as the first
Granato and Liicke Eq. (3.1).

B. Comparison of the results on attenuation and velocity
change

The change in velocity and the attenuation are found in
the GL model by solving the system of Egs. (3.1) and (3.2) to
get

(1 4 pb2 2 wz—w% )
vgL=crl 1+ =—nLc ,
aL= o ™ m T(ooz—w%)2+a)sz/m2
4 pb® . w’B/m (3.9)
agL=——nlLc . .
LT m T(wz—w%)2+w232/m2

These expressions differ from our results for transverse wave
in Egs. (2.18) and (2.19) at first order by a numerical con-
stant 1/5.

It is easily checked that (3.9) can be recovered within our
formalism: It is sufficient, for the calculation of the mass

operator, to note that the operator MK’kM in Eq. (C2), that
was averaged over the Euler angles to account for all pos-
sible orientations of the segments and of the Burgers vectors,
must be calculated here with a fixed M=e,'e,+e,'e,, without
averaging. We get, from Egs. (B3) and (C2) that the effective
wave numbers are given by the poles of (G)~!(k) with

(G (k) =G (k) - S(K), (3.10)
with
K kik, O
S(k)=—pcrsi| kik, k3 0|, and
0 0 0
8 pb*S(w)
S1=?7 2 n C%. (3.11)

Using k=[cos ¢ cos 0;cos ¢ sin 0;sin @], it is straightfor-
ward to find the determinant of (G)~!,
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Ay = pc(k? = k(K2 = k) (kP = k7) + 51K* cos® ¢[k* — k7
+ (7' = DS, )]}, (3.12)

with f(8, ¢)=1-cos? ¢ sin’ 2. The modified wave numbers
being close to the wave numbers k;, k;, we can calculate
their values at leading order in s,

KT=kT(1 - %cos2 @f(ﬁ,qo)),

N

KszL(l—z;/zcosz (p[l—f(ﬁ,(p)]). (3.13)

The modified wave numbers K,, a=L,T are illustrated in
Fig. 3, the deviation from a spherical shape illustrates the
anisotropy of this medium. Another configuration, where the
lines are parallel with a randomly oriented Burgers vector in
the plane perpendicular to 7 is treated in Appendix F. In the
case considered by GL, the incident wave is along e, (¢=0,
0=1r/2, so that f=1), the longitudinal wave does not interact
with the dislocations, the wave numbers of the acoustic L
wave and of the shear 7' wave whose polarization is along the
segment direction, are not modified. In contrast, the shear T’
wave whose polarization is along the Burgers vector is modi-
fied and its effective wave number is

4 pb? n )
Kr=ki{1-——S(w)lL—|, 3.14
T T( 2 m (w) k% ( )
in agreement with the expressions of the velocity change and

of the attenuation in Egs. (3.9).

IV. VELOCITY CHANGES AND ATTENUATION:
DISCUSSION ON THE QUALITY Q~!-FACTOR IN EMAR
AND RUS EXPERIMENTS

A. Velocity changes and attenuations

We use in the following

mw%_ﬁzL

BL2’ (4.1)

[note that w,,=(B./2B)w,, with B, defined in Eq. (2.10) in
Paper I]. In the limit w < w,, the phase velocities and veloc-
ity changes defined in Egs. (2.18) and (2.19) can be written
in the simplified form

16 I'U“_bz 2

1
~cl1-—5 E——1
oL cL( 157y T l+(w/wm)2)

4 ub? 1
K 2—), 4.2)

=~ ] _—_—
or CT( 5024 T 1+ (wlw,,)?

16 1 Mb2AL4Bw2( 1
Y= 1575 Y e I? 1+ (wlw,,)?

. 43y +2) ph*’L , 1-(wlw,)? )
w >
157y ;B [1+ (0w,
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FIG. 3. Modified wave numbers (a) K7 and (b) K; as a function
of the incident wave direction, in a medium made of dislocations
segments randomly located but all pointing along the e3 direction
with Burgers vectors along e; (Fig. 2). The deviation from a spheri-
cal shape indicates the anisotropy of the medium. Insets show the
change in wave vectors (K,—k,)/k,, a=L,T. Vectors ky and k; in-
dicate the particular incidence considered in the GL model.

4 ,ubZAL4Bw2( 1
ar= 57 I? 1+ (w/w,,)?

43y +2)pb’L , 1-(wlw,)?
157y ¢;B @ [1+(0/w,)*]

The above expressions can be further simplified depend-
ing on the ratio B/B,., with B.=2mw,. Attenuations a=«,
and velocity changes Av/c=(c,~v,)/c,(a=T,L) have two
typical behaviors.

(i) In the underdamped regime, B/B.<1 so that w,, is
above the largest considered frequency w; and w/w,,<<1. We
get

). (4.3)
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Qv _ , 4

=C,~— AL, 4.4
. Gy (4.4)
with Cp=4/(57%), C;=16/(157*9%), and
b*AL*Bw? ’L
aa:C(;M 2 “ (1+Cpb wz s (45)
c cr
with  Cj=4/(57°, C;=16/(157%), and C=4(3y

+2)/(1579°). The frequency law for the attenuation con-
tains the usual quadratic term'#~'¢ and an extra quartic term
due to the multiple scattering process that takes energy away
from the incident direction, even without any drag. This term
can be dominant in the underdamped regime only and ap-
pears as a correction to the quadratic term otherwise. Note
that the following scaling properties on attenuation and ve-
locity change

& o L2,

¢

ax L4 (4.6)
announced in the GL model and wused in
experiments>®101241-43 are recovered. However, because the
GL model predicts prefactors C and C’ that correspond to a
specific (i.e., nonrandom) configuration for scalar waves (see
Sec. III), the law must be slightly modified for random con-
figuration in interaction with vector waves, as discussed fur-
ther in this section.

(ii) In the overdamped regime, attenuations and velocity
changes have a frequency law that depends on the frequency
range. For w<w,, < w,, the frequency laws are the same as
in the underdamped regime in Egs. (4.4)—(4.6) and for w
> w,,, the frequency laws become

Av, Al
o 4Ca,ub2§p—2, (4.7)
and
b? b’L
a,= w4c;“—A<1 + cp—w2>. (4.8)
aB CTB

These behaviors are illustrated in Fig. 4.

Usual estimates for the drag coefficient B fall around
107 Pa-s at room temperature, in rough agreement with
various estimates B=10"2ub/c; (Refs. 44—-46) (this estima-
tion comes from the expression of B above the Debye tem-
perature, szTa%/ 7T3C3T, with k the Boltzmann constant,
wp=cr w/b the Debye frequency and T the temperature,
and taking ,ub3 =1 eV, an estimate valid for most materials).
Thus, we have

®,, = SOWCTE. (4.9)
With typical micrometer dislocation lengths L, Burgers vec-
tor b=0.5 nm, velocities c;=3 X 10°> m/s, and frequencies
w,,=250 MHz, well above the typical kHz to MHz frequen-
cies used in many experiments, the simplified Egs. (4.4) and
(4.5) can be used. Care must be exercised, however, when
conditions in some recent experiments are reached, such as
(i) in the GHz regime of Refs. 32-34, (ii) with the use of
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-4 3 2 -1 0
log[ w/o, ]

FIG. 4. Typical variations of (a) the attenuation a normalized
with AL and (b) the velocity change Av/c normalized with AL?, as
a function of In w/w, for B/B,=107> corresponding to the under-
damped regime (bold solid line), B/B.=10 corresponding to the
weakly overdamped regime (dotted line) and B/B.=10° corre-
sponding to the strongly overdamped regime (dotted line). The
curve in simple solid line in (a) corresponds to the usual quadratic
law, in contrast with the quartic term, dominant in the underdamped
regime for w close to w;.

metal of high purity because the decrease of pinning points
increases the L value, and thus decreases w,,, see for instance
the discussion in Ref. 9, (iii) for high temperatures, that
cause an increase in B and thus a decrease in w,, [in that
case, Eq. (4.9) is no longer valid], see for instance, Ref. 7.

Expressions similar to Egs. (4.4) and (4.5) have been
widely used in the form proposed in the GL model and re-
written in Ref. 17 as

A b?
20 e Ar, (4.10)
CT F
P*AL*Bw?
aa:C'%, (4.11)

with C=4Q/7* and C' =4Q/ 7° issued from Egs. (3.9) in the
low frequency regime where Stern and Granato introduce an
“orientation factor” ) to take into account the fact that the
resolved shear stress on the slip systems are smaller than the
applied stress. This factor is usually taken equal to
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TABLE 1. Prefactors for the velocity change and attenuation
C C’ from Stern and Granato, and C,, C('l, a=L, T from the present
study.

C 40/ 7 C’ 40/ 7°
Cr 4/57* C; 4/57°
Cr 16/157*y? C; 16/157%?

0 =0.33%" As previously seen, the above expressions are
similar, at first order, to our expressions (4.4) and (4.5).
However, when quantitative deductions are needed, the dis-
crepancies between our factors C, and C,, a=L,T and the
factors in the previous expressions must be studied in more
detail. Table I summarizes the differences for both L and T
waves.

It appears that, for transverse waves, the empirical value
) =0.3 reasonably compensates for the discrepancy between
the results of GL and our own. In contrast, for longitudinal
waves, () has to be compared with 4/(15 yz) =1/15, which
is smaller than the usual 0.3 value. However, this is not suf-
ficient to notably modify the results experimentally obtained.
For instance, in Ref. 41, the authors measure the attenuation
and the velocity change for longitudinal waves propagating
in aluminum. Then, they solve the system of Egs. (4.10) and
(4.11) to determine A and L. The calculation for L depends
on the ratio C/C' =7 which is the same in the GL model as
well as in ours. The calculation for A, however, depends on
the ratio C2/C’, so that its value must be corrected by a factor
15Q. With 1=0.32 taken by the authors, the true A is 5
times higher than announced, a discrepancy that is probably
not significant.

However, the significant result of our analysis is to give a
possible explanation to the difference between longitudinal
and transverse attenuations first observed in Ref. 3, as will be
seen in the next section.

B. RUS and EMAR experiments

The basic idea of resonant ultrasound spectroscopy (RUS)
is to record the spectrum of resonance peaks of a suitably
excited sample. For a detailed description of the theory and
application of RUS, see Ref. 47. The resonance frequencies
" are used to infer elastic moduli while the quality factor
follows from the measurements of the resonant peak widths
through Q7'=Aw/w". An ad-hoc treatment of the inverse
problem allows for the computation of all elastic constants as
necessitated by the symmetry of the sample. Among the elas-
tic constants, ¢y, is related to the longitudinal mode and cyy
to the transverse modes. In addition, the shear (x) and lon-
gitudinal (A+2u) moduli have been calculated for copper
single crystals in Ref. 9.

Electromagnetic acoustic resonance (EMAR) experiments
are a variant of RUS using electromagnetic acoustic trans-
ducers (EMAT). EMAT generate and receive ultrasonic
waves through electromagnetic effects, avoiding the energy
losses that occur with contact measurements. In EMAR, at-
tenuation can be measured as the exponent in the exponen-
tially time decreasing response of the sample to a burst sig-
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TABLE II. Internal friction measured by EMAR and RUS for resonances associated with longitudinal waves (Q;;) and shear waves
(Qu4). The right-hand side of the table gives the shear and longitudinal internal friction coefficients Q}l and Q}l from Ref. 8. The last column
gives the value Q}I/QZ1 to be compared with 3y/4 from Eq. (4.13) with y=2 for copper (Ref. 9). We also estimate y=2 for LiNbO;.

0i1-0;' 0u-07 0;'10;'
Polycrystalline copper (from Ref. 3) using RUS 0.9x 1073 146X 1073 1.62
LiNbO; (from Ref. 11) using RUS 22X 1070 3.7X107? 1.68
Copper single crystal (from Ref. 8) using RUS 1.74-1.84 %1073 2.46-2.57%1073 1.41-1.40
Copper single crystal (from Ref. 8) using EMAR 1.14-1.34x 1073 2.59-2.83x1073 2.28-2.11

nal at resonance frequency (ringdown curve).+>3%12 If o is
the exponential coefficient, the quality factor is deduced for
each mode of vibration through Q~'=2a// " (the temporal
attenuation is simply related to the spatial attenuation «
through a=a’/c). The resonant frequencies are typically of a
few tenths of MHz, so that these experiments are in the re-
gime w<<w,,, and we expect to have
L 32 1pb* cjBwj 128 1 ABL*o]

L= 1572y m ™~ m w? B 15#4? pbzc% ’

8 pbzAchB op 32 ABL'oy}

-1

=— = — 4.12
Or 5 m om ool 57 pbck “.12)
where w}, o/, denote the resonant frequencies for longitudi-
nal and transverse modes, respectively. The second equalities
in both Egs. (4.12) are obtained with w;=VI'/ma/L and T,
given in Eq. (2.3) in Paper I, roughly equal to pbh’c7/(2m).
From Egs. (4.12), we expect

o _3

-1
4

~ 1.30-1.56, (4.13)

where we have taken w}/w]=cy/c;y"' and 7y ranging from
1.7 to 2 (typical Poisson’s ratio range from 0.25 to 0.35).
Various measurements of the quality factors Q;; associated to
the ¢;; for i=1, 4 can be found in Refs. 3,8,9,11. In Ref. 9, the
shear and longitudinal quality factors QZI and Q}', corre-
sponding to the shear and longitudinal moduli, have been
calculated. The results are summarized in Table II, where it
can be seen that the ratio Q7'/Q;' obtained with RUS rea-
sonably agree with the values found in Eq. (4.13) while
EMAR method gives a higher ratio.

Finally, experimental values for polycrystalline copper
can be found in Ref. 3, p=8.9 X 10° kg m=, ¢;=2150 m/s,
and A~ 10" m™2 and values for LiNbO; can be found in

cos ¢ cos 8 —sin fcos £—sin @ cos #sin &

R=| cos ¢sin @

sin ¢ cos ¢ sin &

cos O cos & —sin ¢ sin @sin &

Refs. 32-34 and 11, p=4.6 X 10° K g m~3, ¢;=3758 m/s and
A~2x10% m™2. In both cases, expressions (4.12) with val-
ues of Q7! in Table I give L~ 10 um.

V. CONCLUDING REMARKS

We have worked out a full theory of vector elastic waves
in an elastic medium interacting with an ensemble of ran-
domly distributed and oriented dislocation segments that
takes into account the vector nature of the interaction as well.
This theory shows that the widely used Granato and Liicke
model is a special case, in which only a single polarization of
the waves is allowed, as well as a uniform orientation for the
dislocations. Our more general theory provides different
numbers for wave velocity change and attenuation coeffi-
cient depending on wave polarization (longitudinal or trans-
verse), as observed in experiments. Further work is needed to
determine if the scattering by dislocations can be considered
as the dominant factor among the different mechanisms that
generally affect the wave propagation. However, the com-
parison presented in this paper suggests that it is a good
candidate to explain these experimental results.
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APPENDIX A: ON THE EULER ANGLES AND AVERAGES
OF ROTATION

The rotation matrix R=R(e;, O)R(e,, ¢)R(ey, &),

sin @ sin &€ —sin ¢ cos #cos &
— cos O sin £—sin ¢ sin O cos & (A1)

cos ¢ cos &
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defined with the Euler angles (6,¢,&), is the matrix that
takes the basis (ey,€;,€3) to (e, e e, Xez) (see Fig. 10 in
Paper I).

We define the average of a function f(0,¢,&) over the
Euler angles as

1 21 J‘ f277
=— deo d déf(6, o, A2
“s7), . cos edg &(0,9,6). (A2)

The following tabulated averages can be found in Ref. 48:
0160 = OOy — Gudj
30 ’

<RF1RF]RGI<RGI> =

,j0 + 00 + 66y

<RF1RF]RFI<RFZ>— = 15

)

5:"
<RFiRFj> = _31 (A3)

Note that if the average is done on the spherical angles
(6,0), (f)=(1/47) [cos edOdef(0,¢) it is sufficient to use
the preceding properties, with a factor 27 because of the
integral over &.

APPENDIX B: THE GREEN FUNCTION IN FREE SPACE

The Green function free space G satisfies

#
PoECm %) = = Gi(%,8) = 6x) 1) B

dx;dx
(B1)
In Fourier and frequency space, we get G*~!(k, w)
Gy (k,w) = (= po® + uk®) 85+ (N + wkik,.  (B2)

Using pc? =\+2u, pc=p and with Pi =K'k the projec-

tor on K, it can be written as
G (k. w) = pei(k* — k) (1 = P) + pei (K - k7)Pg.,
(B3)

and we get also

1
G(k,w)=—5—55(1-P)+—5—5—5P
per® =k pei(R—kp)

(B4)

APPENDIX C: TECHNICAL CALCULATIONS FOR THE
DERIVATION OF THE MASS OPERATOR

The derivation of the mass operator X, gives the modified
Green tensor (G) through Eq. (2.14). The poles of the modi-
fied Green tensor are the effective wave numbers K.(c
=L, T) that characterize the coherent wave propagation in an
effective medium defined as the average over all random
distribution of dislocation segments. For weak scattering, 2,
can be developed in powers of the potential V [appearing in
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Eq. (2.13) and assumed to be small]. At first and second
orders, the relations between 3, and V are given by

SO(Kk)=n f dxdC e ™V, (x)e™,

ng)(k)=nfdxdx'dC Ry, (x)GY(x - x )V,j(x’)e’kx ,

(CD

where Ggl(x—x’) means Ggl(x—x’ ,w). We provide below the
derivation of the two first orders of the mass operator. The
integration over C indicates the average over all realizations
of V, each realization includes the positions of the centers X,
and the orientations of the dislocation segments, and the Bur-
gers vectors. For the sake of simplicity, we consider in the
following calculations only the average over all vectors X
and over all orientations of the dislocation segments and
Burgers vectors. It would be sufficient to replace b? by (b?)
in the final result to account for the other averages. Note that
the average over the orientations of the dislocation segments
and associated Burgers vector is simply obtained by averag-
ing over all possible orientations of (t,n,7)=R(e;,e,,e;3),
with R defined in Eq. (Al).

1. Derivation of the mass operator at first order

The first order is easily obtained. Using the expression of
the potential Eq. (2.11) in the first relation of Eq. (C1), we
get

8 (ub)*S .
sW(k) = ﬂl%(—‘;’)m f dxdC e™*M;
X e 6(X Xo) Mlk eikx
0x; X1 |x=X,

8 (ub)*S(w)
P om0
X 8(x — Xo)M ik e™Xo
8 (ubPS(@)
7 om W

J —ik
L dXdC_E ! xMij
F?.XJ'

f dC MMk, (C2)

The integral in 3! is an average of the tensor MK’KM with

M;;j=n;t;+t;n; over all possible orientations of t and n. Let-

ting t;=R;, and n;=R;,, we get
[Ml;tl;M]” = t] + tnnj)]gmlgn
= (RiZRnZlele +RpRHRR
+RiR;jiIR2R

(nitm + tinm) (nn

+ RjZRmZRanil)lgmlgn' (C3)

Using the first and the second relations in Eqns. (A3), we
obtain

<[Ml€tl€M]U> = 32_()(4611151141 - (si'ﬁmn 5”"5]" + 4’5 5mn (siil(sjm
tm /n)k k

Lk +38,). (C4)
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Finally, we get

8 psz(w)
L T

This equation is the first relation of Egs. (2.16).

nL pchi(kky, +358,). (C5)

2. Derivation of the mass operator at second order

Using the expression of the potential, Eq. (2.11), in the
second relation of Eq. (C1), we get

2 2
x| SE5,

. J
Xf dxdx'dC e_lkxM,‘k_é(X - XO)an
0xk

J
X nl(x X )Mlp_é(x XO)qu
Xy |x=X, x,
J I
— ™ (C6)
0xq |x’:X0
The Green function is  written as  G°(x)

=1/(2m)3 [ dqG°(q)e'™, so we get

8 b)* 2w

fdxdx dCdq e ™M,

d
X = 8(x — Xo)M,,,(iq,,) Goy (@) Xox M,
&xk

J .
X—8(x" = Xo)M, (ik,)e™*Xo
(9)(,'1; ( 0) qj( q)
8 (ub)* S*(w) e
=5 nL? | dxdx'dCdq(ik,)e XM,
X §(X - XO)an X (i61111)G21((I)(iC]p)eiq(XO_Xo)Mlp
X 8(x" = Xo)M,(ik )e’kXO
8 (ub)* Sz(w)
== nL?y | dC MM, M, M,k k.,
(C7)
where
Ilmnpzqu Gnl(q)qum' (CS)

The Green function is given in Appendix B of the form
GO(k) =g (k)(1-Pg) +g, (K)Pg, with g7(k)=1/[pci(k’~k7)],
g(k)=1/[pci(K*~k})). Denoting  g(k)=g,(k)=gr(k), we
have Lnp=Jda[g1(q) 8+ 8(0)4,41)a,9,= S dq q*g1(q)
de(i ép4m5nl+qu ‘148((1)qu énQIéqurH'

The integrals over the spherical angles of q are known
(see for instance Appendix A) [dq §,G,=4m/3 5,,
qu QnQICIme 477/15(51111 np+5ln5m +51p5mn)

The integrals over the modulus ¢ are divergent at high
wave numbers and they are regularized introducing a cutoff
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function at small lengths ¢>1/b, since b is the smallest
length available for the validity of continuum elasticity. In
any case we only need the (finite) imaginary part of the in-
tegral. The real part of the integral, that depends on the form
of the cutoff function is not considered here since it is a
higher order term in the change of velocity and can be ne-
glected. In contrast, the imaginary part of the mass operator
at order two must be considered since it is the dominant term
of the attenuation for vanishing drag. Thus, we have
Im[ [dq q*gr(q)]=mk}/2pc7,  Tm[[dq ¢*g(q)]=m(k;/2pc]
—k3/2pc3), and

27 @ 1-9
Im(llmnp) = 1_5_ 55mp5 '}/S (5lm6np + 5ln6mp
+ 5lp5mn)) > (C9)

with y=c;/cy. This is now used in Eq. (C7) to get the
imaginary part of 3,

16 (pb*\*S*(w)
@ (k)] = p 3,72
{3 (k)] = 5( - ) peinl f dc|5M,,M,,,

-7
7

+ Mmlil)) szq] q (ClO)

+ M, M, + M, M, .

With M defined in Eq. (2.5) in Paper I and using t,,,,=0,
L=, =1, it is easy to see that M,,,=0 and M,,,M,,,
_anMnm=2' We thus have

237y T,

Im[ P )] = > peinl?

m (O]

J dC MM,k ;. (C11)

where the integral has been evaluated in Eqn. (C4). Finally,
we obtain

Im[3P(k)] =

32 3y5+2<pb2>252(w) L2
w

2057 %
+31).

m
(C12)

This equation is the second relation of Egs. (2.16).

APPENDIX D: FOLDY’S APPROACH

1. The formalism for 3D polarized waves

Foldy’s approach to coherent wave propagation consists
in writing the total velocity field as the sum of the incident
wave plus the scattered waves

N

v(x) = Vmc(X) + 2 F(x,Xy)v(X),
i=1

(D1)

where F(x,X;)v(X,) is the contribution of a scatterer located
at X; and receiving the wave v(X;). The function F is iden-
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tified as the response of an individual scatterer F(x,X)
=1(6, @) Xl/|x-X|, with f depending on the parameters
C characteristic of the scatterer. By taking the average over
all realizations of the positions X of the scatterers and of the
parameters C, we get

zklx X|

(V)(x) =v™(x) +n f dX{f)(0, <p)| X

W(X).

(D2)

In the most general case of three directions of polariza-
tion, the solution for (v) is assumed to be of the form
(W)(x))=22_ B,eKntte,, for an incident wave of the form

vine(x) = Em \A,e*mvie, where B,, and K,, must be deter-
mined as solutions of

0, etk x=-X|
B,, e Kn1 =A, e’kmxl +I’ZEB fdxqm) ( (P) KX

x - X|
. 2ar iKpxy _ eiijl
= A, e 1 4 B:—f,,1:(0,0 ,
e n 2 B ) 00—
(D3)
that can be rearranged as
S Bm< |27 Fnel0,0) )
_ eikmxl(Am _ an2_77 <fmn>c(0’0)>
km (K - kj)
S B )00 o
-n B mite(0,0)——=0. (D4
j#m o (K~ k;)

Note that the above system has no solution if (f,,;};+
# 0, that is if there exists mode conversion in average over
the realizations. Alternatively, if there is no conversion in

average (over C), the solution is B,,=A,, and

m=kn +n

<fmm>c(0 O) (DS)

2. Derivation of the modified wave numbers

In our case, the Foldy approach can be applied for an
incident wave propagating along a fixed direction 120 with the
conventions of Paper I, the average being done over all ori-
entations of the dislocation segments and Burgers vectors.
We note &=(Kg,¥o.KoX o) the basis obtained from &
=(e,,e,,€e3) by the rotation R, and £x=(X,¥,X X ¥) the basis
obtained from & by the rotation R.

In &), we get
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ALeikLﬁox vt
Vi = Aﬂikrlzo'x , ='RRy| v} | .
0 €y 0 €
Ro.1i1
b=b{Roin | . (D6)
Ro.13/ e,

where v} =[f,;(R)A+f(R)A](e**/x) and vi=[fp (XA,
+frr(R)A7](e’*7/x) have been calculated previously. In this
basis, b is a vector with variable direction while the incident
wave is fixed. The expression of v* in & is quite compli-
cated. This is why we have not expressed the scattering func-
tions in that basis, even if it is a natural basis to give the
scattering functions.

However, in the forward direction, we have 'RR,R(e;, &
—-&)). Remember that ¢ is a function of 6 and ¢[&(6, @)
=tan~!(sin ¢ tan 26)], and the forward direction corresponds
to &(6y,¢p). v* takes thus a simpler form in that direction

v1(60, ¢0)

v7{(0p, po)cos(§ ~ &)
v7( 6o, po)sin(é - &)

This allows us to identify the scattering functions as they
appear in Egs. (D3)—(D5) [but where f,,;(0,0) are replaced
here by f,,:(6y. ¢,) since the direction (6, ¢,) corresponds to
the forward direction]. f1(6y,o)=r1L(60,®0), f12(60, o)
=f1r(0o, o), for=fr(60, @q)COS(f— &), fa=fr( J ®0)
Xcos(€=&y), f31=f11(00, @o)sin(é=&y), f3=rrr(6, po)sin(é

-&), and f13(6y,¢y)=0. We now must perform the average

V¥ (6. @o) = (D7)

11280, ®0)  {f12)(00, ®0)  {f13) (0, @0)
(F22(60, 00)  {(f22)(60,00)  {f23)(60, ®0)
(f30)(60.@0)  {f32)(60-®0) {f33)(60, ®0)

200 0

2 ( pb? R
- 7<p—>LS(w) 0o Lo
e m

0 00

(D8)

W | —

There is no coherent wave in the third direction since we
have assumed no incident wave in that direction. As the scat-
tering amplitudes have been calculated in the first Born ap-
proximation, this result corresponds to the result obtained
using the mass operator at first order only. Using (D8) in
(D5) reproduces the leading order term in (2.17)

APPENDIX E: DERIVATION OF THE INTEGRAL
REPRESENTATION OF THE STRESS AS USED IN THE GL
MODEL

To find the wave equation for the stress o with a source
term as used by Granato and Liicke in Egs. (3.1), we start
from the integral representation of Mura® [its Eq. (18)] for
the strain tensor [,
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’ J 0 ’ ’
Bun(X,1) = dt'ds enjhcijkla_lekm(x =X,t=1t")b;7,(s,1")
L

' J 0 ! v
+ dt'ds p;Gim(X—X,f—t Vb€, X T
L

(E1)

We wish to show that the first term on the right-hand side,
call it A, does not contribute in the far field. Suppressing
indices for ease of understanding, we have

A(x,1) ~ ,ubJJ dt'ds X'(s,t") V G°. (E2)
L

Since we are interested only in the far field (distances
large compared to dislocation length as well as wavelength),
the relevant terms in G° are a linear combination of terms of
the form
G’ ~ Lé)‘(l— - l|x - X(t’)|>
x| c

and, still in the far field,

)

where &' =d&/dt. Substituting into Eq. (E2) we get, in the far
field,

X 1
VGO ~ i&’(r— - —x-X(t")
clx| c

1 d
A(X,t) -~ Mb__f dS X,(S,lret)’
x|t ),

but [,ds X'(s,t) is a constant vector (extremities are fixed
points) so that the time derivative vanishes and A does not
contribute in the far field.

The resolved stress o is defined by its relation with the
Peach-Koehler force F,=bot;, with t the slip direction,
which for a gliding edge is the direction of the Burgers vec-
tor. The Peach-Koehler force is F= €, 7,b,0;; so we con-
clude that, for gliding edge

o= Ekjmo-iijtitk' (E3)

Choosing a fixed direction for 7=e; and t=e; leads to o
=07,. Note that this simplification is the price to pay to have
a scalar equation on the stress tensor. In our case where 7and
t vary for randomly oriented segments, this would not be
possible. We can now calculate the stress using o
=612nmﬁnm in Eq (El) We get

U(X,t)zjf dt'ds pb ¢ apm€nintiThls
c
J 0 "y ’
XEGim(x—X,t—t )X(s,t")

J .
=_ff dt'ds p,ubEG?l(x—X,t—t’)X(s,t’),
c

(E4)

where it has been used that 7 keeps the same direction at
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leading order. The Green function GY,, denoted G° hereafter,
satisfies the wave equation

péGO(X,t) - MizGO(X,t) = (1) 8(x), (E5)
ot x5

for a one dimensional wave (propagating along x,). We now
use X=X in the Green function and integrating by part
(using dG/dt=—0G/dt"), we get, in a modified form

y

FIG. 5. Modified wave numbers (a) K7 and (b) K; as a function
of the incident wave direction, in a medium containing dislocation
segments randomly located in space but all pointing along the ej
direction, and Burgers vector randomly oriented in the
(eg,€5)-plane. The deviation from a spherical shape indicates the
anisotropy of the medium. Insets show the change in wave vectors
(K,—ky)/ ko a=L,T.
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o(x,1) =— pf dt'dx'GO(x = x',t— 1)

X f ds ub X(s,1")6(x" - X,). (E6)
L

It is now sufficient to see that o is a convolution between
the Green function and a source term to deduce the modified
wave equation for o in the presence of a moving dislocation

& & .
pﬁa(x,t) - ,u,&—x%cr(x,t) =— ,u,bfﬁ dsX(s,t) 0(x — X,).

(E7)

This equation corresponds to Eq. (3.4), whose average
over all realizations of ensembles of dislocations randomly

8 (ub)*S(w)

(k2 —tan 20,1](])2

PHYSICAL REVIEW B 72, 174111 (2005)

located, but not randomly oriented, gives the modified wave
equation used by Granato and Liicke in their model.

APPENDIX F: DISPERSION RELATION IN A
CONFIGURATION CLOSE TO THE GL CONFIGURATION

The scalar model of Granato and Liicke concerns a par-
ticular configuration where all dislocations are parallel with
the same Burgers vectors. A configuration that is intermedi-
ate between GL and ours is obtained by allowing, in the GL
configuration, the Burgers vectors to take any orientation in
the (eq,e,)-plane, perpendicular to 7. In this case the calcu-
lation of the mass operator must be performed averaging
MK'kM in Eq. (C2) over the angle 6, in M=n't+7n [with
n=(cos 6,;sin 6,) and t(-sin 6,;cos 6,)].

We get from Egs. (C2),

(k2 —tan 26nk|)(k] + tan 20,1](2) 0

S(k)=- - 5 nLJ d6, cos>26,| (k, —tan 26,k,)(k, + tan 26,k,) (ky + tan 26,k,)* 0
0 0 0
| 1 00
== persilki+kp)| 0 10 (F1)
000
I
with close to the wave numbers k;, kr, we get at leading order in
8 pb?S(w) o
s = ?— > nlLcy,

so that the effective wave numbers are given by the poles of

(G) (k)

(G (K) =G (k) - 2(K), (F2)
with G° given in Eq. (B3). Using K
=[cos ¢ cos #;cos @ sin #;sin ¢], it is straightforward to find
the discriminant of (G)™!,

Ay =— pe(k? = kp{(kK* = k) (k* = k) + 5,k% cos® gk

kG + (¥ - DEg(e)]), (F3)
with g(¢)=(1+sin’ ¢)/2. The modified wave numbers being

K;= kT(l - %COSZ o(1 + sin? go)),

K, = kL<1 - ~;—lcos4 <p> . (F4)

The modified wave numbers are shown in Fig. 5, the devia-
tion from a spherical shape illustrates the anisotropy of this
medium. Of course, here, the anisotropy only concerns the 7
direction.
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